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Preface

These notes are an early draft. I have tried to be very careful with the writing and notation.
However, there will be the inevitable typos and some errors. If you find any, please email the author
at bamieh@ucsb.edu.
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Part I

Modeling of Dynamical Systems and
Signals
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Modeling of Dynamical Systems and Signals

“Dynamical systems” are those whose configurations described by positions, velocities, voltages, cur-
rents etc. vary with time. These variations and oscillations are modeled using systems of differential
equations, which constitute the dynamical model. These mathematical models predict the physical
behavior of the system. Many mechanical systems’ vibrations are very well modeled by systems of
masses, springs and dampers. It is quite remarkable how sometimes complex mechanical systems
can be modeled with just a few of those elements. The key point is that for engineering design, it is
not the highest fidelity models that are useful, but rather the most parsimonious models that capture
the phenomena and the design criteria.

For simple systems, models using Newton’s laws of motion, together with characterization of
spring and damper forces, suffice to write down the differential equations governing the system. For
more complex systems with many mechanical degrees of freedom, especially those that move in 2D
and 3D, Lagrangian Mechanics is a more convenient (and expedient) modeling framework.

“Signals” are the functions of time describing the system’s configuration such as positions, ve-
locities, etc. In vibrations analysis, these are typically sinusoidal signals of varying amplitudes and
phases. Amplitude and phase relations between signals are crucial to understanding the underlying
dynamic phenomena. They are best captured by “phasor analysis”, which is basically the encoding of
trigonometric identities using the arithmetic of complex numbers. Therefore a thorough understand-
ing of and intuition for complex arithmetic is necessary for understanding these important amplitude
and phase relationships.
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Chapter 1

Dynamical Models: Masses, Springs and
Dampers

The fundamental physical property that causes mechanical vibrations is some type of “restoring force”
such as elasticity, or other forces that act similarly. It is surprising how many complex mechanical
systems with a variety of component parts can be effectively modeled using an idealization of a mass
connected to a fixed or moving structure via a simple spring and a damper. In this chapter, we will
explore this type of modeling, which ultimately leads to differential equations whose solutions give
the displacements, velocities and accelerations of mechanical vibrations. This chapter is concerned
mainly with dynamical modeling, i.e. given an arrangement of mechanical elements, derive the
differential equations describing the dynamics. We do not discuss how to solve those equations in
this chapter. Rather, subsequent chapters will explore solution properties of the types of equations
we encounter here.

1.1 Restoring Forces: Elastic Springs and Analogous Forces

The linear spring is the basic elastic element. The simplest version of a spring is characterized
by Hooke’s law1 which states that the extension/compression ∆ of a spring is proportional to the
applied force F

F

∆
= k ⇔ F = k ∆ ⇔ F

k
= ∆, (1.1)

where k is the spring constant, which is also called the stiffness of the spring. The equation above
justifies the term “stiffness” since a higher force is needed to achieve the same deflection ∆ if k is
increased.

The equation F = k∆ says that k is a conversion factor from displacement to force, and therefore
k has units of force over distance. Values of F are typically given in Newtons/meter (N/m). Springs
come in all shapes and sizes, and spring constants can vary widely from tens of thousands of N/m
in vehicle suspensions to one-thousands N/µm in MEMS devices.

The relation (1.1) is incomplete since it does not specify the directionality of deflection relative to
the forcing. The spring force always acts in a direction opposite to the spring’s deflection as shown
in Figure 1.1a. For a more precise description, we need to choose a coordinate system as shown
in Figure 1.1b. This figure assumes that motion is confined to a single dimension. The variable x
denotes the position of the movable end of the spring, while the other end is held in place. As the
figure shows, Hooke’s law states that the force exerted by the spring in this configuration is always
given by the formula

F = − k (x− x̄) , (1.2)

1Named after Robert Hooke, an English scientist who lived in the late 17th century and a contemporary of Newton.
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8 1.1. Restoring Forces: Elastic Springs and Analogous Forces

L

(a) The force exerted by a spring on an
object attached to it is shown in blue. It
acts in a direction opposite to the spring’s
deflection away from its equilibrium (un-
stretched/uncompressed) length L. If the
spring is compressed, the force is away from
the spring (push). If it is extended, the force
is towards the spring (pull).

x x

x x̄ xx̄

x̄ x̄

x x0 0

F = -kx

0

0

0

0

F = -k(x-x̄)

F = -kx

F = -k(x-x̄)F = -k(x-x̄)

F = -k(x-x̄)

(b) Various coordinate systems can be used to express a spring’s deflection
and the resulting force. Let x̄ denotes the coordinate of the spring’s movable
end when uncompressed/unstretched, and x denote that coordinate in any
other configuration. The spring’s force is always given by F = −k(x − x̄)
regardless of the choice of coordinate system as shown above. However, de-
pending on the direction of the coordinate axis, negative or positive values of
x − x̄ may imply either compression or extension. When possible, choosing
the origin of the coordinate system so that x̄ = 0 (bottom figure) gives the
simpler formula F = −kx.

Figure 1.1: A linear (Hookean) spring exerts a force that is proportional to its deflection from its equilibrium
(uncompressed/unstretched) length. The constant of proportionality k is the “stiffness” of the spring. Various
coordinate systems can be used to characterize the spring’s forces. The reader should keep in mind that the forces
depicted are exerted by the spring, not the forces exerted on the spring (which would be equal and opposite to those
shown).

where x̄ is the coordinate of the point of contact (between the spring and whatever it is acting on)
when the spring is unstretched and uncompressed, i.e. in so-called equilibrium. The formula (1.2)
holds regardless of the direction or the origin of the coordinate system. Three different choices are
shown in Figure 1.1b, and we make the following observations for each.

• Figure 1.1b top: The origin is at the fixed end of the spring, and x̄ is the position of the movable
end at equilibrium. Thus x̄ is actually the equilibrium length of the spring. The quantity x− x̄ is
the spring’s extension, which is positive if the spring is extended, and negative if it is compressed
as shown in the diagram.

• Figure 1.1b middle: The origin is chosen arbitrarily, but once that choice is made, x̄ marks the
coordinate of the movable end at equilibrium. With this choice of the coordinate axis direction,
x − x̄ is the spring’s compression, i.e. positive if the spring is compressed and negative if it is
extended.

• Figure 1.1b bottom: The origin is chosen so that x̄ = 0, i.e. at equilibrium the movable end is at
x = 0, and therefore deviations from equilibrium are simply given by x. The force law then has
the simple form F (x) = −kx.
The dynamics of bodies connected by springs can now be written down using Newton’s second

law, which leads to differential equations for positions and velocities. A mass is attached to a spring
as shown in Figure 1.2. We choose a coordinate system, and select any point on the mass to mark
its time-varying position by x(t). The “reference position” x̄ is the coordinate of that point when
the spring is unstretched/uncompressed. The time-varying spring force is then F (t) = −k

(
x(t)− x̄

)
,

and Newton’s second law states that

m ẍ(t) = − k
(
x(t)− x̄

)
, (1.3)

Note that while the position x(t) is time-dependent, the reference position x̄ is constant. This
equation can be simplified by defining a new position variable x̃(t)

x̃(t) := x(t)− x̄ ⇒ ¨̃x(t) = ẍ(t) ⇒ m ¨̃x(t) = − k x̃(t) (1.4)

This last differential equation is a little simpler to deal with than (1.3). Once this equation is solved,
the solution to the original differential equation can be reconstructed from

x(t) = x̃(t) + x̄.

Draft: Vibrations, March 2, 2025 © 2024, Bassam Bamieh



Chapter 1. Dynamical Models: Masses, Springs and Dampers 9

x0 x0x̄ x̄

mm

0 x̄

m

Figure 1.2: A mass is attached to a spring and the origin of the coordinate system is chosen arbitrarily. Any point
on the rigid mass can be used to characterize its motion. Here the point chosen is the left end of the mass. That
point is marked as x̄ when the spring is in equilibrium and exerts no force on the mass (left figure). In any other
configuration, the spring’s force is given by F = −k(x − x̄) since the difference x − x̄ is also the compression of the
spring.

ẋ(0)

x(0)

t
ẋ(0)

x(0)
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T = 2⇡/
p
↵

T = 2⇡/
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Figure 1.3: Solutions of a differential equation of the form ẍ(t) = −αx(t) (where α > 0) are oscillatory as a
pure sinusoid with frequency

√
α rad/s. The amplitude and the phase of the sinusoid are determined from the

initial conditions x(0) and ẋ(0, but the “natural frequency” ωn =
√
α depends only on the parameter α in the

differential equations and not on the initial conditions. The figure depicts two different solutions from two different
initial conditions. The period of oscillation T is determined by the frequency as T = 2π/

√
α = 2π/ωn = 1/f where

f = ωn/2π is the frequency in cycles/second (i.e. Hz).

Alternatively, we can also choose the coordinate system from the start so that x̄ = 0, i.e. so that
x = 0 corresponds to the spring being in equilibrium. In this case we can immediately write down
an equation like (1.4), but for x(t) rather than needing to define another variable

m ẍ(t) = −k x(t)
⇔ ẍ(t) = −(k/m) x(t)

⇔ m ẍ(t) + k x(t) = 0. (1.5)

The only difference between the solutions of (1.5) and those of (1.3) is the constant x̄, which comes
from shifting the origin of the coordinate system by x̄. The choice of coordinate systems can
significantly simplify the resulting differential equations for more complex systems with multiple
masses. This is discussed in detail in Section 1.2.

Equation (1.5) is our first differential equation describing vibrations of a mass connected to a
stationary anchor by a spring. You might recall from your differential equations courses that this
equation has oscillatory solutions (when m, k > 0, which is the case here), with oscillation frequency
of
√
k/m. We will study such solutions and their properties in detail in Chapter 3, but for now we

state the general solution as

x(t) = A cos
(
ωnt+ θ

)
, ωn =

√
k

m
, (1.6)

where the oscillation frequency (in rad/s) ωn is called the natural frequency of the system, A is the
oscillation amplitude and θ is its phase. A and θ are determined by initial conditions (initial extension
of the spring and initial velocity of the mass), while ωn does not depend on initial conditions but
only on the system parameters k and m.

Remark 1.1. In Chapter 3 we will derive the solution of any second order differential equation of the
form

ẍ(t) = − α x(t), (1.7)

where α > 0 is any positive number. The solution of such an equation is always of the form

x(t) = A cos
(
ωnt+ θ

)
, ωn :=

√
α, (1.8)

Draft: Vibrations, March 2, 2025 © 2024, Bassam Bamieh



10 1.1. Restoring Forces: Elastic Springs and Analogous Forces

Figure 1.4: (Left) A picture of a torsional spring. (Right) Schematics of torsional springs. A torsional spring
produces a torque τ that’s always opposite to its angle of deflection from equilibrium. A Hookean torsional spring
produces a torque that is proportional to the angle of deflection τ = −kθ. k is the stiffness of the spring and has
units of torque/angle, e.g. Nm/deg. The dashed line above represents the equilibrium angle of the spring.

where A and θ, the so-called amplitude and phase respectively of the solution, depend on the particular
initial conditions given for the problem. The solutions are always oscillatory with frequency ωn =

√
α

regardless of the initial conditions. Two such solutions are shown in Figure 1.3. Note that the period
of oscillation T = 2π/ωn = 2π/

√
α, where ωn is expressed in radians/second. Alternatively, T = 1/fn,

where fn = ωn/2π =
√
α/2π is the frequency expressed in cycles/second (i.e. Hz).

1.1.1 Torsional Springs

When considering rotary motion, the equivalent of the spring element is the torsional spring depicted
in Figure 1.4. For torsional springs, the “force law” is a relation between torques and angles. This
is the counterpart of the relation between force and distance for standard springs. A “Hookean”
torsional spring produces an opposing torque τ that is proportional to the angle θ of deflection from
equilibrium

τ = − k θ. (1.9)

The constant k is the “stiffness” of the torsional spring, and has units of torque per angle, such as
Newton meters per degree for instance.

Recall that for rotational motion, Newton’s second law relates angular acceleration θ̈, mass
moment of inertia J, and the applied torque τ

J θ̈ = τ .

Therefore if a structure with moment of inertia J is attached to a torsional spring with stiffness k,
the differential equation that describes rotational motion is given by

J θ̈(t) = − k θ(t) ⇒ θ̈(t) = − (k/J) θ(t). (1.10)

This equation is of the form (1.7), and therefore its solutions are of the form (1.8)

θ(t) = A cos
(
ωnt+ θ

)
, ωn =

√
k/J,

where the natural frequency ωn is now determined by the ratio of the torsional spring stiffness to
the body’s moment of inertia about the rotation point. Again, the amplitude A and phase θ of the
oscillation are determined by the initial conditions θ(0) and θ̇(0).

Consider for example the configuration in Figure 1.4 where the rod connecting the mass m to
the torsional spring is assumed massless, and the dimensions of the mass m itself are negligible. The
moment of inertia then is simply J = ml2, where l is the length of the rod. The equation of motion
is then

ml2 θ̈(t) = − k θ(t).
It should be noted that while a linear spring constant has units of force per linear length (e.g. N/m),
a torsional spring constant has units of torque per angle (e.g. Nm/rad).

The reader should now compare Equations (1.10) and (1.5). They are very analogous mathemat-
ically. The angular position coordinate θ plays the same role as the linear position coordinate x, the
mass moment of inertia J plays the same role as the mass m, and k indicates stiffness (though of two
different types) in both cases. You would then expect the dynamical behavior of (1.10) to be exactly
the same as (1.5), only the names have changed. The next examples gives yet more analogies.

Draft: Vibrations, March 2, 2025 © 2024, Bassam Bamieh



Chapter 1. Dynamical Models: Masses, Springs and Dampers 11

m

✓

✓

✓

mg

T

-mg sin(✓)

(a) A mass m connected to a pivot via an inextensible string or a
massless rod. The connecting element does not have its own dynamics
since it is massless, but kinematically insures that the mass travels
in a circular motion. Therefore the rod tension T cancels the radial
component of gravity, and only the tangential component of gravity
determines tangential acceleration and rotational motion as shown in
the free-body diagram.

✓

mg
mrg

(b) If the connecting element is a rigid body
with significant mass mr, then its moment
of inertia J as well as its gravity torque
−mrg (l/2) sin(θ) must be taken into ac-
count to yield the force balance as expressed
in Equation (1.12).

Figure 1.5: Two different models of the simple pendulum with the connecting element mass either ignored or
accounted for.

1.1.2 Pendula

A common system in which oscillatory motion occurs is the free-swinging pendulum, which has no
elastic forces, but gravity plays a role similar to spring forces. The pendulum is shown in Figure 1.5.
A string or a rigid rod connects a massm to a free, frictionless hinge attached to a frame. We present
two different methods to derive the equations of motion depending on the assumptions about the
connecting element.

1. If the connecting rod or string is assumed massless, we can use linear force balance as shown
in Figure 1.5a. The rod/string is assumed inextensible. In this case, the motion of the mass is
circular, and therefore the rod/string tension T and the radial component of gravity cancel out.
The motion is then purely circular and completely determined by the tangential component
of gravity which for any angle θ is given by

−mg sin(θ)

as shown in the free-body diagram. Notice the negative sign. Whichever convention we use
for the angle orientation (i.e. positive for clockwise or positive for counter-clockwise), the
tangential component of gravity acts in the opposite direction to the deflection angle.

The equation of motion for this simple pendulum is then

m
(
lθ̈(t)

)
= −mg sin

(
θ(t)

)
(1.11)

where lθ̈ is the tangential acceleration of the mass.

2. If the rod has non-negligible mass mr, then we must use torque balance to account for the
moment of inertia J of the rod. The equation of motion is then

(
ml2 + J

)
︸ ︷︷ ︸

combined moment of
inertia of m and rod

θ̈(t) = − mg l sin
(
θ(t)

)
︸ ︷︷ ︸
gravity torque of

the mass m

− mrg (l/2) sin
(
θ(t)

)
︸ ︷︷ ︸

gravity torque of
the rod

= − gl (m+mr/2) sin
(
θ(t)

)
, (1.12)

where l sin θ and (l/2) sin θ are the moment arms of the mass m and rod mr respectively. Note
that the torques have opposite signs to the angular acceleration. Also note that if mr = 0 and
J = 0 (massless rod assumption), Equation (1.12) reduces to Equation (1.11) after cancelling
the l common factor from both sides.

Draft: Vibrations, March 2, 2025 © 2024, Bassam Bamieh



12 1.1. Restoring Forces: Elastic Springs and Analogous Forces

Most pendula are operated in the regime of small oscillations, say |θ| ≤ 10◦. In this regime,
the approximation sin(θ) ≈ θ is quite good2, and can be used to significantly simplify the analysis
of the dynamics. For example, using this assumption, we can simplify (1.11) to give the linearized
dynamics

θ̈(t) = − (g/l) θ(t). (linearized dynamics for small θ) (1.13)

Although the simple pendulum has no springs, its dynamical behavior is exactly like a Mass-Spring
system.

1.1.3 Mathematical Analogies

You should note now that Equation (1.13) “looks” exactly like (1.10) and (1.5). Let’s compare the
dynamics of all three systems, the linear spring, the torsional spring, and the pendulum together to
see the analogy. Although each equation involves two constants, what really matters is the ratio of
these two constants

ẍ(t) = − (k/m) x(t), (mass/spring in linear motion)

θ̈(t) = − (k/J) θ(t), (mass/torsional-spring in rotational motion)

θ̈(t) = − (g/l) θ(t). (pendulum in rotational motion)

Examine for instance the pendulum equation, where l acts like the mass m in the first equation,
and gravitational acceleration g acts like the spring stiffness k. For small oscillations, the pendulum
can be thought of as comparable to a mass-spring system. Rotational motion of the pendulum away
from the downwards position elevates the mass, and gravity acts to restore the pendulum angle
to zero (downwards position) just like a spring tries to restore a mass’ position to its unextended
length. The same pendulum taken from earth to the moon, where g is smaller, will oscillate like a
mass connected to a weaker spring, and if taken to Jupiter, where g is much larger, will oscillate
like a mass connected to a much stiffer spring. Finally, note that the length of the pendulum acts
like an inertia term. The longer the pendulum arm, the more “apparent inertia” the pendulum has
to rotational motion.

LC

IC IL

V

+

-

The analogies above are useful for applying dynamical intuition from spring-
mass systems to other mechanical, or even electrical systems. To illustrate this
last point consider the circuit shown here where an initial charge across the
capacitor, or an initial current through the inductor ends up causing an oscil-
lation. Denote the voltage across the capacitor and inductor by V (they are
forced by the circuit wiring to have the same voltage across them), the current
through capacitor as IC , and the current through the inductor as IL. Recall that
the voltage-current relationships for capacitors and inductors are CV̇ = IC and
LİL = V . The circuit wiring implies that IC = −IL. We can combine all three relations to get a
differential equation for the voltage, or for either of the two currents as follows

C V̇ = IC
L İL = V
IC = −IL



 ⇒

{
C V̇ = −IL ⇒ C V̈ = −İL ⇒ C V̈ = − 1

L V ⇒ V̈ = − 1
LC V

L İL = V ⇒ L ÏL = V̇ ⇒ L ÏL = 1
C IC ⇒ ÏL = − 1

LC IL

(1.14)

Note that since IC = −IL, the last equation also gives ÏC = − 1
LC IC . Any of these three equations

have oscillatory solutions with frequency
√

1/LC whereby any initial charge across the capacitor
gets discharged as a current through the inductor, which then recharges that capacitor in an infinite
back-and-forth cycle in the absence of any resistance.

2Recall also that the Taylor series for sin(θ) around θ = 0 is sin(θ) = θ − 1
3
θ3 + · · · . Thus this approximation is

just the first-order term in the Taylor series.
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x x

F (x) = -kx-↵x3

x̄

F 0(x̄)
F (x̄)

x̃

-k1

F1(x) = -k1x

-k2

F2(x) = -k2x

-k

Figure 1.6: (Left) A linear (Hookean) spring has a force law F (x) = −kx, where x is the change of the spring’s
length from its equilibrium. The “stiffness” k is the slope of this graph. The stiffer the spring, the larger the slope, and
consequently the higher the force produced by a certain deflection. Here k1 ≪ k2 represents a “loose” spring compared
to k2 which represents a stiffer spring. (Right) A canonical example of a “stiffening” spring is mathematically modeled
by the addition of a cubic term in the force law F (x) = −kx−αx3. For small deflections x ≈ 0, the spring behaves like
a linear spring with F (x) ≈ −kx. For large deflections, the slope becomes larger, and thus the spring becomes stiffer.
For small oscillations x̃ := x − x̄ around a mean deflection of x̄, the oscillations of the force F (x) − F (x̄) ≈ F ′(x̄)x̃
follow a linear spring, but with the higher stiffness F ′(x̄).

Equations (1.14) are exactly of the same form as the previous equations where the coefficient
1/LC plays the role of k/m in the linear mass-spring system for example. We will see later when
we study electrical/mechanical analogies (Chapter ??) that one analogy is to regard L as an inertia,
and of 1/C as analogous to a spring’s stiffness3 so that 1/LC = (1/C)/L . Alternatively, we can
regard C as an inertia, and 1/L (sometimes called the inductor’s “reluctance”) as analogous to a
spring’s stiffness so that 1/LC = (1/L)/C. Although these analogies are purely mathematical since
they arise by examining the structure of differential equations, they are useful since they allow for
applying mechanical intuition to electrical circuits and vice versa.

1.1.4 Nonlinear Springs, Forces and Linearizations

Hooke’s law is usually only an approximation (although a very useful one) to elastic phenomena
in general. In reality, the behavior of a spring or other elastic elements can be more complicated.
Consider the graphical representation of Hooke’s law in Figure 1.6 (left). The force F (x) as a
function of position x is a linear function

F (x) = − k x,

with slope −k. Stiffer springs with higher values of k correspond to linear graphs with larger slopes.
Graphs like those shown in the figure can actually be obtained experimentally. A load-cell (which

measures force) can be attached to a spring, the spring gets pulled or pushed, the force recorded by
the load cell, and the resulting deflection can be measured. When done at many values of force and
deflection, one obtains the graph of force F (x) versus deflection x. One common type of force law
is that of a “stiffening spring”. A simple mathematical model of such a spring is given by adding a
cubic term to Hooke’s law

F (x) = − k x − α x3, (1.15)

where α > 0 is some constant. A graph of such a force law is shown in Figure 1.6 (right). For small
deflections x ≈ 0, the spring acts like a Hookean spring with F (x) ≈ −kx. This is because the linear
term dominates the cubic term around x ≈ 0. For larger deflection, the cubic term dominates, and
higher forces are required to produce the same deflections, thus the term “stiffening” spring.

An insight into general force laws like that in (1.15) can be obtained considering small oscillations
around some large extension or compression x̄. Suppose a mass m attached to a nonlinear spring is
subjected to an external, constant force F̄c. At equilibrium, the spring will have a deflection x̄ such

3In fact, the inverse 1/C of capacitance is called “electrical elastance” precisely because of this analogy.
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14 1.1. Restoring Forces: Elastic Springs and Analogous Forces

that the spring and constant external forces are balanced

F (x̄) = F̄c.

Now consider small oscillations around x̄. Those oscillations are characterized by the “deviation
from x̄” defined as x̃ := x− x̄. Since ẍ(t) = ¨̃x(t) we can write

m ¨̃x(t) = F
(
x(t)

)
− F̄c. (1.16)

The right hand side can be approximated by using the first two terms in the Taylor series expansion
of F around x̄

F (x) = F (x̄) + F ′(x̄) (x− x̄) + O
(
(x− x̄)2

)

⇒ F (x)− F (x̄) ≈ F ′(x̄) x̃.

With this approximation, and keeping in mind that F (x̄) = Fc, Equation (1.16) becomes

m ¨̃x(t) = F ′(x̄) x̃(t). (1.17)

Note that the derivative F ′(x̄) acts like a “stiffness” in this equation. Thus in regions of the graph
of F (x) where small oscillations are encountered, the derivative F ′(x) acts like a “local stiffness”,
and the dynamic behavior (for small oscillations) is like a Hookean spring with stiffness F ′(x̄). This
is illustrated in Figure 1.6 (right).

Linearization of General Nonlinear Forces

The linearization technique described for springs above is a general one. We now describe the
linearization procedure in general for single-degree-of-freedom systems where Newtown’s second law
takes the general form

M q̈(t) = F
(
q(t)

)
, (1.18)

where q is a “generalized coordinate” (e.g. a linear position coordinate such as x in (1.5), or an
angular coordinate θ such as in the pendulum equation (1.11)). M is a “generalized mass” which
might be an actual mass or a moment of inertia. F(.) represents the total sum of conservative
forces, which must be a function of only the generalized coordinate q. For linear systems, F(.) is
a linear function of q (such as in the Hookean spring), but F(.) may be more general as we saw
in the “stiffening spring” example earlier. In the pendulum example (1.11), q := θ, and F

(
θ(t)

)
=

−mg sin
(
θ(t)

)
, which is clearly a nonlinear function of θ.

If there is a coordinate q̄ such that the net force F(q̄) = 0, then this coordinate represents
an equilibrium of the system. This means that if the system starts (say at time t = 0) at the
equilibrium coordinate q(0) = q̄, and with zero velocity q̇(0) = 0, then the system will stay there
so that q(t) = q̄ for all t ≥ 0. Now small oscillations around this equilibrium are described by the
“shifted coordinate”

q̃(t) := q(t)− q̄,
and their dynamics approximately obey the differential equation obtained from (1.18) by using the
Taylor series expansion of F around q̄ and ignoring all terms higher than first order

M ¨̃q(t) = M

(
d2

dt2
(
q(t)− q̄

))

= M q̈(t) (since q̄ is constant in t)

= F
(
q(t)

)

= F
(
q̄
)

+ F ′(q̄)
(
q(t)− q̄

)
+ higher-order-terms

(Taylor series expansion of F around q̄)

= ���*
0

F
(
q̄
)

+ F ′(q̄) q̃(t) + higher-order-terms in q̃ (equilibrium ⇔ F(q̄) = 0)

⇒ M ¨̃q(t) ≈ F ′(q̄) q̃(t) (approximate equality since higher-order-terms ignored)
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Chapter 1. Dynamical Models: Masses, Springs and Dampers 15

Thus for small oscillations, the approximate dynamics are like a Hookean spring with stiffness F ′(q̄).
This is precisely what we did with the stiffening spring (1.17), where the equilibrium is given by
the static balance between the nonlinear spring force and the external force F̄c. This was also done
in the pendulum example (1.13) where the equilibrium was due to having zero net forces on the
pendulum when it is in the downward position θ̄ = 0.

1.2 Coordinate Systems

Recall the change of variables from x(t) to x̃(t) in Equation (1.4) for a Mass-Spring system. This
change of variables resulted in a simplified differential equation without constant terms. This is
a specific instance of a general method where we always choose coordinate systems so that the
differential equations are in their simplest form. In particular, we usually choose coordinate systems
to so that constant forces, i.e. those that do not vary with time and thus have no effect on vibration
analysis, are eliminated. Such constant forces may arise due to gravity for example, or due to pre-
compression or pre-extension of springs. The following basic rule serves as a guideline for how to
choose such convenient coordinate systems.

Rule 1.2. For any system of n masses connected by any number of springs, choose coordinate
systems for each of the masses positions x1, . . . , xn such that x1 = 0, . . . , xn = 0 correspond to
static equilibrium.

This rule is illustrated in the next few examples. The reader should now note that we are using
the term “equilibrium” in two different ways. The equilibrium length of a spring is the uncom-
pressed/unstretched length, i.e. the length where it produces zero force. On the other hand when
we say that a system of masses and springs is in static equilibrium, we mean that the sum of the
forces on each mass is zero, so that the system starting from that configuration will not move.

Example 1.3. Consider a Mass-Spring system with gravity as shown in Figure 1.7a. L denotes the
equilibrium length of the spring, and therefore its extension is x(t)− L. The system is in static equilib-
rium when the spring force is equal and opposite to gravity. If x̄ denotes the mass’s position at static
equilibrium, then

k
(
x̄− L

)
= mg ⇒ kx̄ = mg + kL. (at static equilibrium) (1.19)

The dynamic equation is then

m ẍ(t) = − k
(
x(t)− L

)
+ mg (Newton’s 2nd law)

= − k x(t) +
(
kL+mg

)
(combining constants)

= − k x(t) + k x̄ (substituting from (1.19))

= − k
(
x(t)− x̄

)

This equation looks exactly like (1.3), except that now x̄ is determined by the balance between gravity
and spring forces (1.19), as well as the choice of the coordinate system origin. We can again define a
new coordinate system with x̃(t) := x(t)− x̄, and the dynamical equation takes the simple form

m ¨̃x(t) = − k x̃(t). (1.20)

As per Rule 1.2, if we are only interested in oscillations around static equilibrium, there is no
need to find the static equilibrium explicitly. We simply define the origin to be the static equilibrium
position (so that the static equilibrium x̄ is at the origin, i.e. x̄ = 0) as shown in Figure 1.7a on
the right, and immediately write down an equation equivalent to (1.20). Gravity plays no role in
oscillations around static equilibrium in this case since it is a constant force4.

4Warning: This is only true for linear dynamics. In certain nonlinear dynamics, constant forces such as gravity, or
nonzero equilibrium extensions in nonlinear (stiffening) springs may actually alter the behavior of oscillations around
static equilibrium.
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x̃

(a) In static equilibrium, the spring is extended to bal-
ance gravity. In the coordinate system on the left, the
balance is given by k(x̄ − L) = mg, where L is the un-
stretched length of the spring. The coordinate system
on the right is chosen so that x̃ = 0 corresponds to the
static equilibrium point. In this coordinate system, the
net force on m is then −kx̃.

k1 k2

0L

m

x̄

k1 k2

0

m

x

static
equilibrium

dynamic
behavior

-k1x -k2x

k1(L-x̄-L1) -k2(x̄-L2)

(b) A mass between two compressed springs whose unstretched
lengths are L1 and L2 respectively. The mass’ width is negli-
gible. In the coordinate system on top, the static equilibrium
point is determined by the force balance k1(L − x̄ − L1) −
k2(x̄ − L1) = 0 (compression means that (x2 − L2) < 0 and
(L − x̄− L1) < 0). In the coordinate system at bottom where
x = 0 implies static equilibrium, the net force on the mass is
simply is −(k1 + k2)x.

Figure 1.7: Examples of systems with both constant and dynamic forces. The constant forces can be eliminated
from the dynamical equations with the proper choices of coordinate systems.

Example 1.4. Consider the system shown in Figure 1.7b, which is a mass connected to two (possibly
pre-compressed) springs. The width of the mass is considered negligible, and the equilibrium lengths of
the springs are L1 and L2 respectively. In the coordinate system shown, the lengths of springs k1 and k2
at any time t are (L− x(t)) and x(t) respectively. Their extensions are therefore

L− x(t)− L1, x(t)− L2

respectively. The dynamics of the mass are then given by

m ẍ(t) = k1
(
L− x(t)− L1

)
− k2

(
x(t)− L2

)
. (1.21)

Note the signs on the forces. If k1 is extended, i.e.
(
L− x(t)− L1

)
> 0, its force acts in the positive x

direction, thus the positive sign on k1 above. If k2 is extended, i.e.
(
x(t)− L2

)
> 0, its force acts in the

negative x direction, thus the negative sign on k2.
We want to change the origin of the coordinate system in order to rewrite Equation (1.21) without

the constant terms L, L1 and L2. This can be done by moving the origin to the point of static equilibrium
x̄, which is characterized by

k1
(
L− x̄− L1

)
− k2

(
x̄− L2

)
= 0. (1.22)

Now define the deviation from static equilibrium x̃(t) := x(t)− x̄, and the dynamics become

m ¨̃x(t) = k1
(
L− x(t)− L1

)
− k2

(
x(t)− L2

)

= k1
(
L− (x̃(t) + x̄)− L1

)
− k2

(
(x̃(t) + x̄)− L2

)

= − k1x̃(t)− k2x̃(t) +
(((((((((((((
k1
(
L− x̄− L1

)
− k2

(
x̄− L2

)
(using (1.22))

⇒ m ¨̃x(t) = − (k1 + k2) x̃(t) (1.23)

Thus if we want to analyze the vibrations of this system, we simply analyze the differential
equation (1.23) and its solutions. Note that this differential equation does not depend on the
constant parameters L, L1, L2. If an expression for the solutions in the original coordinate system is
needed, this is easy to do. Given any solution x̃(t) of (1.23), the solution in the original coordinates
is simply given from the definition x̃(t) := x(t)− x̄ by

x(t) = x̃(t) + x̄, where x̄ = k1(L−L1)+k2L2

k1+k2
. (solving for x̄ from (1.22))
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0
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Figure 1.8: (Left) Two masses with two springs in equilibrium. L1 is the unstretched length of spring k1, W1 is the
width ofm1, and similarly for L2 andW2. (Right, top) If we use a single coordinate system for the positions of the two
masses, we have to account for all those constant dimensions in the resulting differential equations (1.24) and (1.25).
(Right, bottom) If we use different coordinate systems for each mass such that x1 = 0 and x2 = 0 correspond to static
equilibrium, the resulting differential equations (1.27) have no constant terms.

Note that this amounts to only a constant shift by x̄. The vibrational behavior of x(t) and x̃(t) is
however the same.

Finally, it is interesting to compare the dynamics (1.23) to those of a single spring. Here both
springs act “in concert”, in that they both pull or push in the same direction at any one time.
Therefore their combined effect is that of a single spring with stiffness k1 + k2. This is a specific
example of a more general fact about interconnections of multiple springs that we will explore in
detail in Section 1.5

1.2.1 Choice of Coordinates with Multiple Masses

Consider the system shown in Figure 1.8 where the equilibrium lengths L1 and L2 of the springs k1
and k2, as well as the widths W1 and W2 of the masses m1 and m2 respectively are explicitly shown.
If we insist on a single coordinate system for both masses as shown in (A), we will have to explicitly
account for the equilibrium lengths and masses’ widths. This is a cumbersome exercise which we
now illustrate, and then demonstrate how using two different coordinate systems in accordance with
Rule 1.2 yields a much easier derivation of the equations of motion.

For the single coordinate system shown in Figure 1.8 (A), the equation of motion for m1 is

m1 ẍ1(t) = − k1
(
x1(t)− x2(t)−W1 − L1

)
. (1.24)

Note that
(
x1(t) − x2(t) − W1

)
is the instantaneous extension of spring k1, and therefore its force

−k1
(
x1(t)−x2(t)−W1− L1

)
on m1 is given by subtracting the equilibrium length L1. As for m2, it

is subject to the same spring force as in (1.24), but in the opposite direction, as well as the spring
force from k2, which is the second term in the following equation

m2 ẍ2(t) = k1
(
x1(t)− x2(t)−W1 − L1

)
− k2

(
x2(t)−W2 − L2

)
. (1.25)

Again,
(
x2(t)−W2

)
is the instantaneous length of spring k2, and therefore its extension is

(
x2(t)−

W2 − L2

)
, which produces a force −k2

(
x2(t) − W2 − L2

)
, i.e. in the rightwards direction when the

extension is positive (and vice versa when the extension is negative, i.e. when spring is compressed).

Equations (1.24) and (1.25) together describe the dynamics of the two coupled masses. The
constant terms L1, L2,W1,W2 make the equations a little cumbersome, and it would be nice to
eliminate them. Again, we can do this in two different ways. The first is to define new coordinates
by examining the equations, and seeing what is needed to “remove” the constant terms. Beginning
with Equation (1.25), define x̃2 := x2 − W2 − L2. As before we have ¨̃x2 = ẍ2, and the second term
in (1.25) will simply be −k2x̃2. To eliminate the constants in the first term (or equivalently in
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Figure 1.9: Example 1.5: A mass restricted to move without friction on a linear guide. The mass is connected with
a spring to a fixed pivot point as shown. While the mass’ motion is restricted to be one dimensional, the spring force
is a vector in 2D whose direction varies with x. The motion along the guide is governed by the component of the
spring force parallel to the guide.

Equation (1.24)), we have to define x̃1 so that x̃1 − x̃2 becomes

x̃1 − x̃2 = x1 − x2 −W1 − L1 ⇒ x̃1 = x1 − x2 −W1 − L1 + x̃2

= x1 − x2 −W1 − L1 +
(
x2 −W2 − L2

)

= x1 −
(
W1 + L1 +W2 + L2

)
.

In these new coordinates, the combined equations of motions have the simpler form

m1
¨̃x1(t) = − k1

(
x̃1(t)− x̃2(t)

)
,

m2
¨̃x2(t) = k1

(
x̃1(t)− x̃2(t)

)
+ k2 x̃2.

(1.26)

The masses’ positions in original coordinates are obtained from

x1(t) = x̃1(t) +
(
W1 + L1 +W2 + L2

)
,

x2(t) = x̃2(t) +
(
W2 + L2

)
.

Note that the constants L1, L2,W1,W2 have no effect on the equations (1.26) or their solutions. Thus
knowledge of those constants is not needed to find the motion in the new coordinates. The constants
only provide a “bias” to the solutions when expressed in the original coordinates.

Alternatively (and more easily), we can choose two different coordinate system origins for x1
and x2 as shown in (B). First choose the origin for x2 so that x2 = 0 corresponds to spring k2 in
equilibrium, and then choose the origin for x1 such that x1 = 0 and x2 = 0 corresponds to spring
k1 in equilibrium. We can then write the equations directly as

m1 ẍ1 = − k1
(
x1 − x2

)

m2 ẍ2 = k1
(
x1 − x2

)
+ k2 x2

(1.27)

Note that these equations are identical to (1.26). Therefore with this scheme, we don’t really
need to know the equilibrium lengths of springs or widths of masses if we are only interested in
understanding the oscillations. Those parameters are only needed to reconstruct the solutions in
the original, common coordinate system.

1.2.2 Spring Forces in Higher Dimensions

When springs can extend in more than one dimension, more care is required to write down the
effective equations of motion. Aside from the higher complexity of the equations, new features
arise that are not there in purely one-dimensional problems. In particular, unlike the example of
Figure 1.7b, any precompression of springs may actually change the nature of vibrations as the next
example illustrates.

Example 1.5. Consider the Mass-Spring system shown in Figure 1.9. The mass is assumed to slide
without friction on a linear guide and connected to a fixed pivot point p with a spring k. While the
motion of the mass is in 1D, the spring force is a vector in 2D, and therefore care needs to be taken with
the geometry.
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Figure 1.10: A mass moving in 2D while connected with a spring k to a fixed pivot point p. The motion can be
analyzed in either a cartesian coordinate system (center), or the more convenient polar coordinate system (right).
The polar coordinate system is more convenient in this case since the spring force is always in the radial er direction.

Let L be the equilibrium length of the Spring (which may be different from the distance l shown).
The spring’s extension L̃ (the increase of the spring’s length over its equilibrium length) is

L̃ =
√
x2 + l2 − L.

This is the quantity that determines the magnitude of the spring force, while its direction is completely
determined by the location x (see Figure 1.9 for the geometry)

F = − k
(√

x2 + l2 − L
) (

x√
x2+l2

e1 +
l√

x2+l2
e2

)
,

where e1, e2 are the unit coordinate vectors shown. The lateral motion of the mass is determined by the
e1 component of the force, and therefore

m ẍ = − k
(√

x2 + l2 − L
)

x√
x2+l2

= − k
(
1− L√

x2+l2

)
x. (1.28)

This is a nonlinear differential equation for x(t). It can be linearized for small oscillations where x≪ l.
The square root can then be approximated by

√
x2 + l2 ≈ l. The differential equation becomes

m ẍ(t) = − k
(
1− L/l

)
x(t)

⇒ m ẍ(t) = − keff x(t), keff := 1− L/l.

Consider three cases depending on the relation between L and l.

1. l > L: This means that the spring is stretched when x = 0. Since L/l < 1, the effective spring
constant keff < k is smaller than the actual spring constant. The larger l is (compared to L), the
more the spring is prestretched, and Keff is closer to the value of k.

2. l = L: In this case keff = 0. This means that up to first order in x, the spring exerts no force for
small displacements x.

3. l < L: In this case keff < 0 is negative! What does does mean? If you think physically, the spring
is actually compressed when x = 0. This is an example of an “unstable equilibrium”; an arbitrarily
small initial change in x will cause the mass to slide either left or right (depending on the initial
x), and it will not oscillate about the point x = 0. In this case we do not have small oscillations,
but rather large ones, and small x assumption breaks down. In this case we have to reconsider the
original differential equation (1.28).

Example 1.6. Consider a mass free to move in 2D while connected to a fixed pivot point by a spring k
as shown in Figure 1.10. The motion can be analyzed in either a cartesian or a polar coordinate system.
The equations are much simpler in the polar coordinate system since the spring force is always in the
radial er direction. In the polar system, the spring’s extension is simply (r−L) where L is the equilibrium
length of the spring. Since there is no tangential eθ component of the spring force, the equations of
motion are simply

m r̈(t) = − k
(
r(t)− L

)
,

m θ̈(t) = 0.
(1.29)
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N
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Fk = -µN sign
�
ẋ
�

ẋ

(a) Dry, kinetic friction drag. N is the
surface-normal force, and the friction
force is Fk = −µN sign(ẋ), where µ
is the kinetic friction coefficient. Al-
though the magnitude |Fk| is not de-
pendent on velocity, the direction is.

ẋ

Fv oil

ẋ

Fv = -c ẋ

(b) Viscous (Stokes) drag is prominent
at low Reynolds numbers, i.e. either
low velocities or high viscosities such
as in motion lubricated with oil. It is
linearly proportional to velocity Fv =
−c ẋ.

ẋ
Fa ⇡ -c2 ẋ2sign(ẋ)

(c) Aerodynamic drag is prominent at
high Reynolds numbers. It is approx-
imated as being proportional to the
square of the speed, with direction op-
posite to velocity Fa ≈ −c2 ẋ2 sign

(
ẋ
)
.

Figure 1.11: The three main types of dissipative drag forces. All are a function of velocity, and their direction is
always opposite to velocity.

Thus the mass will oscillated like a 1D Mass-Spring system
in the radial direction, while it may be stationary or rotate
with constant angular velocity in the tangential direction as
illustrated in the diagram on the right.
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For comparison, we redo the analysis in cartesian coordinates. The spring’s extension is given by

L̃ =
√
x21 + x22 − L.

The vector of the spring force is then

F = − k
(√

x21 + x22 − L
) (

x1√
x2
1+x

2
2

e1 +
x2√
x2
1+x

2
2

e2

)
.

The differential equations for the cartesian coordinates x1(t) and x2(t) are then

m ẍ1 = − k
(√

x21 + x22 − L
)

x1√
x2
1+x

2
2

= − k
(
1− L 1√

x2
1+x

2
2

)
x1,

m ẍ2 = − k
(√

x21 + x22 − L
)

x2√
x2
1+x

2
2

= − k
(
1− L x2√

x2
1+x

2
2

)
x2,

(1.30)

where the argument t has been suppressed for notational simplicity. Note that these are two coupled,
nonlinear differential equations which are much more difficult to analyze than the equations (1.29) written
in polar coordinates. The term coupled here means that the equation for x1(t) depends on x2(t) and
vice versa, thus the two equations have to solved together, unlike (1.29) where the two equations are
independent of each other. It is not even clear how one should linearize (1.30) or what “small oscillations”
could mean. Thus in some problems, a judicious choice of coordinate systems may significantly simplify
the analysis.

1.3 Damping Forces

So far we have only considered conservative forces due to elasticity or gravity. In vibrations analysis,
it is also important to consider dissipative forces such as the various forms of drag and friction.
There are many types of dissipative forces in mechanics, but the three most important ones are (a)
Kinetic (Dry) Friction, (b) Viscous (Stokes) Drag, and (c) Aerodynamic Drag. They are described
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piston rod

fluid (air, oil)

piston head with holes cylinder viscous fluid inner cylinder outer cylinder

Linear Motion Damper Rotational Motion Damper

Symbol: Symbol:

Figure 1.12: (Left) Schematic of a linear-motion viscous damper. Two rods are connected to a sealed cylinder and
a movable piston head respectively. The motion is linear. The piston head has small holes through which a viscous
fluid can pass back and forth between the two compartments. This creates resistance to motion, and the resulting
force between the two rods is proportional and opposite to their relative velocity. (Right) A similar concept creates
a rotary damper. A sealed cylinder contains a smaller, solid cylinder, and the gap between between the two is filled
with thin layer of a viscous fluid. The motion is rotational, and the differential torque between the two connecting
rods is proportional and opposite to the relative rotational velocity.

mathematically in terms of velocity ẋ as follows5

Fk = − µN sign
(
ẋ
)
, (dry, kinetic friction)

Fv = − c ẋ, (viscous drag)

Fa = − c1ẋ − c2 ẋ
2 sign

(
ẋ
)
≈ − c2 ẋ2 sign

(
ẋ
)
, (aerodynamic drag)

where for kinetic friction, N is the force normal to a surface, and µ is the kinetic friction coefficient
with that surface. The three different types of drag force laws are illustrated in Figure 1.11. The
viscous drag force law, also known as Stokes’ drag, is prominent at low Reynolds numbers, i.e. at low
velocities or high viscosities. It is sometimes referred to as viscous friction as might occur between
two surfaces with a viscous lubricant in between. In contrast, kinetic friction is sometimes called
“dry friction”. The aerodynamic drag force law is valid at high Reynolds numbers (e.g. cars and
planes in air), where the quadratic term dominates the linear term. The latter is often ignored in
that expression.

For vibration analysis of mechanical systems, the main drag force of concern is viscous drag, and
to a lesser extent dry friction drag. In fact, viscous drag elements called dampers are deliberately
introduced in mechanism to achieve certain vibration control specifications. Think about dampers
on doors or drawers as well as in vehicle suspension systems. The construction of a basic viscous
damper is illustrated in Figure 1.12. It is usually a sealed cylinder with a movable piston, and a fluid
(such as air, or some type of oil) that flows between two compartments through small holes. Unlike
a spring, this mechanism exerts no forces when stationary regardless of extension or compression.
The force it generates is well approximated by linear proportionality to velocity and opposite to its
direction

Fv = − c ẋ, (1.31)

where c is referred to as the damping coefficient. Since c converts velocities to forces, it has units of
force per velocity, e.g. N/m/s. Typical vehicle shock absorber dampers have damping coefficients
in the range of 1000s N/m/s. A shock absorber is a combination of a spring and damper as shown
in Figure 1.13.

Figure 1.12 also shows a rotational damper that has a torque law which is similarly proportional,
but to rotational velocity

τ = − c ω,
5The function sign(α) is defined as +1 if α > 0, −1 if α < 0, and 0 if α = 0.
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m

0

x

-kx -cẋ

Figure 1.13: (Left) A typical shock absorber is made up of a viscous-damper cylinder with a spring coiled around
it. It is represented schematically as a parallel connection of a spring and a damper. (Right) A mass m connected
to a fixed frame with both a spring and damper experiences a spring force −kx proportional to displacement, and a
damper force −cẋ proportional to its velocity.

where ω is the relative rotational velocity between the two ends. Figure 1.12 also shows schematic
symbols for dampers. The one for the linear motion damper is widely used. On the other hand,
there is no universally accepted schematic symbol for the rotational damper. The one shown is the
one chosen for this book.

Consider the mass m in Figure 1.13 connected to a fixed frame by a spring k and a damper with
coefficient c. Choose the origin x = 0 of the coordinate system such that the spring is in equilibrium.
The spring’s force is then simply −kx. The choice of origin does not effect the expression for the
damper’s force, which is −cẋ, and velocity ẋ is independent of where the coordinate system’s origin
is. The equation of motion is therefore

m ẍ(t) = − k x(t) − c ẋ(t) ⇔ m ẍ(t) + c ẋ(t) + k x(t) = 0. (1.32)

Note that the two forces are opposite to spring deflection and velocity respectively.
Comparing the differential equation (1.32) to (1.5) for a system with only a spring, we see that

it is also a 2nd order differential equation, but now we have a term that depends on the first time
derivative as well. We will study such equations in detail in Chapter 3. Unlike Equation (1.5) which
has only oscillatory solutions, Equation (1.32) may have non-oscillatory behavior in the so-called
“highly-damped” regime, or decaying (damped) oscillations in the so-called “lightly damped” case.
The relative values of the constants m, k, and c determine which of those two regimes the system is
in.

In addition to spring and damper forces, we often have externally generated and possibly time-
varying forces. Consider the system illustrated in Figure 1.14, where a mass m is connected to a
fixed frame through a spring and a damper. In addition, the mass is subject to a possibly time-
varying external force f(t). Such forces can be generated by controlled actuator elements which
can generate forces whose magnitudes are controlled by some external mechanism (either electronic
or mechanical). f(t) can also model uncontrolled external forces such as the effect of wind gusts,
ground vibrations, and the like. The main new ingredient is that f(t) can be time varying rather
than the constant forces we encountered earlier (e.g. gravity). To write down the equation of motion
for this system, we simply apply Newton’s 2nd law again with f(t) added to the sum of the forces

m ẍ(t) = − k x(t) − c ẋ(t) + f(t) ⇔ m ẍ(t) + c ẋ(t) + k x(t) = f(t), (1.33)

where we have assumed the mass to slide without friction with the supporting surface. Note that this
equations is valid provided the origin of the coordinate system is chosen so that x = 0 corresponds
to the spring in equilibrium. This will be our practice from now on without explicitly and repeatedly
stating it.

It is instructive to compare Equation (1.33) to Equation (1.32) which has no external forcing.
The latter is a homogenous 2nd order differential equation, while the former is the same differential
equation, but with a forcing term, i.e. an inhomogenous differential equation. In the context of
vibration analysis, the preferred terms are “free vibrations” (for (1.32)) and “forced vibrations”
for (1.33). More generally, we will refer to systems like (1.33) as a system with “an input”, since
forcing terms in the differential equation may be more general than forces, such as other displace-
ments, velocities or electronic signals. Differential equations like (1.33) will be studied in detail in
Chapters 4 and 6 for various types of inputs.
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Figure 1.14: A Mass-Spring-Damper system subject to an external, time varying force f(t). While the spring
and damper forces are determined by the mass’ configuration (position and velocity), the force f(t) is determined
“externally”, i.e. independently of the mass’ configuration. Such forces can model various phenomena, e.g. an
electronically controlled actuator which produces a force whose value is determined by an electronic command, or the
effect of external mechanical forces such as wind gusts or ground vibrations.

1.4 Mechanical Degrees of Freedom

Any mechanical system composed of an assembly of rigid bodies connected with either flexible or rigid
linkages has a certain number of “mechanical degrees of freedom”. Roughly speaking, the number of
degrees of freedom is the number of coordinates needed to uniquely describe the configuration of the
system. If the system has a single mass constrained to move in only one dimension (e.g. Figures 1.2
or 1.7), then a single coordinate x (or θ in the case of the torsional spring of Figure 1.4 or the
pendulum) can be used to describe the motion of that mass. Note that this is the case regardless
of the number of springs or dampers the mass is attached to. Springs and dampers are typically
assumed massless6, and therefore do not add any additional degrees of freedom. For example, in
Figure 1.7b, a single mass is connected by two springs to two rigid anchors, and therefore this system
has a single degree of freedom, namely the position of the mass.

A system with two masses such as that of Figure 1.8 has two degrees of freedom, namely the
positions of each mass. Note that here, each mass is constrained to move in only one dimension
(since only lateral motion occurs in this example). Recall that when deriving the differential equa-
tions (1.26) for this system, we ended up with two, coupled, second order differential equations for
the whole system. This is a pattern we will see regularly. A system with n-Degrees-Of-Freedom
(n-DOF) will always be modeled using n coupled differential equations, each of second order. The
analysis of such systems is best done using matrix methods, which we will begin developing in
Chapter 7.

A single mass can also have multiple degrees of freedom if it can move in more than one co-
ordinate. A nice example of this is the modeling of automotive suspension systems illustrated in
Figure 1.15. A vehicle is typically considered as a single rigid mass. A hierarchy of dynamical
models can be developed as follows. In Figure 1.15b, the car is modeled as a single mass interacting
with the ground via a spring and damper, but the motion is just linear vertical motion described by
a single coordinate x. The differential equation describing the dynamics is the single second-order
equation (1.32) for a Mass-Spring-Damper system.

A more realistic suspension model is shown in Figure 1.15c sometimes referred to as the “half-car
model”7. Here the car is assumed to be rigid body in the plane, which requires three coordinates
(x, y, θ) to completely describe its motion (e.g. (x, y) for the location of the center of mass, and
θ for the rotation of the body about the out-of-plane axis). In suspension models, one is mainly
interested in vertical motion, and horizontal motion is assumed steady, therefore not contributing
to vertical vibrations. Thus the half-car model has two degrees of freedom (x, θ) describing the
vertical displacement of the center of mass (we relabeled vertical displacement as x rather than y for
later notational consistency) and the rotation angle respectively. Alternatively (and equivalently)
we can use the vertical positions x1, x2 of the two contact points between the rigid body and the
support structure. Those represent another equivalent 2-DOF model. Whichever choice we make for
the coordinates of the half-car model, we would then expect two, coupled, second-order differential
equations to model this system. Those are derived in Section 1.7.2 for illustration.

An even more realistic suspension model is shown in Figure 1.15d. The car is still one single rigid

6or at least of much smaller masses than those of the rigid bodies they are attached to.
7This is also called the “sprung beam” model if the mass is thought of as a rigid beam rather than a vehicle.
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(a) A typical automotive suspension model assumes the shock ab-
sorber and suspension assembly at each tire to be modeled by a spring
and a damper. The car body is assumed to be a rigid body.

x

(b) A “quarter car” model is a 1 degree of freedom
model where the car is assumed to be s single mass
that can only move (not rotate) vertically with
vertical coordinate x.

x1
x2

x ✓

(c) A “half car” model is a 2 degree of freedom
model for motion of a supported rigid body in the
plane. The coordinate choices can be either the
vertical displacements (x1, x2) of the two support
points, or alternatively (x, θ), where x is the ver-
tical position of the center of mass, and θ is the
angle of rotation of the rigid body in the plane.

x1

x2

x3

x4

(x, ✓,�)

(d) A “full car” model is a 3 degree of freedom model of the car as a
rigid body in three dimensions. One choice of coordinates is (x, θ, ϕ)
for the vertical displacement of center of mass, the azimuthal θ and
polar ϕ angles of rotation respectively. Alternatively, the vertical
coordinates (x1, x2, x3, x4) of the four support points can be used.
However, those four variables have a single constraint, which is con-
sistent with the system having only 3 degrees of freedom.

Figure 1.15: A hierarchy of automotive suspension models with one, two and three mechanical degrees of freedom. A
common simplifying assumption in such vibration analysis is that all displacements are purely vertical, and horizontal
motion is steady, and therefore does not contribute to vertical vibrations.

body, but it can rotate in three dimensions. Again, our main interest is in vertical displacement and
body orientation, so one choice of coordinates would be (x, θ, ϕ) describing vertical displacement of
the center of mass, the azimuthal θ and polar ϕ orientation of the body. Equivalently, we can use
the vertical displacements (x1, x2, x3, x4) of the four support points. However, because the body is
assumed rigid, there is actually a kinematic constraint on those four coordinates, which reduces the
number of degrees of freedom to 3 rather than 4. The details of this model, which is more involved
to derive, will be presented later.

In general, if we have n masses, where each can move in m coordinates, then the total mechanical
degrees of freedom of the entire system will be the product nm, and the model will consequently
require nm, coupled, second-order differential equations.

1.5 Connections of Multiple Springs and Dampers

When multiple springs and dampers are connected together, it is possible to aggregate their effects
into a smaller number of elements with different effective stiffness and damping coefficients. The
simplest such case is when they are connected in parallel as shown in Figure 1.16. Assuming that
both springs have the same equilibrium lengths, then regardless of the extension/compression of the
springs, both of their forces always act in this same direction. Similarly both damper forces act in
the same direction regardless of the mass’ velocity direction. Each set of forces then add up as

−k1x− k2x = − (k1 + k2) x = keff x ⇒ keff = k1 + k2, (1.34)

−c1ẋ− c2ẋ = − (c1 + c2) ẋ = ceff ẋ ⇒ ceff = c1 + c2. (1.35)

Thus the two parallel springs can be replaced by a single spring with stiffness keff = k1 + k2, and
the two parallel dampers can be replaced by a single damper with coefficient ceff = c1 + c2. We
again emphasize that the spring forces have the expression above only if the origin of the coordinate
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-c1ẋ

-c2ẋ

-k2x

-k1x

⇔ m

ce↵ = c1 + c2

ke↵ = k1 + k2

-(c1 + c2)ẋ

-(k1 + k2)x

Figure 1.16: When springs and dampers are connected in parallel, their resulting forces simply add up. This results
in an effective stiffness of keff = k1 + k2, and an effective damping coefficient of ceff = c1 + c2.

system x = 0 is such that both springs are in equilibrium. If that is not the case, the conditions of
static equilibrium would have to be derived, and the origin of the coordinate system shifted so that
the equations above hold. This procedure is explored in Exercise 1.1.

A different configuration in which forces add up in the same manner is shown in Figure 1.7b,
where the two springs are on opposing sides of the mass. Although they are on opposite sides, when
one spring is in effective compression, the other one is in effective extension, and both forces act in
the same direction. Thus the effect of the forces add up as demonstrated by Equation (1.23), and
in this case we can also replace the two springs by an equivalent keff = k1 + k2. A similar argument
applies to two dampers connected on opposite sides of a mass.

An alternative way to connect spring and damper elements is in series, and it turns out that the
effective stiffness and damping coefficients behave differently in this case. To analyze this situation,
let’s first consider all the forces in a Mass-Spring-Damper system as shown in Figure 1.17a where the
“internal forces” on the spring and damper are shown. For simplicity, springs and damper elements
are assumed massless. A massless element simply “transmits” forces from one end to another as
shown in the diagram. To see this, suppose the element had a small mass ϵ, and L̃(t) refers to the
deviation of its length from equilibrium. Let Fl and Fr be the two forces acting on it at the left and
right edges respectively. Newton’s second law says

ϵ ¨̃L(t) = Fl + Fr.

If we let ϵ → 0 to model the case of negligible mass, the left hand side is zero, and we get that
Fl = −Fr, i.e. the forces on each side of a massless element are equal and opposite as claimed in the
diagrams of Figure 1.17a.

Now consider the two springs shown in Figure 1.17b. The two springs have internal forces of
k1L1 and k2L2 respectively, where L1 and L2 are the deviations of the springs’ lengths from their
equilibrium8. Since the contact point between the two springs is also massless, those two forces
must be equal in magnitude, i.e. k1L2 = k2L2. This equality implies that the extensions of the two
springs can not be arbitrary, but must be related by

k1
k2

=
L2

L1
. (1.36)

This means that if for example k1 is stiffer than k2, then L2 will be longer than L1 since k2 is a
softer spring, and therefore will extend more than k1 when subjected to the same force.

The effective stiffness keff is determined by the requirement that the effective spring force keff(L1+
L2) is equal to the individual spring forces k1L2 = k2L2. Using k1L1 for instance gives

keff(L1 + L2) = k1L1 ⇒ keff =
k1L1

L1 + L2
=

k1
1 + L2/L1

(dividing top and bottom by L1)

=
k1

1 + k1/k2
(using (1.36))

⇒ keff =
k1k2
k2 + k1

. (1.37)

8In this analysis we only keep track of force magnitudes, as their directions are explicitly shown in Figure 1.17b.
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(a) Depicting all the internal forces in a Mass-Spring-Damper sys-
tem. Here the spring is in extension, and moving with a positive
velocity. Therefore both damper and spring forces on the mass (in
blue) are negative. On the left side of the spring and damper, the
forces of the mass on the spring and damper are equal and opposite
respectively. The spring and damper elements are usually assumed
massless, and therefore they simply transmit forces from one end to
the other as shown. On the right side are the forces of the station-
ary frame on the spring and damper elements, which are equal and
opposite to the forces on those elements at the other end.

k1 k2

ke↵

ce↵

c1 c2
c1L̇1 c2L̇2

ce↵(L̇1 + L̇2)

ke↵(L1 + L2)

k1L1 k2L2

(b) To find the effective damping and stiffness for
two elements connected in series, we must analyze
the internal reaction forces. Massless elements (as
the damper and spring are assumed to be) trans-
mit forces as shown. For the dampers diagram, all
forces shown are equal in magnitude, and similarly
for the springs diagram. L1 and L2 are the devia-
tions of the lengths of the respective elements from
their equilibrium values.

Figure 1.17: Analysis to reveal the effective stiffness keff and damping ceff when elements are connected in series.

For dampers, an exactly parallel analysis leads to a similar formula

ceff(L̇1 + L̇2) = c1L̇1 and
c1
c2

=
L̇2

L̇1

⇒ ceff =
c1c2
c2 + c1

. (1.38)

The expressions (1.37) and (1.38) may look familiar. If we rewrite them as

keff =
k1k2
k2 + k1

⇔ 1

keff
=

1

k1
+

1

k2
, ceff =

c1c2
c2 + c1

⇔ 1

ceff
=

1

c1
+

1

c2
,

we see a familiar expression from electrical circuits. In fact, springs and dampers add up in series
and in parallel exactly like capacitors and inductors add up in series and parallel connections9. Note
that resistors on the other hand add up in the opposite manner. These analogies with electrical
circuits will become clearer when we discuss Electrical-Mechanical analogies later on.

It is useful to remember some basic rules about parallel and series connections of springs and
dampers. A parallel connection (1.34) of two springs gives a keff which is stiffer than either spring.
On the other hand, a series connection (1.38) of two springs gives a keff which is softer than either
spring. This is useful for system design. If a connection needs to be stiffened, a spring must be
added in parallel. It it needs to be softened, a spring must be added in series. The exact constants
for the added springs can be calculated from the relations (1.34) or (1.37), along with the design
specifications. Similar statements apply to damping elements.

redo this in terms of compliance
A simple example of a series connection of two springs is shown in Figure 1.18 as a combined

model of an automotive suspension spring and tire stiffness. The interaction of a fully inflated
tire with a roadway can be modeled as a stiff spring kt. A typical suspension system has spring
constants in the range ks ≈ 20-30 KN/m (Kilo-Newtons/meter). The stiffness of a fully-inflated
tire interacting with a road surface is much higher, on the order of 200 KN/m. Ignoring the mass of
the tire, the two springs are essentially connected in series (as shown in Figure 1.18). The effective
spring constant is then given by (1.37) as

keff =
kskt
ks + ks

=
20 KN/m 200 KN/m

20 KN/m+ 200 KN/m
≈ 18 KN/m.

Thus the effective stiffness is not much different from that of the softer spring ks. This is because
the tire spring is about an order of magnitude stiffer than the suspension spring, and therefore their

9For example, two capacitors C1 and C2 in parallel have a net capacitance of C1 + C2, but when connected in
series, their net capacitance is C1C2/(C1 + C2).
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ks

kt

ks

kt

, ,
ke↵ =

kskt

ks + kt

Figure 1.18: A combined model of a suspension system stiffness ks, and the tire/road interaction which is modeled
as a much stiffer spring kt for a fully inflated tire. The two springs are in series, and because kt ≫ ks, the series
connection has an effective stiffness keff which only slightly lower than ks, the softer of the two springs.

series connection is only slightly softer than the softer of the two springs. This is similar to the
connection of two resistors in parallel where one resistance is much higher than the other. The
effective resistance is then slightly lower than the low resistance path. Whether the effects of tire
elasticity can be ignored in vibration analysis depends on the purpose and accuracy of the analysis.
In either case, incorporating tire stiffness is a simple matter of altering the effective spring constant.

Finally, it might be natural to ask the question of what happens if two different types of elements,
like a spring and a damper are connected in series? This one is a little tricky and requires a finer
analysis as explored in Exercise 1.2.

1.6 The Energy Method

For systems with a single degree of freedom, we can find the natural frequency more quickly using
energy calculations. Let q(t) be the “generalized” position coordinate of such a system (e.g. a linear
position or angular position coordinate), the kinetic energy of such a system is usually of the form

KE = 1
2ck (q̇)2.

For example, for the Mass-Spring system (1.5) and the pendulum (1.11), their respective kinetic
energies are

KE = 1
2m ẋ2 linear Mass-Spring system

KE = 1
2m (lθ̇)2 = 1

2ml
2 θ̇2 pendulum

Thus the coefficient ck is m in the first case and ml2 for the second.
For systems where conservative forces are linear functions of position coordinates, the potential

energy (of the conservative forces) will be quadratic in the position coordinate10, and thus of the
form

PE = 1
2cp q

2.

For example, for the Mass-Spring system, the spring potential energy is given by

PE = 1
2k x

2.

m

✓ l cos ✓

l�l cos ✓

On the other hand, for the pendulum system, the gravitational
potential energy written in terms of the angular coordinate θ is
(see figure)

PE = mg l
(
1− cos(θ)

)
.

10Recall that for conservative forces, the force is the negative of the derivative (with respect to position) of the
potential energy function. The derivative of a quadratic is linear.
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This is not quadratic in θ, but if we expand the Taylor series for
cos(θ) around θ = 0 we get

1− cos(θ) = 1−
(
1− 1

2!θ
2 + 1

4!θ
4 − · · ·

)

= 1
2!θ

2 − 1
4!θ

4 + · · · (1.39)

Now similar to what we did with linearizing forces to model small oscillations, this corresponds to
retaining up to quadratic terms in potential energy, we therefore approximate this potential energy
with its quadratic term

PE ≈ 1
2mgl θ

2.

Thus the coefficient cp for the pendulum is mgl.
Newtown’s second law for systems that have quadratic kinetic and potential energies of the form

E = 1
2ck q̇

2 + 1
2cp q

2

is written as (this also follows immediately from the Euler-Lagrange equations)

ck q̈(t) = − cp q(t).

The natural frequency of such a system is then given by the ratio

ωn =
√
cp/ck. (1.40)

We can think of ck as an effective inertia and cp as an effective stiffness. For the Mass-Spring system,

the formula gives the (by now) familiar ωn =
√
k/m. For the pendulum, it gives

ωn =
√
cpck =

√
mgl/ml2 =

√
g/l,

which is the result arrived at from the earlier calculation in (1.13). The formula (1.40) simplifies
some calculations as the next example will show.

A Metronome

A musical metronome is basically a pendulum designed so that it has a “tunable” oscillation fre-
quency that can be adjusted over a the range of frequencies required to “keep the beat” for any
particular musical practice performance. The main design requirement is that its frequency should
be “tunable”, and that its size not be too big (e.g. to fit nicely onto a desktop). If we attempt to use
a simple pendulum as a metronome, its natural frequency is ωn =

√
g/l as analyzed earlier. Clearly

g is not a design parameter, but the mass can be placed on a slider to make l a tunable parameter.
We will see in the calculations at the end of this example that this is not a practical design for the
required range of frequencies. The pendulum length would be impractically long.

The metronome ingeniously solves this design problem. It has two masses rather than one, one
of which is on a slider, and both are rigidly connected, but free to rotate about a common pivot
point. See Figure 1.19 for a diagram. We will now analyze this system to show that it has a much
more tunable range of frequencies (with a small size) than the standard pendulum.

Although this system has two masses, it is really a single degree of freedom system. There is
only one position coordinate, namely θ since the two masses are connected by a rigid rod that pivots
around a point in between the two masses. Using the energy method, it is not too hard to compute
the natural frequency of this system as a function of the masses and the two lengths. Assuming the
connecting rod to be massless, the kinetic energy is

KE = 1
2

(
m2(l2θ̇)

2 + m1(l1θ̇)
2
)

= 1
2

(
m2l

2
2 +m1l

2
1

)
θ̇2 =: 1

2ck θ̇
2.
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✓
m1

m2

✓
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Figure 1.19: (Left) A typical wind-up metronome (bottom mass not visible) and, (Right) a simplified mechanical
model. Although this system has two masses, both masses are connected by a massless rigid rod, and therefore it has
only one mechanical degree of freedom which is the (angular) position coordinate θ.

The potential energy is the sum of the two gravitational potential energies of the masses using the
quadratic approximation (1.39) of the cosine (see also Figure 1.19 for the geometry)

PE = m2g l2
(
1− cos(θ)

)
− m1g l1

(
1− cos(θ)

)

≈ 1
2m2g l2θ

2 − 1
2m1g l1θ

2 = 1
2g (m2l2 −m1l1) θ

2 =: 1
2cp θ

2.

Note that each potential energy term is chosen with a constant offset so that each is zero at θ = 0.

The formula (1.40) now gives the oscillation frequency of the metronome as

ωn =
√
cp/ck =

√
g
m2l2 −m1l1
m2l22 +m1l21

. (1.41)

It should be noted that this formula would have required more work to derive using free body
diagrams and force balances.

Now analyze (1.41) to see how it can be useful for design. First note that if m2l2 < m1l2,
then the quantity under the square root is negative. This actually means that this system would
not oscillate under this condition. This is physically intuitive since this condition means that the
metronome system is “top heavy”, and the top mass will simply fall all the way to the bottom
instead of oscillating. Now in the metronome shown in Figure 1.19, m1,m2, l2 are fixed, and l1 is
variable using the slider. Let’s make a simplifying assumption that m2 = 10m1 and write l1 as a
multiple of l2

m2 = 10m1

l1 = αl2
⇒ ωn =

√
g
m2l2 −m1l1
m2l22 +m1l21

=

√
g

10m1l2 − α m1l2
10m1l22 + α2 m1l22

=

√
g

l2

√
10− α
10 + α2

.

The first factor
√
g/l2 is constant, and the second factor

√
(10− α)/(1 + α2) is tunable. If α is just

below 10, the natural frequency is very low ωn ≈ 0. This corresponds to the tunable mass being
at the topmost position in the metronome of Figure 1.19. Note that the scale on that metronome
is labeled in “Beats Per Minute” (BPM) (so 60 BMP corresponds to 1Hz). The other extreme is
when α is decreased to zero, which then means that

√
(10− α)/(10 + α2)→ 1, and ωn approaches

the maximum frequency possible which is
√
g/l2. If say l2 = 2cm, then

√
9.8 m/s2/0.02 m ≈

22 rad/s = 3.5 Hz = 210 BPM.

Finally, we should compare the system of Figure 1.19, which is a pendulum with two unbalanced
masses, to the simple pendulum with one mass. The simple pendulum has a natural frequency of
ωn =

√
g/l. To get a frequency range of say

ωn = (40− 200)BPM ≈ (2/3− 3.3)Hz ≈ (4.2− 21) rad/s,
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we would need a length range of

l =
g

ω2
n

≈ 9.8 m/s2

(4.2− 21)
2
rad2/s2

≈ (0.56− 0.02)m.

The difficulty is at the lower end of the desired frequency range. If you want 40 BPM, then you
would need a simple pendulum of almost half a meter length, which is unwieldy, and certainly much
smaller than a typical metronome. With the unbalanced double mass design, one can reach the
lower end of the frequency with a device that essentially can be made as small as desired.

The Rayleigh-Ritz Method

The Energy Method described above is often referred to as the Rayleigh-Ritz Method in more general
systems. It is exact for single degree of freedom systems, but only approximate for system with higher
degrees of freedom, for which the method provides approximation to the “eigenvalues” of N-DOF
systems, and those eigenvalues in turn determine the several natural frequencies of vibrations. These
approximations can be surprisingly good especially for deformable bodies for which exact calculations
are often quite involved. This topic will be discussed in Chapter 10.

1.7 Further Examples

In this section we present further example that each demonstrate a physical system or an analysis
technique that will be covered in more depth in a later chapter. The first case is a simple 1-DOF
approximation to a clamped beam, which in reality is a continuum system of the type studied in
Chapters 9 and 10. The second is the so-called sprung-beam, or equivalently half-car model discussed
earlier. This a 2-DOF system that is best studied using matrix methods as developed starting in
Chapter 7.

1.7.1 Approximation of Cantilevered Beams

Vibration analysis of flexible and deformable bodies such as beams and plates is the subject of later
chapters (Chapters 9 and 10). Unlike mathematical models of rigid bodies which involve Ordinary
Differential Equations (ODEs), the analysis of flexible bodies require the use of Partial Differential
Equations (PDEs). However, in this section we present a simple rigid-body approximation of a
clamped-free beam as a single degree of freedom system with a torsional spring.

Consider the clamped-free beam shown in Figure 1.20. This beam has many “modes” (i.e.
shapes) of vibrations. In fact, it has an infinite number of such modes. Again, this will be studied
in detail in later chapters. Figure 1.20 (Left) shows the so-called “first mode” of vibration. We
will try to model this mode of vibration using the highly simplified model shown in Figure 1.20
(Middle), where the clamped-free beam is replaced by an equivalent (in mass and geometry) rigid
beam pivoting around a torsional spring. According to (1.10), the dynamics of such a system are
given by

J θ̈(t) = − keff θ(t), (1.42)

where J = mL2/3 is the moment of inertia around the end point (m is the mass and L is the length
of the rigid-beam respectively), and keff is the (yet to be determined) effective torsional spring
constant.

How is keff in (1.42) determined? One approximation is to think of the static deflection scenario
shown in Figure 1.20 (Right). In the static case, a force F applied at the free end causes a vertical
deflection δy at that end given by the equation11

δy =
1

EI

L3

3
F, (1.43)

11This comes from solving the static beam equation EI y(4)(x) = 0, where y(x) is the vertical beam deflection at
location x. The clamped-end boundary conditions are y(0) = 0, y(1)(0) = 0, and the free-end boundary conditions
are y(2)(L) = 0, y(3)(L) = − 1

EI
F .
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Figure 1.20: (Left) A full model of the vibrations of a clamped-free beam requires using a partial differential equation
to solve for the “modes” of vibration. Here, the first such mode is depicted. (Middle) A simplified approximate model
for a clamped-free beam is as a rigid beam pivoting around a torsional spring. (Right) To determine the effective
torsional spring constant, we can use the static deflection equation for a clamped-free beam which states that the

deflection δy = L3

3EI
F , where F is the force applied at the free end. The effective torsional spring constant is

then obtained from the ratio of applied static moment FL to the resultant static angular deflection δθ ≈ δy/L, i.e.
keff = FL

δθ
≈ FL

δy/L
= 3EI/L.

where E is Young’s modulus and I is the beams cross-sectional “area moment of inertia” (not to
be confused with J above). Thus keff can be determined by comparing the static deflection of a
torsional spring model to that of the flexible beam

keff =
applied static torque

static angular deflection
=

F L

δθ
(for the torsional spring model)

≈ F L

δy/L
(using δθ ≈ sin(δθ) = δy/L for small δθ)

=
F L2

1
EI

L3

3 F
(using (1.43))

= 3EI/L.

Now using this (together with J = mL2/3) in (1.42) gives

mL2

3
θ̈(t) = − 3EI

L
θ(t) ⇔ θ̈(t) = − 9EI

mL3
θ(t). (1.44)

Equation (1.44) implies that the natural frequency of oscillation of the torsional beam model is

ωn = 3

√
EI

mL3
rad/s.

This is not too far off from the actual frequency for a clamped-free beam (as will be calculated
in Chapter 10) of 3.52

√
EI/mL3 rad/s. Depending on the application, this may or may not be a

reasonable approximation.

1.7.2 2-DOF Example: Sprung Beam or Half-Car Model

In this section we detail the modeling of the half-car model discussed earlier in Figure 1.15c. This
system has two mechanical degrees of freedom, and the brief analysis we present here will serve as
a preview of the matrix methods developed later for vibrations analysis of n-Degree Of Freedom
(n-DOF) systems.

Two coordinate systems for the half-car model (also sometimes referred to as the (rigid) sprung
beam) are depicted in Figure 7.1. Let x be the vertical displacement of the center of mass, and x1
and x2 be the vertical displacements of the support points. Assume the origin of the coordinate
systems for x1, x2 and θ are chosen so that x1 = 0, x2 = 0 and θ = 0 correspond to the two springs
being at equilibrium. Let m be the mass of the rigid body, then Newton’s second law for vertical
and rotational motions are

m ẍ = − k1x1 − k2x2 − c1ẋ1 − c2ẋ2,
J θ̈ = l1 (k1x1 + c1ẋ1) − l2 (k2x2 + c2ẋ2) ,

(1.45)

where J is the moment of inertia about the center of mass. Note the signs on the torques l1 (k1x1 + c1ẋ1)
and l2 (k2x2 + c2ẋ2) which are due to the sign convention on θ being measured positively in the
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Figure 1.21: (Left) Schematic of the “sprung-beam” or “half-car” model, which has two degrees of freedom. The
coordinates are either (x1, x2), the vertical displacements of the support points, or equivalently (x, θ) the vertical
displacement of the center of mass and the rotation angle of the mass respectively. (Right) The kinematics used to
relate the two coordinate systems (x, θ) and (x1, x2).

counter-clockwise direction. For example, when x1 is positive, spring k1 exerts a downwards force
on its support point, which is a positive torque on the mass. On the other hand, when x2 is positive,
spring k2 exerts a downwards force, which results in a clockwise (negative) torque on the mass.

We need to rewrite the equations above in terms of only one set of coordinates, either (x, θ)
or (x1, x2), but not both. The first option is to use the kinematics to express (x1, x2) in terms of
(x, θ). To do this, we make the simplifying assumption (reasonable for small oscillations in θ) that
the springs and dampers move only vertically12 (see Figure 7.1 (Right) )

x1 ≈ x− l1 sin θ ≈ x− l1θ
x2 ≈ x+ l2 sin θ ≈ x+ l2θ

}
⇒





m ẍ = −(k1 + k2) x+ (k1l1 − k2l2) θ
−(c1 + c2) ẋ+ (c1l1 − c2l2) θ̇

J θ̈ = (k1l1 − k2l2) x− (k1l
2
1 + k2l

2
2) θ

(c1l1 − c2l2) ẋ− (c1l
2
1 + c2l

2
2) θ̇

(1.46)

Note an important feature of these two equations. The first one is for the derivative ẍ, but it depends
on both x and θ and their derivatives. Similarly, the second equation is for θ̈, but it also depends
on both x and θ and their derivatives. The equations are therefore coupled. Each equation cannot
be solved separately, they have to be solved together. In the language of dynamics, the equations
for ẍ and θ̈ describe vertical and rotational dynamics respectively. The fact that their equations
are coupled means that vertical vibrations effect rotational vibrations and vice versa. A very useful
technique that helps reveal the underlying structure of complex equations like (7.2) is to rewrite
them as a single matrix differential equation as follows.

[
m ẍ+ (c1 + c2) ẋ− (c1l1 − c2l2) θ̇ + (k1 + k2) x− (k1l1 − k2l2) θ

J θ̈ − (c1l1 − c2l2) ẋ+ (c1l
2
1 + c2l

2
2) θ̇ − (k1l1 − k2l2) x+ (k1l

2
1 + k2l

2
2) θ

]
=

[
0
0

]

(1.47)

⇔
[
m 0
0 J

] [
ẍ

θ̈

]
+

[
c1 + c2 c2l2 − c1l1

c2l2 − c1l1 c1l
2
1 + c2l

2
2

] [
ẋ

θ̇

]
+

[
k1 + k2 k2l2 − k1l1

k2l2 − k1l1 k1l
2
1 + k2l

2
2

] [
x
θ

]
=

[
0
0

]
.

(1.48)

The equation (7.3) is exactly the two equations (7.2) written as the two components of a vector.
This vector equation can be further rearranged into the matrix-vector equation (7.4) in which each
term represents all derivatives of a given order. Here the three terms collect derivatives of second,
first and zeroth orders respectively.

An alternate model is to rewrite equations (7.1) using the coordinates (x1, x2) by substituting
for (x, θ) in terms of (x1, x2). First note that the mapping (x, θ) 7→ (x1, x2) in (7.2) can be written
in matrix-vector form and inverted as follows

[
x1
x2

]
=

[
1 −l1
1 l2

] [
x
θ

]
⇒

[
x
θ

]
=

1

l1 + l2

[
l2 l1
−1 1

] [
x1
x2

]
=

[
(l2x1 + l1x2)/(l1 + l2)
(x2 − x1)/(l1 + l2)

]

12This is clearly not the case if the beam is assumed to be a rigid body. If x1 ̸= x2, then the support points will
have to move laterally. This motion can be assumed negligible for small oscillations θ. An alternative way to view
this is that if we write the full two dimensional model that allows for lateral motion, then linearizing around θ ≈ 0
will give the model above that ignores lateral motion.
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Substituting these expressions for (x, θ) in (7.1) gives

m (l2ẍ1 + l1ẍ2)/(l1 + l2) = −k1x1 − k2x2 − c1ẋ1 − c2ẋ2
J (−ẍ1 + ẍ2)/(l1 + l2) = l1 (k1x1 + c1ẋ1) − l2 (k2x2 + c2ẋ2)

These equations can be reorganized into a matrix-vector form similar to (7.4) as follows

1

l1 + l2

[
ml2 ml1
−J J

] [
ẍ1
ẍ2

]
+

[
c1 c2
c1l1 −c2l2

] [
ẋ1
ẋ2

]
+

[
k1 k2
k1l1 −k2l2

] [
x1
x2

]
= 0. (1.49)

n-DOF Mass-Spring-Damper System in Matrix Form

Note the similarity in the structures of the equations (7.4) and (7.5). They are both of the following
form


 M




ẍ(t)


 +


 C




ẋ(t)


 +


 K




x(t)


 =


0


 (1.50)

⇔ M ẍ(t) + Cẋ(t) + Kx(t) = 0, (1.51)

where x(t) is a vector of coordinates, and M,C,K are matrices of system’s coefficients. Such
equations are the n-DOF generalizations of the single DOF equation (1.32). M is referred to as the
“mass matrix”, and similarly, C and K are called the damping and stiffness matrices respectively.
Equations (1.50) and (7.6) are exactly the same. The first equation (1.50) graphically emphasizes
the dimensions of the matrices and vectors for illustration. The second equation is written in the
much more compact matrix-vector form, but the reader should always keep in mind that despite the
simplicity of writing it in that form, a lot of information is “coded into” the entries of the matrices
M , C, and K.

We will see in Chapter 7 how to write all n-DOF systems in the standard form (7.6), which will
then enable a unified method of analysis for all such systems.

Decoupling and Normal Modes

When analyzing n-DOF systems written in a matrix form like (7.6), certain coordinates are much
better than others. Take for example the equations (7.4) written in (x, θ) coordinates, and assume
a special case where k1 = k2 = k, c1 = c2 = c, and l1 = l2 = l. The equations then simplify to

[
m 0
0 J

] [
ẍ

θ̈

]
+

[
2c 0
0 2cl2

] [
ẋ

θ̇

]
+

[
2k 0
0 2kl2

] [
x
θ

]
= 0. (1.52)

Note that the matrices M , C and K are now diagonal (i.e. all off-diagonal entries are zero). This
matrix equation is therefore decoupled into two scalar equations

m ẍ(t) + 2c ẋ(t) + 2k x(t) = 0, (1.53)

J θ̈(t) + 2cl2 θ̇(t) + 2kl2 θ(t) = 0. (1.54)

Note that the differential equation for x(t) does not involve θ(t), and similarly, the differential equa-
tion for θ(t) does not involve x(t). This means each differential equation can be solved independently
of the other. In this case we say that the dynamics of x and θ are decoupled in the sense that they do
not influence each other. We call the motion of x(t) the vertical mode, and that of θ the rotational
mode of vibration respectively. Those are the normal modes of vibration of this 2-DOF system. In
general, an n-DOF system will have n different normal modes of vibration.

Let’s make more simplifying assumptions to get some intuition for the distinction between vertical
and rotational vibrations. Assume no damping c = 0, and that the support points of the sprung
beam in Figure 7.1 are at each end. Additionally, assume the beam is slender so that its moment of
inertia (about the center of mass) is that of a bar of uniform length 2l

J = m(2l)2/12 = ml2/3
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Figure 1.22: Vibrations of the sprung beam model in the special case where vertical and rotational dynamics (7.8)-
(7.9) are decoupled. (Top) Both rotational θ(t) and vertical x(t) vibrations are pure sinusoids, but with different
frequencies. The frequency of rotational vibrations θ(t) is higher than that of vertical vibrations x(t) as predicted by
the formulas (7.11) for their respective natural frequencies. (Bottom) The vibration of the support point x1(t) is a
superposition of the two modes (vertical and rotational) of vibrations.

With these assumptions, the rotational motion equation (7.9) becomes

ml2/3 θ̈ + 2kl2 θ = 0 ⇒ θ̈ +
6k

m
θ = 0. (1.55)

Now comparing the vertical motion equation (7.8) (with c = 0) and the rotational motion equa-
tion (7.10), we see that they are both of the Mass-Spring type, but with two different natural
frequencies

vertical vibrations: ωn =
√

2k/m

rotational vibrations: ωn =
√

6k/m =
√
3
√
2k/m.

(1.56)

Thus rotational vibrations have a natural frequency that is
√
3 times higher than that of vertical

vibrations.
Any free vibrations of this 2-DOF system will be a superposition of those two modes of vibrations

with those two different frequencies. For example, the motion of one of the support points, say x1(t)
is linear combination of both x(t) and θ(t) since (recall (7.2))

x1(t) = x(t) − l θ(t).

Figure 7.2 shows an example of the vibration of such a system. Note how vertical motion x(t) and
rotational motion θ(t) are both pure sinusoids, but with different natural frequencies. The vibration
of x1(t) appears to be some superposition (a linear combination) of the two motions.

The fact that the matrix equation (7.7) involved only diagonal matrices is what led to the de-
coupling of the dynamics of x and θ as described by the two mutually-independent equations (7.8)
and (7.9). Although this looks like a “lucky accident” due to the symmetry of the problem, there is
a general method to take any coupled matrix problem representing an n-DOF system, and find the
fundamental normal modes of vibration in a similar manner to what was done above. The mathe-
matical technique is based on matrix diagonalization, which in turn is based on finding eigenvalues
of eigenvectors of matrices. This is the topic of normal mode analysis developed in Chapter 7.2.
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Exercises

Exercise 1.1

Consider the diagram below where springs k1, k2 have equilibrium lengths L1, L2 respectively.
(a) Find an expression for the mass’ position x at static equilibrium. (b) What is the natural

frequency of oscillation of this system, and how does it compare to the case when the two springs
have equal equilibrium lengths (i.e. when L1 = L2)?

m
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Exercise 1.2

A spring and a damper in series. TBC

kkL1 cL̇2
c

Exercise 1.3

Coordinate systems TBC
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(b) blah

Figure 1.23: blah

Exercise 1.4

✓

mg

k✓

Consider the rigid beam on a torsional spring shown here. The beam has uniform
density, mass m, length l, and torsional spring constant k. Gravity acts downwards
as shown. You may assume the small oscillations approximation of sin(θ) ≈ θ.

1. Derive a formula for the natural frequency of oscillation ωn of this beam in terms
of m, k, l, and g. Is the frequency higher or lower than that when ignoring
gravity?

2. What is the minimum stiffness k required so that the beam does not “fall over”?

Draft: Vibrations, March 2, 2025 © 2024, Bassam Bamieh



36 1.7. Further Examples

Draft: Vibrations, March 2, 2025 © 2024, Bassam Bamieh



Chapter 2

Complex Numbers, Functions and Phasors

Vibration analysis of harmonically forced systems involves additions, differentiation and integration
of sinusoidal signals. Phasor analysis greatly simplifies these mathematical relations by representing
sinusoidal signals that have a common frequency as vectors in the complex plane. The amplitude
and phase of a signal is encoded as the magnitude and phase of the complex number, i.e. the phasor,
representing it. Many trigonometric identities are encoded in the arithmetic of complex numbers in
this manner, and the use of phasor analysis obviates the need for the complicated manipulation of
trigonometric identities. Familiarity with complex numbers is thus essential for vibration analysis,
and this chapter provides a quick introduction and review of complex arithmetic.

Introduction and Motivation

Under harmonic excitation, and after the effects of initial conditions have died down (i.e. asymp-
totically as t→∞), mechanical vibrations as well as voltage and current oscillations in AC circuits
are sinusoids1 (sine and cosine functions, and combinations thereof). All such functions can be
represented as follows

x(t) = x cos
(
ω t + θ

)
, (2.1)

where x is the amplitude, ω is the frequency (in rad/s), and θ is the phase shift (which could be
positive or negative).

To analyze mechanical vibrations or electrical oscillations, we often have to add and subtract
sinusoids, as well as differentiate and integrate them. If you remember your trigonometric identities,
you will recall that adding two sinusoids gives another sinusoid. For example, we can use the identity

cos(α) + cos(β) = 2 cos
(
α+β
2

)
cos
(
α−β
2

)
to add two cosines with equal amplitudes but different

phases

x1(t) + x2(t) = x cos
(
ωt + θ1

)
+ x cos

(
ωt + θ2

)
(2.2)

= 2 x cos
(
ωt+ θ1+θ2

2

)
cos
(
θ1−θ2

2

)
(2.3)

=
(
2x cos

(
θ1−θ2

2

))
cos
(
ωt+ θ1+θ2

2

)
(2.4)

=: y cos (ωt+ ϕ) =: y(t). (2.5)

We see that those two cosines add up to another cosine but with amplitude y := 2x cos
(
θ1−θ2

2

)
and

phase ϕ := (θ1 + θ2)/2. Note that if the amplitudes of the two original sinusoids were not equal, the
trigonometric identities needed would have been much more complicated. In general, the amplitude
and phase of the sum y(t) = x1(t) + x2(t) will depend on amplitudes and phases of both x1 and x2.

Many other formulas for combinations of different sinusoids can be derived using trigonometric
identities, but the procedures can quickly become a cumbersome algebraic nightmare! Here comes

1This will be demonstrated in Chapter 4.
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Figure 2.1: (Left) Two sinusoids of the same frequency, but different amplitudes and phases, x1(t) = cos (10t+ 40◦)
and x2(t) = 1.8 cos (10t− 30◦) are added together to form a third sinusoid x3(t) = x1(t) + x2(t). It is complicated
to derive an expression for x3(t) using trigonometric identities. The phasor representation considerably simplifies
this. Signals are represented as “phasors”, which are vectors in the complex plane where the complex number x̂i
“represents” the time function xi(t). (Right) The magnitude and phase of the phasor x̂3 (shown in black) representing
x3(t) is simply obtained by the vector addition in the complex plane of the phasors x̂1 (blue) and x̂2 (red) representing
x1(t) and x(2) respectively. The proof of this statement is in Section 2.3

in the concept of phasors, which allow for a very compact representation of sinusoids, and encode
all additive trigonometric identities simply in the arithmetic of complex numbers! We will develop
this “phasor calculus” in this chapter, but as a preview, Figure 2.1 illustrates how two sinusoids
can be added as functions by simply adding their representing phasors as vectors in the complex
plane. Assuming the frequency ω is fixed, each sinusoid of the form (2.1) is represented by a complex
number (its phasor representation), which is also a 2-vector in the plane (Figure 2.1, right). The
magnitude of the phasor is the length of the vector, and it is the amplitude x of the corresponding
sinusoid. The phase of the phasor as a complex number is the phase θ of the sinusoid. The addition
of two sinusoids of the same frequency is another sinusoid with its own amplitude and phase, the
phasor representing that addition is just the addition of the two original phasors as complex numbers
(or equivalently as 2-vectors in the plane). In this way, phasors give a very convenient way of adding
sinusoids of the same frequency without invoking any trigonometric identities. We will also shortly
see that the phasor representation allows for very simple calculations involving differentiation and
integration of sinusoids. These nice differentiation and additive properties of phasors allow us to
easily analyze relationships between currents and voltages in AC circuits with RLC components, as
well as vibrations in complex mass-spring-damper systems.

To get good proficiency for this “phasor anlaysis” it is important to review and be fully proficient
with complex number arithmetic as done in Section 2.2.

2.1 Sinusoids, Phase and Time Shifts

Sinusoidal signals are specified by their frequencies or periods, amplitudes and phase or time shifts.
All sinusoids can be represented in either the “sine” or “cosine” form. They are periodic functions,
which means that the signal over all time is a repetition of some function defined over a fundamental
period. Time shifts of functions represent either time delays or advances, and these shifts can be
described as either time or phase shifts.

The “cosine” (or “sine”) Representation

We use the term sinusoid to refer to sine and cosine functions, and combinations thereof. All such
functions can be represented in the “cosine form”

u(t) = u cos
(
ωt+ θ

)
, (2.6)

where t is the independent variable (usually interpreted as time). The sinusoid is completely specified
by its parameters, which are the constants u, ω and θ. u is the amplitude, ω is the frequency (in
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t
T

t1 t1+T t2+Tt2

u(t)

Figure 2.2: A signal is periodic with period T (T -periodic) if it is uniquely determined by its values over a time
interval of length T . This also means that a T -periodic signal is generated from a function defined over an interval
of width T (shown in red), and then repeating it an infinite number of times with shifts of multiples of T . A T -
periodic signal u has the property that for any t, the values of u at times that are “T apart” are equal, i.e. for any t,
u(t+ T ) = u(t). The is illustrated above for two different times t1 and t2.

rad/s or deg/s), and θ is the phase shift (in rad or deg), which could be positive or negative. For
example, if we need to represent a sine, the identity

sin
(
ωt
)

= cos
(
ωt− 90◦

)
= cos

(
ωt− π/2

)

means that a sine is just a cosine with a −90◦ phase shift (called a 90◦ “phase delay” or “phase lag”
because it is negative). This also means that we could represent any sinusoid such as (2.6) in the
alternate “sine form”

u(t) = u sin
(
ωt+ ϕ

)
,

where ϕ = θ − π/2. The manipulations of signals (and their phasors) are exactly the same regard-
less of whether one chooses the sine or cosine forms, but the choice must be made upfront before
calculations are done. We will mostly use the cosine form.

Periodic Signals

The signal in (2.6) is a special case of a periodic signal. More generally, a signal u(t) is called periodic
(or more precisely T -periodic) if it has the property

for all t, u(t) = u(t+ T),

where the constant T is called the period. This is illustrated in Figure 2.2. A T -periodic signal is
completely determined by its values over any time interval of length T . In Figure 2.2 a particular
choice is made for this interval (shown in red), but any other interval can be taken provided it is of
length T .

For a sinusoidal signal of the form (2.6), its period is determined by its frequency ω. To find the
relationship between ω and T , recall that the cosine function is itself periodic with period 2π (or
360◦) since for all α, sin(α + 2π) = sin(α). Therefore ωt has to advance by 2π for cos(ωt + θ) to
repeat, and we conclude that the period T of cos(ωt+ θ) is given by

T = 2π/ω if ω is given in rad/s,

T = 360◦/ω if ω is given in deg/s.

Note that in order to make sense of cos(ωt + θ), the quantity ωt must have units of radians or
degrees. Therefore ω must have units of radians/time or degrees/time.

Another unit for measuring frequencies is Hz (Hertz), which are cycles/second. Cycle is another
name for the period T , so we can say that Hz = periods/second. Thus if f is measured in Hz, then
1/f is the period expressed as seconds per period (equivalently seconds per cycle)

T (in seconds/cycle) =
1

f in (cycles/second)
.
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Figure 2.3: Illustration of time delays and time advances of signals, and the corresponding shifts of of their graphs.
The signal u(t) delayed by τd is the signal ud(t) := u(t− τd). The graph of the time-delayed signal ud is exactly the
graph of the original signal u(t) but right shifted by the amount of time delay τd. The signal ua(t) := u(t+ τa) is the
original signal u(t) advanced by τa time units. Its graph is a left-shifted version of the graph of u(t).

The relations between T , f in Hz and ω in rad/s are thus

T =
2π

ω
=

1

f
, ω = 2π f,

with a similar relationship if ω is given in deg/s. A simple way to remember that last formula is as
a unit conversion. There are 2π radians per period, so

f
(��cycle

s

)
2π
(

rad
��cycle

)
= ω

(
rad
s

)
.

Time and Phase Shifts

To understand phase shifts, it is important to understand time delays and time advances. Let u(t)
be a signal2. The signal “delayed” by τd ≥ 0 time units is ud(t) := u(t− τd), because e.g. the value
of the signal u at time 0 occurs in the signal ud at the later time τ1. This is illustrated in Figure 2.3.
Note also that in terms of graphs of signals, the graph of ud is the same as the graph of u, but right
shifted by τd. Thus time delays correspond to right shifts of the signal graph. On the other hand,
the signal “advanced” in time by τa ≥ 0 time units is ua(t) := u(t + τa). Note again for example
that the value of u at time t = 0 occurs in ua at time t = −τa, i.e. before t = 0, and we can say
that ua is a time-advanced version of u. Figure 2.3 shows that a time advance corresponds to a left
shift of the signal’s graph.

When a signal is periodic, we can describe time shifts in terms of phase shifts. The phase shift
is defined as the time shift as a fraction of the period expressed in degrees or radians, i.e. for any
periodic signal

phase shift :=





time shift
period

360◦, if expressed in degrees,

time shift
period

2π, if expressed in radians.

Conversely, if a phase shift θ of a T -periodic signal is given, the the corresponding time shift τ is

τ =
θ

360o
T =

θ

2π
T , (2.7)

depending on the units in which θ is given. Note that both time and phase shifts can be either
positive or negative. Now we consider a pure sinusoid and a “phase shifted” version of it (here
assumed given in radians)

v1(t) = A cos
(
ωt
)

v2(t) = A cos
(
ωt+ θ

)
= A cos

(
ω

(
t+

θ

ω

))
= A cos

(
ω

(
t+

θ

2π
T

))
= v1

(
t+

θ

2π
T

)
.

Thus v2 is v1 but with a time shift of θ
2π T . This is exactly (2.7) in this special case. This is illustrated

for the signal sin
(
2π10t

)
in Figure 2.4.

2The term signal is used to denote a function where the independent variable is time.
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T =
2⇡

!
=

1

f
= 0.1s
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cos
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2⇡ 10 t + 90�
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Figure 2.4: The blue signal is sin
(
2π 10 t

)
. Its period can be measured as the time between upwards zero crossings,

which here appears to be 0.1s, and agrees with the formula T = 1
f
= 1

10
. The red signal is cos

(
2π 10 t

)
which can be

written as sin
(
2π 10 t + 90◦

)
, so it has a phase lead of 90◦ over the blue signal. A phase lead is equivalent to a time

advance of t̄ = 90◦

360◦ T = 1
4
0.1s = 0.025s, which is what the plot shows. A time advance corresponds to a left shift

of the signal’s plot. The signal in black is sin
(
2π 10 t − 210◦

)
, thus it has a phase lag of 210◦ over the blue signal.

A phase lag corresponds to a time delay, and in this case it is t̄ = 210◦

360◦ T = 0.058s. A time delay corresponds to a
right shift of the signal’s plot.

2.2 Background: Arithmetic of complex numbers

A complex number z is a tuple of real numbers z = (α, β), where α and β are the real and imaginary
parts respectively. We normally write

z = α+ jβ,

where j2 := −1. We will use the notation R(z) and I(z) to refer to the real and imaginary parts of
a complex number, i.e.

z = α+ jβ ⇔ R(z) = α, I(z) = β.

The definition j2 := −1 specifies the rules for adding and multiplying complex numbers as

z1 + z2 = (α1 + jβ1) + (α2 + jβ2) = (α1 + α2) + j(β1 + β2) (2.8)

z1z2 = (α1 + jβ1) (α2 + jβ2) = α1α2 + j2β1β2 + jα1β2 + jα2β1

= (α1α2 − β1β2) + j(α1β2 + α2β1) (2.9)

Thus addition of two complex numbers is done by adding their real and imaginary parts respec-
tively. Multiplication however “mixes” the real and imaginary parts together. Both addition and
multiplication operations can be viewed geometrically as shown next.

A complex number is best visualized as a vector in two dimensions with cartesian components
(α, β). The magnitude of z (written |z|) is the length of this vector, and its phase (written ∠z) is the
angle the vector makes with the horizontal axis measured counter-clockwise. See figure 2.5a. From
basic trigonometry, the relations for the magnitude and phase of z = α+ jβ are

|z| =
√
α2 + β2, ∠z = tan−1 β

α
α = |z| cos(∠z), β = |z| sin(∠z)

Another convenient form with which to write complex numbers is the polar form. It is derived
using Euler’s formula ejθ = cos(θ)+j sin(θ), which can be thought of as describing complex numbers
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↵
<latexit sha1_base64="VzDj2p3vvwoEsyi4o+8punoyCfU=">AAACJXicbVDLSsNAFL3x2cZX1aWbYBHcWBIRdKfgxmUF2wqmlMlk2o7OTMLMjVpC/sFtXbnzG/wIdyK48lecPjZVD8zlcO65zL0nSgU36Ptfztz8wuLScqnsrqyurW9UNreaJsk0ZQ2aiERfR8QwwRVrIEfBrlPNiIwEa0V356N+655pwxN1hYOUtSXpKd7llKCVmiERaZ90KlW/5o/h/SXBlFRP34bDFwCodzadchgnNJNMIRXEmJvAT7GdE42cCla4YWZYSugd6bF8vGTh7Vkp9rqJtk+hN1ZnfEQaM5CRdUqCffO7NxL/691k2D1p51ylGTJFJx91M+Fh4o0u9mKuGUUxsIRQze2GHu0TTSjaXFw3VOyBJlISFeehMaaw1dpSnFYcjA+acUlrQvaI+UFR2PCC31H9Jc3DWuDXgku/enYEE5RgB3ZhHwI4hjO4gDo0gMItPMEQnp1X5935cD4n1jlnOrMNM3C+fwCXhaj0</latexit><latexit sha1_base64="FFLxxoWLgamElXmmP2Lxsw1vrz8=">AAACJXicbVDLTgIxFO3gC8YX6NLNRGLiRjJjTHQniRuXmMgjYQjplAKVtjNp76hkMv/gFn7Ab/Aj3BkTV/6KZWADeJLenJx7bnrvCSLONLjuj5Xb2Nza3skX7N29/YPDYumoocNYEVonIQ9VK8CaciZpHRhw2ooUxSLgtBmM7mb95jNVmoXyEcYR7Qg8kKzPCAYjNXzMoyHuFstuxc3grBNvQcq3H5MZprVuySr4vZDEgkogHGvd9twIOglWwAinqe3HmkaYjPCAJtmSqXNmpJ7TD5V5EpxMXfJhofVYBMYpMAz1am8m/tdrx9C/6SRMRjFQSeYf9WPuQOjMLnZ6TFECfGwIJoqZDR0yxAoTMLnYti/pCwmFwLKX+Frr1FRji2BRYZwdtOQSxgT0FZKLNDXheatRrZPGZcVzK96DW65eoTny6ASdonPkoWtURfeohuqIoCf0hiZoar1bn9aX9T235qzFzDFagvX7B1fpqrk=</latexit><latexit sha1_base64="FFLxxoWLgamElXmmP2Lxsw1vrz8=">AAACJXicbVDLTgIxFO3gC8YX6NLNRGLiRjJjTHQniRuXmMgjYQjplAKVtjNp76hkMv/gFn7Ab/Aj3BkTV/6KZWADeJLenJx7bnrvCSLONLjuj5Xb2Nza3skX7N29/YPDYumoocNYEVonIQ9VK8CaciZpHRhw2ooUxSLgtBmM7mb95jNVmoXyEcYR7Qg8kKzPCAYjNXzMoyHuFstuxc3grBNvQcq3H5MZprVuySr4vZDEgkogHGvd9twIOglWwAinqe3HmkaYjPCAJtmSqXNmpJ7TD5V5EpxMXfJhofVYBMYpMAz1am8m/tdrx9C/6SRMRjFQSeYf9WPuQOjMLnZ6TFECfGwIJoqZDR0yxAoTMLnYti/pCwmFwLKX+Frr1FRji2BRYZwdtOQSxgT0FZKLNDXheatRrZPGZcVzK96DW65eoTny6ASdonPkoWtURfeohuqIoCf0hiZoar1bn9aX9T235qzFzDFagvX7B1fpqrk=</latexit><latexit sha1_base64="qO8R/tfcsspHij/IvYCYMjVmpqc=">AAACJXicbVDLSsNAFJ3UV1tfrS7dBIvgxpKIoMuCG5cV7AOaUiaTSTt2ZhJmbtQS8g9u9Qf8GnciuPJXnKbZtPXAXA7nnsvce/yYMw2O82OVNja3tnfKleru3v7BYa1+1NVRogjtkIhHqu9jTTmTtAMMOO3HimLhc9rzp7fzfu+JKs0i+QCzmA4FHksWMoLBSF0P83iCR7WG03Ry2OvELUgDFWiP6lbFCyKSCCqBcKz1wHViGKZYASOcZlUv0TTGZIrHNM2XzOwzIwV2GCnzJNi5uuTDQuuZ8I1TYJjo1d5c/K83SCC8GaZMxglQSRYfhQm3IbLnF9sBU5QAnxmCiWJmQ5tMsMIETC7VqifpM4mEwDJIPa11ZqqxxVBUmOUHLbmEMQF9gfQiy0x47mpU66R72XSdpnvvNFpXRYxldIJO0Tly0TVqoTvURh1E0CN6RW/o3fqwPq0v63thLVnFzDFagvX7Bza3pio=</latexit>

�
<latexit sha1_base64="jpMAGJLa48SrQkSbxylGtQhL89A=">AAACJHicbVDLSgNBEOz1bXwk6tHLoAheDLsi6M2AF48KRoVsCLOTjg7OzC4zvWpY9hu86g/4Nd7Egxfv/oWTxyVqwTRFdTXTXUmmpKMw/Aympmdm5+YXFitLyyur1dra+qVLcyuwKVKV2uuEO1TSYJMkKbzOLHKdKLxK7k4G/at7tE6m5oL6GbY1vzGyJwUnLzXjBIl3atthPRyC/SXRmGw3qt/HDADOOmvBYtxNRa7RkFDcuVYUZtQuuCUpFJaVOHeYcXHHb7AY7liyHS91WS+1/hliQ3XCx7VzfZ14p+Z06373BuJ/vVZOvaN2IU2WExox+qiXK0YpGxzMutKiINX3hAsr/YZM3HLLBflYKpXY4INIteamW8TOudJXb8toXKk/PGjCpb2J8JGKvbL04UW/o/pLLvfrUViPzn2KBzDCAmzCFuxCBIfQgFM4gyYIkPAEz/ASvAZvwXvwMbJOBeOZDZhA8PUD1vCnTQ==</latexit><latexit sha1_base64="2EdDQ8G+sPtyFkK/YOHShgUQkp8=">AAACJHicbVDLSsNAFJ34Nj7a6tJNUARdWBIRdGdBBJcK1gpNKZPprQ6dmYSZG7WEfINb/QF/wl9wJy7cuPcvnKbdtPXAXA7nnsvce6JEcIO+/+3MzM7NLywuLbsrq2vrpXJl48bEqWZQZ7GI9W1EDQiuoI4cBdwmGqiMBDSi3tmg33gAbXisrrGfQEvSO8W7nFG0Uj2MAGm7vONX/QLeNAlGZKdW+j3dd9/PL9sVZznsxCyVoJAJakwz8BNsZVQjZwJyN0wNJJT16B1kxY65t2uljteNtX0KvUId81FpTF9G1ikp3pvJ3kD8r9dMsXvSyrhKUgTFhh91U+Fh7A0O9jpcA0PRt4Qyze2GHrunmjK0sbhuqOCRxVJS1clCY0xuq7UlOKrYLw4ac0lrQnjC7CDPbXjBZFTT5OawGvjV4MqmeESGWCJbZJvskYAckxq5IJekThjh5Jm8kFfnzflwPp2voXXGGc1skjE4P3+Cb6hg</latexit><latexit sha1_base64="2EdDQ8G+sPtyFkK/YOHShgUQkp8=">AAACJHicbVDLSsNAFJ34Nj7a6tJNUARdWBIRdGdBBJcK1gpNKZPprQ6dmYSZG7WEfINb/QF/wl9wJy7cuPcvnKbdtPXAXA7nnsvce6JEcIO+/+3MzM7NLywuLbsrq2vrpXJl48bEqWZQZ7GI9W1EDQiuoI4cBdwmGqiMBDSi3tmg33gAbXisrrGfQEvSO8W7nFG0Uj2MAGm7vONX/QLeNAlGZKdW+j3dd9/PL9sVZznsxCyVoJAJakwz8BNsZVQjZwJyN0wNJJT16B1kxY65t2uljteNtX0KvUId81FpTF9G1ikp3pvJ3kD8r9dMsXvSyrhKUgTFhh91U+Fh7A0O9jpcA0PRt4Qyze2GHrunmjK0sbhuqOCRxVJS1clCY0xuq7UlOKrYLw4ac0lrQnjC7CDPbXjBZFTT5OawGvjV4MqmeESGWCJbZJvskYAckxq5IJekThjh5Jm8kFfnzflwPp2voXXGGc1skjE4P3+Cb6hg</latexit><latexit sha1_base64="lHDIYUgivZ3ZhudQYNEJfUtLCyg=">AAACJHicbVDLSgNBEJz1mcRXokcvi0HwYtgVQY8BLx4jmAdkQ5iddJIhM7PLTK8alv0Gr/oDfo038eDFb3GS7CWJBdMU1dVMd4Wx4AY978fZ2Nza3tktFEt7+weHR+XKcctEiWbQZJGIdCekBgRX0ESOAjqxBipDAe1wcjfrt59AGx6pR5zG0JN0pPiQM4pWagYhIO2Xq17Nm8NdJ35OqiRHo19xisEgYokEhUxQY7q+F2MvpRo5E5CVgsRATNmEjiCd75i551YauMNI26fQnatLPiqNmcrQOiXFsVntzcT/et0Eh7e9lKs4QVBs8dEwES5G7uxgd8A1MBRTSyjT3G7osjHVlKGNpVQKFDyzSEqqBmlgjMlstbYY84rT+UFLLmlNCC+YXmaZDc9fjWqdtK5qvlfzH7xq/TqPsUBOyRm5ID65IXVyTxqkSRjh5JW8kXfnw/l0vpzvhXXDyWdOyBKc3z9XpKW2</latexit>

z = ↵+ j�
<latexit sha1_base64="e8X+8d5vbny7zd4take3ztmTDiM="></latexit><latexit sha1_base64="rnjkIDZgYll7C3xlEq0oxui7wJI="></latexit><latexit sha1_base64="rnjkIDZgYll7C3xlEq0oxui7wJI="></latexit><latexit sha1_base64="Fo6uzsiRYLcSdLOuCXPqpyHm2V8="></latexit>

|z|
<latexit sha1_base64="wz0ym3daoPCj+4Y4ugNTFn+GGyI="></latexit><latexit sha1_base64="7pZr71gTyb9Ks+L5nKkkhMuFNNA=">AAACMHicbVDLTsMwEHR4U17lceNiUSFxoUoQEhyRuHAEidJKpKocZwMWthPZG6CEfAlX+AG+Bk6IK1+Bm/bSwkhejWbHXu9EmRQWff/Tm5qemZ2bX1isLS2vrK7V1zeubJobDi2eytR0ImZBCg0tFCihkxlgKpLQju5OB/32PRgrUn2J/Qy6it1okQjO0Em9+lpYvVEYiEv6/PTcqzf8pl+B/iXBiDROtpIK5711bzGMU54r0Mgls/Y68DPsFsyg4BLKWphbyBi/YzdQVLNKuuukmCapcUcjrdQxH1PW9lXknIrhrZ3sDcT/etc5JsfdQugsR9B8OCjJJcWUDpansTDAUfYdYdwI90PKb5lhHF1EtVqo4YGnSjEdF6G1tnTV2TIcVexXC425lDMhPGKxX5YuvGAyqr/k6qAZ+M3gwqV4SIZYINtkh+yRgByRE3JGzkmLcJKTF/JK3rx378P78r6H1ilvdGeTjMH7+QUemK1L</latexit><latexit sha1_base64="7pZr71gTyb9Ks+L5nKkkhMuFNNA=">AAACMHicbVDLTsMwEHR4U17lceNiUSFxoUoQEhyRuHAEidJKpKocZwMWthPZG6CEfAlX+AG+Bk6IK1+Bm/bSwkhejWbHXu9EmRQWff/Tm5qemZ2bX1isLS2vrK7V1zeubJobDi2eytR0ImZBCg0tFCihkxlgKpLQju5OB/32PRgrUn2J/Qy6it1okQjO0Em9+lpYvVEYiEv6/PTcqzf8pl+B/iXBiDROtpIK5711bzGMU54r0Mgls/Y68DPsFsyg4BLKWphbyBi/YzdQVLNKuuukmCapcUcjrdQxH1PW9lXknIrhrZ3sDcT/etc5JsfdQugsR9B8OCjJJcWUDpansTDAUfYdYdwI90PKb5lhHF1EtVqo4YGnSjEdF6G1tnTV2TIcVexXC425lDMhPGKxX5YuvGAyqr/k6qAZ+M3gwqV4SIZYINtkh+yRgByRE3JGzkmLcJKTF/JK3rx378P78r6H1ilvdGeTjMH7+QUemK1L</latexit><latexit sha1_base64="f+1hXa1hc4a/s6pVJpCv3xFW3i0=">AAACMHicbVDLTsMwEHR4Ux4tcORiUSFxoUoQEhyRuHAEiZZKpKocZ0ut2k5kb4AS8iVc4Qf4GjghrnwFbsilwEpejWbGXu9EqRQWff/dm5mdm19YXFqurayurdcbG5sdm2SGQ5snMjHdiFmQQkMbBUropgaYiiRcRaPTiX51C8aKRF/iOIWeYjdaDARn6Kh+ox6Wb+QG4oI+Pjz2G02/5ZdF/4KgAk1S1Xl/w1sO44RnCjRyyay9DvwUezkzKLiEohZmFlLGR+wG8nJWQXcdFdNBYtzRSEt2yseUtWMVOadiOLS/tQn5n3ad4eC4lwudZgia/wwaZJJiQifL01gY4CjHDjBuhPsh5UNmGEcXUa0WarjjiVJMx3lorS1cd7YUq47jcqEpl3ImhHvM94vChRf8juov6By0Ar8VXPjNk8MqxiWyTXbIHgnIETkhZ+SctAknGXkiz+TFe/XevA/v88c641V3tshUeV/f3sOqkw==</latexit>

\z
<latexit sha1_base64="jO9izX8UXh0zmQ8R9FgcK0Ewezw="></latexit><latexit sha1_base64="HC4mbpOLEyI2YH0+I7c2tZwgd0s="></latexit><latexit sha1_base64="HC4mbpOLEyI2YH0+I7c2tZwgd0s="></latexit><latexit sha1_base64="L7cq1OMALrhJc+/arMbHrX/W8wY="></latexit>

(a) A complex number z = α + jβ
can be considered as a 2-vector in
the plane with cartesian coordinates
(α, β). The length of the vector is the
magnitude |z| of the complex number,
and its phase ∠z is the angle it makes
with the positive real axis (counter-
clockwise).

Re(z)
<latexit sha1_base64="NaM/q3u0eCK3RNDcsBiBMvL3a0A=">AAACK3icbVC7TsNAEFzzDOEVoKSxQEhQENk0UCLRUAZEEiQcofNlAyfuztbdGgiWf4MWfoB/4B+oQLT0fAIXJ02AkW41mp3V7U6cSmEpCN69icmp6ZnZylx1fmFxabm2stqySWY4NnkiE3MeM4tSaGySIInnqUGmYont+OZo0G/forEi0WfUT7Gj2JUWPcEZOSmKCO8pP8Vi+2HnsrYZ1IMS/l8SjsjmYe3k+xUAGpcr3lzUTXimUBOXzNqLMEipkzNDgkssqlFmMWX8hl1hXq5a+FtO6vq9xLinyS/VMR9T1vZV7JyK0bX93RuI//UuMuoddHKh04xQ8+FHvUz6lPiDu/2uMMhJ9h1h3Ai3oc+vmWGcXDrVaqTxjidKMd3NI2tt4aqzpTSq1C8PGnMpZyrz2y0KF174O6q/pLVXD4N6eOJSDGCICqzDBmxDCPtwCMfQgCZwSOERnuDZe/HevA/vc2id8EYzazAG7+sHppWq7A==</latexit><latexit sha1_base64="F7/3/6Ghdk6WouRODWaohAzYqGs="></latexit><latexit sha1_base64="F7/3/6Ghdk6WouRODWaohAzYqGs="></latexit><latexit sha1_base64="PpWYU+PCsG7PcKD+a1NS+IwgISk=">AAACK3icbVDLTsMwEHTKqw2vFo5cIiokOFAlXOBYiQvHgmhBaqrKcbdg1XYiewOUKL/BFX6Ar+EE4sp/4IZcCozk1Wh2Vt6dKBHcoO+/O5WFxaXllWrNXV1b39isN7Z6Jk41gy6LRayvI2pAcAVd5CjgOtFAZSTgKpqczvpXd6ANj9UlThMYSHqj+JgzilYKQ4QHzC4g3388GNabfssv4P0lQUmapERn2HBq4ShmqQSFTFBj+oGf4CCjGjkTkLthaiChbEJvICtWzb09K428caztU+gV6pyPSmOmMrJOSfHW/O7NxP96/RTHJ4OMqyRFUOzno3EqPIy92d3eiGtgKKaWUKa53dBjt1RThjYd1w0V3LNYSqpGWWiMyW21tgTLitPioDmXtKYiv8M8t+EFv6P6S3pHrcBvBed+s+2XMVbJDtkl+yQgx6RNzkiHdAkjCXkiz+TFeXXenA/n88daccqZbTIH5+sbBRaomw==</latexit>

Im(z)
<latexit sha1_base64="Y7Frsj/lJczfDEKMDwfwO7gt1HI=">AAACK3icbVDLTsMwENzwbnm1cOQSgZDKgSrhAsdKXOBGJQpIpEKO67ZWbSeyN0CI8htc4Qf4B/6BE4grdz4BN+2lLSN5NZqdlXcnjAU36Hmfztz8wuLS8kqpvLq2vrFZqW5dmSjRlLVoJCJ9ExLDBFeshRwFu4k1IzIU7DocnA771/dMGx6pS0xj1pakp3iXU4JWCgJkj5idy7z2dHBX2fPqXgF3lvhjsteoNH/fAeDiruqUgk5EE8kUUkGMufW9GNsZ0cipYHk5SAyLCR2QHsuKVXN330odtxtp+xS6hTrhI9KYVIbWKQn2zXRvKP7Xu02we9LOuIoTZIqOPuomwsXIHd7tdrhmFEVqCaGa2w1d2ieaULTplMuBYg80kpKoThYYY3JbrS3GccW0OGjCJa2pyO8wz214/nRUs+TqqO57db9pU/RghBXYgV2ogQ/H0IAzuIAWUIjhGV7g1XlzPpwv53tknXPGM9swAefnD6TMqus=</latexit><latexit sha1_base64="b0qS672AjedAJXMP8oy0f2m+7Os="></latexit><latexit sha1_base64="b0qS672AjedAJXMP8oy0f2m+7Os="></latexit><latexit sha1_base64="hzCk5vehJoCiw0yQyJRdFFVTfk8=">AAACK3icbVDLTsJAFJ3iC+oLdOmmkZjgQtK60SWJG91hIo+EEjIdBpgwM21mblVs+htu9Qf8Glcat/6HQ+kG8CRzc3LuuZl7TxBxpsF1v6zCxubW9k6xZO/u7R8clitHbR3GitAWCXmougHWlDNJW8CA026kKBYBp51gejPvdx6p0iyUDzCLaF/gsWQjRjAYyfeBPkNyJ9Lay/mgXHXrbgZnnXg5qaIczUHFKvnDkMSCSiAca93z3Aj6CVbACKep7ceaRphM8Zgm2aqpc2akoTMKlXkSnExd8mGh9UwExikwTPRqby7+1+vFMLruJ0xGMVBJFh+NYu5A6MzvdoZMUQJ8ZggmipkNHTLBChMw6di2L+kTCYXAcpj4WuvUVGOLIK8wyw5acgljyvK7SFMTnrca1TppX9Y9t+7du9WGm8dYRCfoFNWQh65QA92iJmohgiL0it7Qu/VhfVrf1s/CWrDymWO0BOv3DwNNqJo=</latexit>

z = ej✓
<latexit sha1_base64="pKYpGdFd8mvkMakd9Ih2vlyQkcc="></latexit><latexit sha1_base64="5K1AtqVgLQKd4zLqkzCZqWepc34="></latexit><latexit sha1_base64="5K1AtqVgLQKd4zLqkzCZqWepc34="></latexit><latexit sha1_base64="vBJQCDOqRnTVy4i6hcEB1pzbteg="></latexit>

✓
<latexit sha1_base64="ln/NKA+nTdnBdGd+zyVXm/luIRA="></latexit><latexit sha1_base64="GZSLM+NL3us5Kl8lxpdB5VlpGS0="></latexit><latexit sha1_base64="GZSLM+NL3us5Kl8lxpdB5VlpGS0="></latexit><latexit sha1_base64="WKc0/JZGSmjRdB0kDQjH1hxG/zs="></latexit>

1
<latexit sha1_base64="0ZWadUcfqGUn/0vMwfracFhA2/4=">AAACIHicbVC7TgMxENwL7/AKUNKciJDSEN3RQAcSDSUgAkgkQj5nk1ixfSd7D4hO9wW08AN8ADWfQIco4WtwLmkSGMmr0eysvDtRIoWlIPj2SjOzc/MLi0vl5ZXVtfXKxuaVjVPDscFjGZubiFmUQmODBEm8SQwyFUm8jvonw/71PRorYn1JgwRbinW16AjOyEnn4V2lGtSDAv5fEo5J9ejt/QIczu42vKVmO+apQk1cMmtvwyChVsYMCS4xLzdTiwnjfdbFrNgv93ed1PY7sXFPk1+oEz6mrB2oyDkVo56d7g3F/3q3KXUOW5nQSUqo+eijTip9iv3hsX5bGOQkB44wboTb0Oc9ZhgnF0m53NT4wGOlmG5nTWtt7qqzJTSuNCgOmnApZyJ8pGwvz1144XRUf8nVfj0M6uF5UD2uwQiLsA07UIMQDuAYTuEMGsAB4Qme4cV79T68T+9rZC1545ktmID38wu9PaWy</latexit><latexit sha1_base64="mlFbiyCrpw92D7JtdsqBd6CFP/U=">AAACIHicbVC7SgNBFJ31bXxFLQVZDEIaw66NdgZsLBMwJuAGmZ3cJENmZpeZu2pYtrSy1R/wA6zzCXZiqb/gTzjZpIl6YC6Hc89l7j1hLLhBz/t05uYXFpeWV1YLa+sbm1vF7Z0rEyWaQYNFItKtkBoQXEEDOQpoxRqoDAU0w8H5uN+8BW14pC5xGENb0p7iXc4oWqnu3xRLXsXL4f4l/pSUzl5H9e+H/VHtZttZDToRSyQoZIIac+17MbZTqpEzAVkhSAzElA1oD9J8v8w9tFLH7UbaPoVurs74qDRmKEPrlBT75ndvLP7Xu06we9pOuYoTBMUmH3UT4WLkjo91O1wDQzG0hDLN7YYu61NNGdpICoVAwR2LpKSqkwbGmMxWa4txWnGYHzTjktaEcI/pUZbZ8PzfUf0lV8cV36v4da9ULZMJVsgeOSBl4pMTUiUXpEYahBEgj+SJPDsvzpvz7nxMrHPOdGaXzMD5+gFGX6f3</latexit><latexit sha1_base64="mlFbiyCrpw92D7JtdsqBd6CFP/U=">AAACIHicbVC7SgNBFJ31bXxFLQVZDEIaw66NdgZsLBMwJuAGmZ3cJENmZpeZu2pYtrSy1R/wA6zzCXZiqb/gTzjZpIl6YC6Hc89l7j1hLLhBz/t05uYXFpeWV1YLa+sbm1vF7Z0rEyWaQYNFItKtkBoQXEEDOQpoxRqoDAU0w8H5uN+8BW14pC5xGENb0p7iXc4oWqnu3xRLXsXL4f4l/pSUzl5H9e+H/VHtZttZDToRSyQoZIIac+17MbZTqpEzAVkhSAzElA1oD9J8v8w9tFLH7UbaPoVurs74qDRmKEPrlBT75ndvLP7Xu06we9pOuYoTBMUmH3UT4WLkjo91O1wDQzG0hDLN7YYu61NNGdpICoVAwR2LpKSqkwbGmMxWa4txWnGYHzTjktaEcI/pUZbZ8PzfUf0lV8cV36v4da9ULZMJVsgeOSBl4pMTUiUXpEYahBEgj+SJPDsvzpvz7nxMrHPOdGaXzMD5+gFGX6f3</latexit><latexit sha1_base64="DC31Tc9WUGfsVOz7xCY05tRfiZU=">AAACIHicbVDLTgJBEJzFF+AL9OhlIzHhItn1okcSLx4hkUcChMwODUyYmd3M9Kpks1/gVX/Ar/FmPOrXOMBeACuZTqW6OtNdQSS4Qc/7cXI7u3v7B/lC8fDo+OS0VD5rmzDWDFosFKHuBtSA4ApayFFAN9JAZSCgE8zuF/3OE2jDQ/WI8wgGkk4UH3NG0UpNf1iqeDVvCXeb+BmpkAyNYdkp9EchiyUoZIIa0/O9CAcJ1ciZgLTYjw1ElM3oBJLlfql7ZaWROw61fQrdpbrmo9KYuQysU1Kcms3eQvyv14txfDdIuIpiBMVWH41j4WLoLo51R1wDQzG3hDLN7YYum1JNGdpIisW+gmcWSknVKOkbY1JbrS3CrOJ8edCaS1oTwgsm12lqw/M3o9om7Zua79X8plepV7MY8+SCXJIq8cktqZMH0iAtwgiQV/JG3p0P59P5cr5X1pyTzZyTNTi/f6ZYo7s=</latexit>
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cos(✓)
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sin(✓)
<latexit sha1_base64="tU07K0QXPo22Nczsdr2RdUGaM5E="></latexit><latexit sha1_base64="W/m/VHBgiKYcVHy/ov3kwpiJHUQ="></latexit><latexit sha1_base64="W/m/VHBgiKYcVHy/ov3kwpiJHUQ="></latexit><latexit sha1_base64="h1is0yqOEHr8gChVWbey7ghY6fc="></latexit>

(b) The unit circle of the complex
plane is the set of all complex num-
bers with magnitude 1. Euler’s for-
mula says that all complex numbers
of the form ejθ = cos(θ) + j sin(θ) lie
on the unit circle as shown. The real
number θ is the angle the vector ejθ

makes with the real axis.
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<latexit sha1_base64="Rn1Yi4ZVNIYuBG2H/tJEQGfB2fE=">AAACKHicbVDLSsNAFL3xWeOr6tJNsAhuLIkb3Vlw41LB2kpTymQy1cGZSZi5UUsI+A9u9QcE/8WddOsXuHHv9LFp64G5HM49l7n3RKngBn2/78zNLywuLZdW3NW19Y3N8tb2tUkyTVmdJiLRzYgYJrhideQoWDPVjMhIsEZ0fzboNx6YNjxRV9hLWVuSW8W7nBK00k2I7AnzwyLolCt+1R/CmyXBmFROf34/ngHgorPlrIRxQjPJFFJBjGkFfortnGjkVLDCDTPDUkLvyS3Lh3sW3r6VYq+baPsUekN1wkekMT0ZWackeGemewPxv14rw+5JO+cqzZApOvqomwkPE29wtBdzzSiKniWEam439Ogd0YSijcZ1Q8UeaSIlUXEeGmMKW60txXHF3vCgCZe0pnF4hQ0vmI5qllwfVQO/Glz6ldoBjFCCXdiDAwjgGGpwDhdQBwoSXuAV3px359P5cvoj65wzntmBCTjff8FZqqI=</latexit><latexit sha1_base64="TYd1FnmHwvXIUyjJ9quqJxwkYRg=">AAACKHicbVC7SgNBFJ2NryS+kljaLAYhjWHXRjsDNpYRzEOyIcxOJsmQmdll5q4alv0KwUrBykLwX+wkrV9gY+/k0STxwFwO557L3Hv8kDMNjjO2UmvrG5tb6Ux2e2d3bz+XL9R1EClCayTggWr6WFPOJK0BA06boaJY+Jw2/OHlpN+4o0qzQN7AKKRtgfuS9RjBYKRbD+gDxCeJ28kVnbIzhb1K3DkpXvz8fjy9vRaqnbyV8boBiQSVQDjWuuU6IbRjrIARTpOsF2kaYjLEfRpP90zsYyN17V6gzJNgT9UFHxZaj4RvnALDQC/3JuJ/vVYEvfN2zGQYAZVk9lEv4jYE9uRou8sUJcBHhmCimNnQJgOsMAETTTbrSXpPAiGw7Mae1jox1dhCmFcYTQ9acAljmoeXmPDc5ahWSf207Dpl99opVkpohjQ6REeohFx0hiroClVRDREk0CN6Ri/Wu/VpfVnjmTVlzWcO0AKs7z/7O6wQ</latexit><latexit sha1_base64="TYd1FnmHwvXIUyjJ9quqJxwkYRg=">AAACKHicbVC7SgNBFJ2NryS+kljaLAYhjWHXRjsDNpYRzEOyIcxOJsmQmdll5q4alv0KwUrBykLwX+wkrV9gY+/k0STxwFwO557L3Hv8kDMNjjO2UmvrG5tb6Ux2e2d3bz+XL9R1EClCayTggWr6WFPOJK0BA06boaJY+Jw2/OHlpN+4o0qzQN7AKKRtgfuS9RjBYKRbD+gDxCeJ28kVnbIzhb1K3DkpXvz8fjy9vRaqnbyV8boBiQSVQDjWuuU6IbRjrIARTpOsF2kaYjLEfRpP90zsYyN17V6gzJNgT9UFHxZaj4RvnALDQC/3JuJ/vVYEvfN2zGQYAZVk9lEv4jYE9uRou8sUJcBHhmCimNnQJgOsMAETTTbrSXpPAiGw7Mae1jox1dhCmFcYTQ9acAljmoeXmPDc5ahWSf207Dpl99opVkpohjQ6REeohFx0hiroClVRDREk0CN6Ri/Wu/VpfVnjmTVlzWcO0AKs7z/7O6wQ</latexit><latexit sha1_base64="Z5t+0ayW+TTgoZz4l/ZMQAnT2hU=">AAACKHicbVDLTsJAFJ3iC+oLdOmmkZiwkbRudEnixiUm8jCUkOl0gAkz02bmViVNv8Kt/oBf486w9UscSjeAJ5mbk3PPzdx7gpgzDa67sEo7u3v7B+WKfXh0fHJarZ11dZQoQjsk4pHqB1hTziTtAANO+7GiWASc9oLZ/bLfe6FKs0g+wTymQ4Enko0ZwWCkZx/oG6TXmTeq1t2mm8PZJl5B6qhAe1SzKn4YkURQCYRjrQeeG8MwxQoY4TSz/UTTGJMZntA03zNzrowUOuNImSfBydU1HxZaz0VgnALDVG/2luJ/vUEC47thymScAJVk9dE44Q5EzvJoJ2SKEuBzQzBRzGzokClWmICJxrZ9SV9JJASWYeprrTNTjS2GosI8P2jNJYypCC8z4XmbUW2T7k3Tc5veo1tvNYoYy+gCXaIG8tAtaqEH1EYdRJBA7+gDfVpf1rf1Yy1W1pJVzJyjNVi/f4wbp1E=</latexit>

j
<latexit sha1_base64="QrlkQF6uftXkeBMxNVI0lcuQrMQ=">AAACIHicbVA9SwNBEJ0zfiTxW0ubQwmkMdzZaBmwsUzARMEE2dtMdHV379idU4/j8AfYai/+Gjux1F/j5qOJ+mCHx5s37MyLEiksBcGXN1eaX1hcKleqyyura+sbm1tdG6eGY4fHMjbnEbMohcYOCZJ4nhhkKpJ4Ft0ej/pnd2isiPUpZQn2FbvSYig4Iye1by439oJGMIb/l4RTstcs1R5fAaB1uelVeoOYpwo1ccmsvQiDhPo5MyS4xKLaSy0mjN+yK8zH+xV+zUkDfxgb9zT5Y3XGx5S1mYqcUzG6tr97I/G/3kVKw6N+LnSSEmo++WiYSp9if3SsPxAGOcnMEcaNcBv6/JoZxslFUq32NN7zWCmmB3nPWlu46mwJTStl44NmXMqZCB8o3y8KF174O6q/pHvQCING2HYp1mGCMuzALtQhhENowgm0oAMcEJ7gGV68N+/d+/A+J9Y5bzqzDTPwvn8AbiOlew==</latexit><latexit sha1_base64="sdiPomhaM/DRfiE4HtJa3A4fxps=">AAACIHicbVC7TgMxEPTxTnglUNKciCLREN3RQBmJhjJIhETKRZHP2RAT23ey94DodKKho4WCEj6Cb6BDlPA1OI8mgZG8Gs3OyrsTxoIb9LxvZ2FxaXlldS2XX9/Y3NouFHcuTZRoBnUWiUg3Q2pAcAV15CigGWugMhTQCAeno37jBrThkbrAYQxtSa8U73FG0Urn151Cyat4Y7h/iT8lpepi+f795eG11ik6uaAbsUSCQiaoMS3fi7GdUo2cCcjyQWIgpmxAryAd75e5ZSt13V6k7VPojtUZH5XGDGVonZJi38z3RuJ/vVaCvZN2ylWcICg2+aiXCBcjd3Ss2+UaGIqhJZRpbjd0WZ9qytBGks8HCm5ZJCVV3TQwxmS2WluM04rD8UEzLmlNCHeYHmaZDc+fj+ovuTyq+F7FP7cpHpAJ1sge2ScHxCfHpErOSI3UCSNAHskTeXbenA/n0/maWBec6cwumYHz8wtGDKdP</latexit><latexit sha1_base64="sdiPomhaM/DRfiE4HtJa3A4fxps=">AAACIHicbVC7TgMxEPTxTnglUNKciCLREN3RQBmJhjJIhETKRZHP2RAT23ey94DodKKho4WCEj6Cb6BDlPA1OI8mgZG8Gs3OyrsTxoIb9LxvZ2FxaXlldS2XX9/Y3NouFHcuTZRoBnUWiUg3Q2pAcAV15CigGWugMhTQCAeno37jBrThkbrAYQxtSa8U73FG0Urn151Cyat4Y7h/iT8lpepi+f795eG11ik6uaAbsUSCQiaoMS3fi7GdUo2cCcjyQWIgpmxAryAd75e5ZSt13V6k7VPojtUZH5XGDGVonZJi38z3RuJ/vVaCvZN2ylWcICg2+aiXCBcjd3Ss2+UaGIqhJZRpbjd0WZ9qytBGks8HCm5ZJCVV3TQwxmS2WluM04rD8UEzLmlNCHeYHmaZDc+fj+ovuTyq+F7FP7cpHpAJ1sge2ScHxCfHpErOSI3UCSNAHskTeXbenA/n0/maWBec6cwumYHz8wtGDKdP</latexit><latexit sha1_base64="T2dEofKdnzRNut9K/HE4ivtoFdA=">AAACIHicbVDLTgJBEJz1CfgCPXrZSEy4SHa96JHEi0dI5JEAIbNDAyMzs5uZXpVs9gu86g/4Nd6MR/0aB9gLYCXTqVRXZ7oriAQ36Hk/ztb2zu7efi5fODg8Oj4plk5bJow1gyYLRag7ATUguIImchTQiTRQGQhoB9O7eb/9BNrwUD3gLIK+pGPFR5xRtFLjcVAse1VvAXeT+Bkpkwz1QcnJ94YhiyUoZIIa0/W9CPsJ1ciZgLTQiw1ElE3pGJLFfql7aaWhOwq1fQrdhbrio9KYmQysU1KcmPXeXPyv141xdNtPuIpiBMWWH41i4WLozo91h1wDQzGzhDLN7YYum1BNGdpICoWegmcWSknVMOkZY1JbrS3CrOJscdCKS1oTwgsmV2lqw/PXo9okreuq71X9hleuVbIYc+ScXJAK8ckNqZF7UidNwgiQV/JG3p0P59P5cr6X1i0nmzkjK3B+/wAJQ6P0</latexit>

-j
<latexit sha1_base64="OgGP/7dS3l/r3Xtiz9FOn1Hl7nY=">AAACKHicbVBNS8QwEJ36bf3Wo5fisrAXl9aLHhe8eFRw/cAukqbpGk3SkkzVUoo/wquCZ3+NN/HqLzHb7WXVBxkeb96QmRdlghv0/S9nanpmdm5+YdFdWl5ZXVvf2Dwzaa4p69NUpPoiIoYJrlgfOQp2kWlGZCTYeXR3OOqf3zNteKpOscjYQJKh4gmnBK10GSJ7xHK3ur1eb/ldv4b3lwQNafWm209vAHB8veEshnFKc8kUUkGMuQr8DAcl0cipYJUb5oZlhN6RISvrPSuvbaXYS1Jtn0KvVid8RBpTyMg6JcEb87s3Ev/rXeWYHAxKrrIcmaLjj5JceJh6o6O9mGtGURSWEKq53dCjN0QTijYa1w0Ve6CplETFZWiMqWy1tgybikV90IRLWlMTXmXDC35H9Zec7XUDvxuc2BQ7MMYCbMMOdCCAfejBERxDHyhIeIYXeHXenQ/n0/kaW6ecZmYLJuB8/wBT5qkR</latexit><latexit sha1_base64="04xKZg72rQAHMv28W3lYqRPaqG0=">AAACKHicbVC7TgJBFJ0FH4Av0NJmIyGhkezaaEliY4mJPAxLyOwwwMjM7Gbmrko2Gxv/wMpEC1s/wO+wM7R+icOjATzJ3Jyce27m3uOHnGlwnImVSm9sbm1nsrmd3b39g3zhsKGDSBFaJwEPVMvHmnImaR0YcNoKFcXC57Tpjy6n/eY9VZoF8gbGIe0IPJCszwgGI916QB8hPk3uuvmiU3FmsNeJuyDFarr09PX6/FHrFqys1wtIJKgEwrHWbdcJoRNjBYxwmuS8SNMQkxEe0Hi2Z2KXjNSz+4EyT4I9U5d8WGg9Fr5xCgxDvdqbiv/12hH0Lzoxk2EEVJL5R/2I2xDY06PtHlOUAB8bgoliZkObDLHCBEw0uZwn6QMJhMCyF3ta68RUYwthUWE8O2jJJYxpEV5iwnNXo1onjbOK61Tca5NiGc2RQcfoBJWRi85RFV2hGqojggR6QW/o3fq0vq0fazK3pqzFzBFagvX7ByvPquU=</latexit><latexit sha1_base64="04xKZg72rQAHMv28W3lYqRPaqG0=">AAACKHicbVC7TgJBFJ0FH4Av0NJmIyGhkezaaEliY4mJPAxLyOwwwMjM7Gbmrko2Gxv/wMpEC1s/wO+wM7R+icOjATzJ3Jyce27m3uOHnGlwnImVSm9sbm1nsrmd3b39g3zhsKGDSBFaJwEPVMvHmnImaR0YcNoKFcXC57Tpjy6n/eY9VZoF8gbGIe0IPJCszwgGI916QB8hPk3uuvmiU3FmsNeJuyDFarr09PX6/FHrFqys1wtIJKgEwrHWbdcJoRNjBYxwmuS8SNMQkxEe0Hi2Z2KXjNSz+4EyT4I9U5d8WGg9Fr5xCgxDvdqbiv/12hH0Lzoxk2EEVJL5R/2I2xDY06PtHlOUAB8bgoliZkObDLHCBEw0uZwn6QMJhMCyF3ta68RUYwthUWE8O2jJJYxpEV5iwnNXo1onjbOK61Tca5NiGc2RQcfoBJWRi85RFV2hGqojggR6QW/o3fq0vq0fazK3pqzFzBFagvX7ByvPquU=</latexit><latexit sha1_base64="P1CQXEoljr35KmVYi5cpXgmBjIk=">AAACKHicbVDLTsMwEHTKqw2vFo5cIiqkXqgSLnCsxIVjkegDNVXlOG5rajuRvQGqKF/BFX6Ar+GGeuVLcNNcWhjJq9HsrLw7QcyZBtddWKWt7Z3dvXLF3j84PDqu1k66OkoUoR0S8Uj1A6wpZ5J2gAGn/VhRLAJOe8HsdtnvPVOlWSQfYB7TocATycaMYDDSow/0FdLL7GlUrbtNN4fzl3gFqaMC7VHNqvhhRBJBJRCOtR54bgzDFCtghNPM9hNNY0xmeELTfM/MuTBS6IwjZZ4EJ1fXfFhoPReBcQoMU73ZW4r/9QYJjG+GKZNxAlSS1UfjhDsQOcujnZApSoDPDcFEMbOhQ6ZYYQImGtv2JX0hkRBYhqmvtc5MNbYYigrz/KA1lzCmIrzMhOdtRvWXdK+antv07t16q1HEWEZn6Bw1kIeuUQvdoTbqIIIEekPv6MP6tL6sb2uxspasYuYUrcH6+QXu96eK</latexit>

z = |z|ej\z
<latexit sha1_base64="POY9jqB83TGGrqPAwX8vjoGyblU="></latexit><latexit sha1_base64="uKjJJj6uxm14dXES4mRY7JbxLiY="></latexit><latexit sha1_base64="uKjJJj6uxm14dXES4mRY7JbxLiY="></latexit><latexit sha1_base64="HdODVMHfEa4BZu0BBs4WMB2Uc2k="></latexit>

ej\z
<latexit sha1_base64="mXae1xkMJfkl/s/frs/p+ZTBFLM="></latexit><latexit sha1_base64="GbEzGfy97e8gfeB5OLttXYGc388="></latexit><latexit sha1_base64="GbEzGfy97e8gfeB5OLttXYGc388="></latexit><latexit sha1_base64="TRtF6xiuI+fiHcAWUH6ViQGhRoc="></latexit>

|z|
<latexit sha1_base64="IlCnH6yhUiB1mW+5fGOALM9dM/Q=">AAACInicbVC7TsNAEFzzTnglUNJYREg0RDYNlJFoKEEQEimO0PlySU7cna27NWAcfwIt/AAfQk2HqJD4CD6By6NJwki3Gs3O6nYnjAU36HnfzsLi0vLK6lqhuL6xubVdKu/cmCjRlNVpJCLdDIlhgitWR46CNWPNiAwFa4R3Z8N+455pwyN1jWnM2pL0FO9yStBKV4OnwW2p4lW9Edx54k9IpVa6/H0HgIvbslMIOhFNJFNIBTGm5XsxtjOikVPB8mKQGBYTekd6LBttmLsHVuq43Ujbp9AdqVM+Io1JZWidkmDfzPaG4n+9VoLd03bGVZwgU3T8UTcRLkbu8Fy3wzWjKFJLCNXcbujSPtGEog2lWAwUe6CRlER1ssAYk9tqbTFOKqajg6Zc0pqQPWJ2lOc2PH82qnlyc1z1vap/aVP0YIw12IN9OAQfTqAG53ABdaDQg2d4gVfnzflwPp2vsXXBmczswhScnz/C1Kdp</latexit><latexit sha1_base64="mwWEvl2bw+5tysdGL7ad3jW31eU=">AAACInicbVC7TgJBFJ3FF+ALtNNmIzGxkezaaEliY2EBUR4JEDI7DDBhZnYzc1ddl/0CY6s/4J/Y2RkrEz/CT3B4NIAnmZuTc8/N3Hu8gDMNjvNtpVZW19Y30pns5tb2zm4uv1fTfqgIrRKf+6rhYU05k7QKDDhtBIpi4XFa94aX4379jirNfHkLUUDbAvcl6zGCwUg3o8dRJ1dwis4E9jJxZ6RQylV+368PnsqdvJVpdX0SCiqBcKx103UCaMdYASOcJtlWqGmAyRD3aTzZMLGPjdS1e74yT4I9Ued8WGgdCc84BYaBXuyNxf96zRB6F+2YySAEKsn0o17IbfDt8bl2lylKgEeGYKKY2dAmA6wwARNKNtuS9J74QmDZjVta68RUYwtgViGaHDTnEsYE9AHi0yQx4bmLUS2T2lnRdYpuxaTooCnS6BAdoRPkonNUQleojKqIoD56Ri/o1XqzPqxP62tqTVmzmX00B+vnDz4RqF0=</latexit><latexit sha1_base64="mwWEvl2bw+5tysdGL7ad3jW31eU=">AAACInicbVC7TgJBFJ3FF+ALtNNmIzGxkezaaEliY2EBUR4JEDI7DDBhZnYzc1ddl/0CY6s/4J/Y2RkrEz/CT3B4NIAnmZuTc8/N3Hu8gDMNjvNtpVZW19Y30pns5tb2zm4uv1fTfqgIrRKf+6rhYU05k7QKDDhtBIpi4XFa94aX4379jirNfHkLUUDbAvcl6zGCwUg3o8dRJ1dwis4E9jJxZ6RQylV+368PnsqdvJVpdX0SCiqBcKx103UCaMdYASOcJtlWqGmAyRD3aTzZMLGPjdS1e74yT4I9Ued8WGgdCc84BYaBXuyNxf96zRB6F+2YySAEKsn0o17IbfDt8bl2lylKgEeGYKKY2dAmA6wwARNKNtuS9J74QmDZjVta68RUYwtgViGaHDTnEsYE9AHi0yQx4bmLUS2T2lnRdYpuxaTooCnS6BAdoRPkonNUQleojKqIoD56Ri/o1XqzPqxP62tqTVmzmX00B+vnDz4RqF0=</latexit><latexit sha1_base64="1+eFXwKZNx2t+IYvcN6aD2YSysM=">AAACInicbVDLTsJAFJ3iC/AFunTTSEzcSFo3uiRx4xKjPBIgZDodYMLMtJm5VWvpJ7jVH/Br3BlXJn6MQ+kG8CRzc3LuuZl7jxdypsFxfqzCxubW9k6xVN7d2z84rFSP2jqIFKEtEvBAdT2sKWeStoABp91QUSw8Tjve9Gbe7zxSpVkgHyAO6UDgsWQjRjAY6X72MhtWak7dyWCvEzcnNZSjOaxapb4fkEhQCYRjrXuuE8IgwQoY4TQt9yNNQ0ymeEyTbMPUPjOSb48CZZ4EO1OXfFhoHQvPOAWGiV7tzcX/er0IRteDhMkwAirJ4qNRxG0I7Pm5ts8UJcBjQzBRzGxokwlWmIAJpVzuS/pEAiGw9JO+1jo11dhCyCvE2UFLLmFMQJ8huUhTE567GtU6aV/WXafu3jm1hpPHWEQn6BSdIxddoQa6RU3UQgSN0St6Q+/Wh/VpfVnfC2vBymeO0RKs3z8hVaUY</latexit>

\z
<latexit sha1_base64="Ns0mhVg38hGf/hO/PxVn0L3gW6o="></latexit><latexit sha1_base64="zzIwjaE8rOF6/MCJVhaALPZ/GyI="></latexit><latexit sha1_base64="zzIwjaE8rOF6/MCJVhaALPZ/GyI="></latexit><latexit sha1_base64="GQaXctNGqZ75uQBz7fyNs8+8EN8="></latexit>

(c) The polar form z = |z|ej∠z of a
complex number can be interpreted as
follows. The unit-length vector ej∠z

specifies z’s direction, and the real
scalar |z| specifies its length. z is
then the product of those two. Note
that for any complex vector z, ej∠z is
another complex vector of the same
phase as z, but with unit magnitude.

Figure 2.5: Complex numbers are identified with 2-vectors in the plane, which is why it is called the “complex
plane”. Complex numbers can be represented in either cartesian or polar forms. The polar form is best appreciated
if one understands Euler’s formula and its relation to the unit circle of the complex plane.

z3 = z1 + z2
<latexit sha1_base64="wDO/TVPrfE7DS7dPcAKF1iOyTBQ="></latexit><latexit sha1_base64="9TqnfN+Ail1OYAvEJsv8MQbMrpE="></latexit><latexit sha1_base64="9TqnfN+Ail1OYAvEJsv8MQbMrpE="></latexit><latexit sha1_base64="eWj5aOx3cHvE+2clsqzVVFS+hgk="></latexit>

z2<latexit sha1_base64="IqS+g88qDQ2xKlmSkF6PVayOpXo="></latexit><latexit sha1_base64="s3zX41C5qz0aPJUi9TuA4MN3Qo0="></latexit><latexit sha1_base64="s3zX41C5qz0aPJUi9TuA4MN3Qo0="></latexit><latexit sha1_base64="A2MptXWAUZPnIXljHsS31TTDEH0=">AAACNXicbVDLTsMwEHR4lvJqgRuXiAqJC1VSIcGxEheORaKA1FSV42zBwnYiewOUKP/CFX6Ab+HADXHlF3BCLi2s5NVoZtZrT5gIbtDz3p25+YXFpeXaSn11bX1js9HcujRxqhn0WSxifR1SA4Ir6CNHAdeJBipDAVfh3WmhX92DNjxWFzhJYCjpjeJjzihaatTYCRAesbwn0xDl2dOok48aLa/tleX+BX4FWqSq3qjprARRzFIJCpmgxgx8L8FhRjVyJiCvB6mBhLI7egNZuSx39y0VueNY26PQLdkpH5XGTGRonZLirZnVCvI/bZDi+GSYcZWkCIr9LhqnwsXYLRJwI66BoZhYQJnm9oUuu6WaMrQ51euBggcWS0lVlAXGmNx2a0uw6jgpPzTlktZU5Jgd5kV4/mxUf8Flp+17bf/ca3WPqhhrZJfskQPik2PSJWekR/qEkSfyTF7Iq/PmfDifztevdc6pZrbJVDnfP5U8rPs=</latexit>

z1<latexit sha1_base64="OBdUMZVyFKFglJItHmTZaOoIBiE="></latexit><latexit sha1_base64="HoVCLk9aNgEdWZN4MjO7tJr4Zk8="></latexit><latexit sha1_base64="HoVCLk9aNgEdWZN4MjO7tJr4Zk8="></latexit><latexit sha1_base64="kczB0JsWAl/hMcAgsO2LFFWgg2M=">AAACNnicbVDLTsMwEHR4tuXVgjhxiaiQuFAlCAmOlbhwLBItSKSqHHdbLGwnsjdAifIxXOEH+BUu3BBXPgEnzaWFlbwazcx67QljwQ163oezsLi0vLJaqdbW1jc2t+qN7Z6JEs2gyyIR6ZuQGhBcQRc5CriJNVAZCrgO789z/foBtOGRusJJDH1Jx4qPOKNoqUF9N0B4wuKeNBQJZOnzwM8G9abX8opy/wK/BE1SVmfQcKrBMGKJBIVMUGNufS/Gfko1ciYgqwWJgZiyezqGtNiWuQeWGrqjSNuj0C3YGR+VxkxkaJ2S4p2Z13LyP+02wdFZP+UqThAUmy4aJcLFyM0jcIdcA0MxsYAyze0LXXZHNWVog6rVAgWPLJKSqmEaGGMy260txrLjpPjQjEtaUx5kepTl4fnzUf0FveOW77X8S6/ZPiljrJA9sk8OiU9OSZtckA7pEkZS8kJeyZvz7nw6X8731LrglDM7ZKacn19+bq1x</latexit>

(a) Complex numbers add just like
2-vectors in the plane. The real and
imaginary parts of z1 + z2 are the
sum of the real and imaginary parts
of z1 and z2 respectively.

z2
<latexit sha1_base64="IqS+g88qDQ2xKlmSkF6PVayOpXo="></latexit><latexit sha1_base64="s3zX41C5qz0aPJUi9TuA4MN3Qo0="></latexit><latexit sha1_base64="s3zX41C5qz0aPJUi9TuA4MN3Qo0="></latexit><latexit sha1_base64="A2MptXWAUZPnIXljHsS31TTDEH0=">AAACNXicbVDLTsMwEHR4lvJqgRuXiAqJC1VSIcGxEheORaKA1FSV42zBwnYiewOUKP/CFX6Ab+HADXHlF3BCLi2s5NVoZtZrT5gIbtDz3p25+YXFpeXaSn11bX1js9HcujRxqhn0WSxifR1SA4Ir6CNHAdeJBipDAVfh3WmhX92DNjxWFzhJYCjpjeJjzihaatTYCRAesbwn0xDl2dOok48aLa/tleX+BX4FWqSq3qjprARRzFIJCpmgxgx8L8FhRjVyJiCvB6mBhLI7egNZuSx39y0VueNY26PQLdkpH5XGTGRonZLirZnVCvI/bZDi+GSYcZWkCIr9LhqnwsXYLRJwI66BoZhYQJnm9oUuu6WaMrQ51euBggcWS0lVlAXGmNx2a0uw6jgpPzTlktZU5Jgd5kV4/mxUf8Flp+17bf/ca3WPqhhrZJfskQPik2PSJWekR/qEkSfyTF7Iq/PmfDifztevdc6pZrbJVDnfP5U8rPs=</latexit>

z1
<latexit sha1_base64="OBdUMZVyFKFglJItHmTZaOoIBiE="></latexit><latexit sha1_base64="HoVCLk9aNgEdWZN4MjO7tJr4Zk8="></latexit><latexit sha1_base64="HoVCLk9aNgEdWZN4MjO7tJr4Zk8="></latexit><latexit sha1_base64="kczB0JsWAl/hMcAgsO2LFFWgg2M=">AAACNnicbVDLTsMwEHR4tuXVgjhxiaiQuFAlCAmOlbhwLBItSKSqHHdbLGwnsjdAifIxXOEH+BUu3BBXPgEnzaWFlbwazcx67QljwQ163oezsLi0vLJaqdbW1jc2t+qN7Z6JEs2gyyIR6ZuQGhBcQRc5CriJNVAZCrgO789z/foBtOGRusJJDH1Jx4qPOKNoqUF9N0B4wuKeNBQJZOnzwM8G9abX8opy/wK/BE1SVmfQcKrBMGKJBIVMUGNufS/Gfko1ciYgqwWJgZiyezqGtNiWuQeWGrqjSNuj0C3YGR+VxkxkaJ2S4p2Z13LyP+02wdFZP+UqThAUmy4aJcLFyM0jcIdcA0MxsYAyze0LXXZHNWVog6rVAgWPLJKSqmEaGGMy260txrLjpPjQjEtaUx5kepTl4fnzUf0FveOW77X8S6/ZPiljrJA9sk8OiU9OSZtckA7pEkZS8kJeyZvz7nw6X8731LrglDM7ZKacn19+bq1x</latexit>

z3 = z1z2
<latexit sha1_base64="OuRPtJgwwTmIjYndTK+2zZEEwrw="></latexit><latexit sha1_base64="t8kTxGs/ru1CmN8w1fMrnm2t0gc="></latexit><latexit sha1_base64="t8kTxGs/ru1CmN8w1fMrnm2t0gc="></latexit><latexit sha1_base64="xL3W10XXVu9zS+rZ9INNRsO86vA="></latexit>

✓2
<latexit sha1_base64="KqLmpZ9NkKGpLmEiodRY8+RcQKI="></latexit><latexit sha1_base64="XDpYB7n9PFJIBkrgwAKRXTlcuVk="></latexit><latexit sha1_base64="XDpYB7n9PFJIBkrgwAKRXTlcuVk="></latexit><latexit sha1_base64="K3X1k5Mvohqt6/FpeOlC8zbKEr8="></latexit>

✓1
<latexit sha1_base64="rvJHc36dKH121g5SquArsJrGL5M="></latexit><latexit sha1_base64="bb7F+r86Bd1j6NcR5ey1+Gyh8GU="></latexit><latexit sha1_base64="bb7F+r86Bd1j6NcR5ey1+Gyh8GU="></latexit><latexit sha1_base64="gwFCt1uII7I/ENJnByDjz5VEJNQ="></latexit>

✓1+✓2
<latexit sha1_base64="MgXfLJw2NQ1LaJdanWSumKgh3XU="></latexit><latexit sha1_base64="cp8E5qgY0uSCJhaWhkQfT+PTC98="></latexit><latexit sha1_base64="cp8E5qgY0uSCJhaWhkQfT+PTC98="></latexit><latexit sha1_base64="/8ADeKW91x2LQmyqm0aU4f1AWCU=">AAACOnicbVDLSgMxFM34tr6qrsRNtAqCWGa60aXgxqWCtQWnlEx6a4NJZkjuqGUY/Bq3+gP+iFt34tYPMG1n09YDuRzOOSE3J0qksOj7n97M7Nz8wuLScmlldW19o7y5dWvj1HCo81jGphkxC1JoqKNACc3EAFORhEb0cDHwG49grIj1DfYTaCl2r0VXcIZOapd3QuwBsnZAw71w73gwR0KtXa74VX8IOk2CglRIgav2prccdmKeKtDIJbP2LvATbGXMoOAS8lKYWkgYf2D3kA03z+mhkzq0Gxt3NNKhOpZjytq+ilxSMezZSW8g/ufdpdg9a2VCJymC5qOHuqmkGNNBDbQjDHCUfUcYN8JtSHmPGcbRlVUqhRqeeKwU050stNbmbrpYgsXE/vBDYynlQgjPmJ3kuSsvmKxqmtzWqoFfDa79yvlBUeMS2SX75IgE5JSck0tyReqEkxfySt7Iu/fhfXnf3s8oOuMVd7bJGLzfP2LorI4=</latexit>

(b) Multiplication of complex num-
bers is best visualized in their po-
lar form. The phases add up, i.e.
∠(z1z2) = ∠z1+∠z2, and the mag-
nitudes (length of vectors) multiply
|z1z2| = |z1||z2|.

z2
<latexit sha1_base64="IqS+g88qDQ2xKlmSkF6PVayOpXo="></latexit><latexit sha1_base64="s3zX41C5qz0aPJUi9TuA4MN3Qo0="></latexit><latexit sha1_base64="s3zX41C5qz0aPJUi9TuA4MN3Qo0="></latexit><latexit sha1_base64="A2MptXWAUZPnIXljHsS31TTDEH0=">AAACNXicbVDLTsMwEHR4lvJqgRuXiAqJC1VSIcGxEheORaKA1FSV42zBwnYiewOUKP/CFX6Ab+HADXHlF3BCLi2s5NVoZtZrT5gIbtDz3p25+YXFpeXaSn11bX1js9HcujRxqhn0WSxifR1SA4Ir6CNHAdeJBipDAVfh3WmhX92DNjxWFzhJYCjpjeJjzihaatTYCRAesbwn0xDl2dOok48aLa/tleX+BX4FWqSq3qjprARRzFIJCpmgxgx8L8FhRjVyJiCvB6mBhLI7egNZuSx39y0VueNY26PQLdkpH5XGTGRonZLirZnVCvI/bZDi+GSYcZWkCIr9LhqnwsXYLRJwI66BoZhYQJnm9oUuu6WaMrQ51euBggcWS0lVlAXGmNx2a0uw6jgpPzTlktZU5Jgd5kV4/mxUf8Flp+17bf/ca3WPqhhrZJfskQPik2PSJWekR/qEkSfyTF7Iq/PmfDifztevdc6pZrbJVDnfP5U8rPs=</latexit>

z1
<latexit sha1_base64="OBdUMZVyFKFglJItHmTZaOoIBiE="></latexit><latexit sha1_base64="HoVCLk9aNgEdWZN4MjO7tJr4Zk8="></latexit><latexit sha1_base64="HoVCLk9aNgEdWZN4MjO7tJr4Zk8="></latexit><latexit sha1_base64="kczB0JsWAl/hMcAgsO2LFFWgg2M=">AAACNnicbVDLTsMwEHR4tuXVgjhxiaiQuFAlCAmOlbhwLBItSKSqHHdbLGwnsjdAifIxXOEH+BUu3BBXPgEnzaWFlbwazcx67QljwQ163oezsLi0vLJaqdbW1jc2t+qN7Z6JEs2gyyIR6ZuQGhBcQRc5CriJNVAZCrgO789z/foBtOGRusJJDH1Jx4qPOKNoqUF9N0B4wuKeNBQJZOnzwM8G9abX8opy/wK/BE1SVmfQcKrBMGKJBIVMUGNufS/Gfko1ciYgqwWJgZiyezqGtNiWuQeWGrqjSNuj0C3YGR+VxkxkaJ2S4p2Z13LyP+02wdFZP+UqThAUmy4aJcLFyM0jcIdcA0MxsYAyze0LXXZHNWVog6rVAgWPLJKSqmEaGGMy260txrLjpPjQjEtaUx5kepTl4fnzUf0FveOW77X8S6/ZPiljrJA9sk8OiU9OSZtckA7pEkZS8kJeyZvz7nw6X8731LrglDM7ZKacn19+bq1x</latexit>

z⇤2
<latexit sha1_base64="Bg8qE6sW4cEgTkHuRyW3ZObc8jE="></latexit><latexit sha1_base64="fVmGfKpTGOc+Iug1m83dXgEg4aE="></latexit><latexit sha1_base64="fVmGfKpTGOc+Iug1m83dXgEg4aE="></latexit><latexit sha1_base64="BG5sVbkstd90SVrnvBkm7qq6cXU=">AAACN3icbVDLSsQwFE19O75GBTduioMggkMrgi4FNy4VHB2YjkOa3tFgkpbkVh1rf8at/oCf4sqduPUPTDvdzOiFXA7nnJubnDAR3KDnfTgTk1PTM7Nz87WFxaXllfrq2qWJU82gxWIR63ZIDQiuoIUcBbQTDVSGAq7Cu5NCv7oHbXisLnCQQFfSG8X7nFG0VK++ESA8YnlPpiHKs6fe/vVu3qs3vKZXlvsX+BVokKrOeqvOfBDFLJWgkAlqTMf3EuxmVCNnAvJakBpIKLujN5CV63J321KR24+1PQrdkh3xUWnMQIbWKSnemnGtIP/TOin2j7oZV0mKoNhwUT8VLsZukYEbcQ0MxcACyjS3L3TZLdWUoU2qVgsUPLBYSqqiLDDG5LZbW4JVx0H5oRGXtKYiyWwvL8Lzx6P6Cy73m77X9M+9xvFBFeMc2SRbZIf45JAck1NyRlqEkWfyQl7Jm/PufDpfzvfQOuFUM+tkpJyfX9zHrZc=</latexit>

z⇤1
<latexit sha1_base64="mD8mielUN+Ah0FN6KXCM0yJfBmQ="></latexit><latexit sha1_base64="MFtW6UnoonA0D49kZMM35jm4D+0="></latexit><latexit sha1_base64="MFtW6UnoonA0D49kZMM35jm4D+0="></latexit><latexit sha1_base64="ppKj2eViE3Ql0sxP/rQeYLF/NT0="></latexit>

(c) Conjugation of a complex num-
ber flips the sign of its imaginary
part. This can be nicely visualized
as a reflection about the real axis.

Figure 2.6: Geometric views of the addition, multiplication and conjugation of complex numbers.

on the unit circle of the complex plane (this is all complex numbers with magnitude of 1 as shown
in Figure 2.5b.) We can thus write any complex number z as

z = α+ jβ = |z| cos(∠z) + j|z| sin(∠z) = |z|
(
cos(∠z) + j sin(∠z)

)
= |z| ej∠z,

where again |z| is the magnitude and ∠z is the phase. This is called the “polar” representation of
the complex number and is illustrated in Figure 2.5c.

In (2.8) we saw that the sum of two complex numbers is easy to define with cartesian coordinates.
The product (2.9) however was a little more complicated. The product is easier to write in the polar
representation since magnitudes multiply and phases add

z1z2 = |z1| ej∠z1 |z2| ej∠z2 = |z1| |z2| ej(∠z1+∠z2) .

Note that it is easiest to add complex numbers in the real/imaginary (cartesian) representation,
while it is easiest to multiply them in the polar representation. See Figure 2.6 for a geometrical view
of these operations.

Some other useful relations which can be demonstrated using the polar representation are (try
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Chapter 2. Complex Numbers, Functions and Phasors 43

these)

|z1z2| = |z1||z2| (the magnitude of the product is the product of the magnitudes)

∠(z1z2) = ∠z1 + ∠z2 (the phase of the product is the sum of the phases)∣∣∣∣
z1
z2

∣∣∣∣ =
|z1|
|z2|

(the magnitude of the ratio is the ratio of the magnitudes)

∠
(
z1
z2

)
= ∠z1 − ∠z2 (the phase of the ratio is the difference of the phases)

(2.10)

For example ∠
(

1
j

)
= ∠(1)− ∠(j) = 0o − 90o = − 90o. Note that 1

j = − j.
Given a complex number z = α+ jβ its complex conjugate z∗ is defined by

z∗ := α− jβ.

Euler’s formula immediately implies that in polar form, conjugation simply negates the phase, i.e.

(
A ejθ

)∗
= A e−jθ.

This has the geometric interpretation shown in Figure 2.6c. Conjugation reflects the complex number
about the real axis. It doesn’t change the length of the vector, but reverses its phase. This is
illustrated in Figure 2.6c. It is easy to show that conjugation obeys the following rules

(
z1 + z2

)∗
= z∗1 + z∗2(

z1z2
)∗

= z∗1z
∗
2 ,

and that we can recover the real and imaginary parts from the complex number and its conjugate

z + z∗ = 2 R(z)
(
since z + z∗ = (α+ jβ) + (α− jβ) = 2α

)

z − z∗ = 2j I(z)
(
since z − z∗ = (α+ jβ)− (α− jβ) = 2jβ

)
,

2.3 The Phasor Representation of Sinusoidal Functions

The basic idea behind phasor representations is to represent a sinusoidal signal of a given frequency
using a complex number, i.e. to encode the amplitude and phase of the sinusoid in the magnitude
and phase of the complex number respectively. First, recall Euler’s formula which implies that a
cosine can be written as the real part of an exponential with an imaginary argument

ejϕ = cos(ϕ) + j sin(ϕ) ⇒ cos(ϕ) = R
(
ejϕ
)

⇒ cos
(
ωt
)
= R

(
ejωt

)
.

The last equation shows that we can use Euler’s formula to write a cosine time function as the
real part of a complex-valued function of time ejωt. “Complex-valued” means that for each t, the
function ejωt has its value as a complex number. Since for each t, the quantity ejωt is complex,
three dimensions are required to visualize the graph of such a function, one dimension for t, and
two dimensions for the (time-varying) complex number ejωt. This visualization is illustrated in
Figure 2.7.

Alternatively, another geometrically intuitive way to visualize this function is as a curve in the
complex plane parameterized by t. The function ejωt in particular traces a circular curve in the
complex plane that goes around the unit circle counterclockwise starting from 1. This is illustrated
in Figure 2.8. Since ejωt is a point on the unit circle at angle ωt radians (counter-clockwise from 1),
the curve goes around the unit circle once every 2π

ω time units. Thus the larger ω is, the faster this
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44 2.3. The Phasor Representation of Sinusoidal Functions

Figure 2.7: The complex-valued function of time ejωt visualized as a helical curve in three dimensions. Two
dimensions are needed for the complex plane (shown here as the yellow plane), and the third dimension for t. At
t = 0, the function ejωt = e0 = 1 starts at 1, and then rotates counterclockwise along the unit circle (depicted as the
solid black curve in the complex plane, with only the initial part of the curve shown for clarity). The full graph of ejωt

as a function of t is the blue helical curve. Euler’s formula states that ejωt = cos(ωt) + j sin(ωt). The dashed curves
show the real and imaginary parts as the projections of the helical curve onto the planes (I

(
ejωt

)
, t) and (R

(
ejωt

)
, t),

which show the sin(ωt) and cos(ωt) functions respectively (in the left figure). The left figure depicts the function
ejωt, while the right figure depicts ej(ωt+π/4) which starts at ejπ/4 at time t = 0. The imaginary and real parts of
the right figure show a sine and a cosine, but with phase shifts.

curve goes around the unit circle. The projection of this curve onto the real axis gives the real-valued
time function R

(
ejωt

)
= cos(ωt).

Now fix a frequency ω, and consider a sinusoid of that frequency, but arbitrary amplitude x and
phase θ

x(t) = x cos
(
ωt+θ

)
= x R

(
ej(ωt+θ)

)
= R

(
xejθ ejωt

)
︸ ︷︷ ︸

separate the time-dependent
from the time-constant factors

= R
(
x̂ ejωt

)
, where x̂ := x ejθ. (2.11)

There are two factors in R
(
x̂ ejωt

)
, the time-function ejωt, which involves the fixed frequency ω, and

thus is the same for all sinusoids of that frequency. The complex number x̂ = x ejθ now encodes the
amplitude and phase of the signal x cos

(
ωt + θ

)
and uniquely represents it. This is illustrated in

Figure 2.8 where three different examples are shown. The reader should examine those figures while
imagining the evolution of the respective curves in the complex plane and their projections onto the
real axis which produce the signals as a time functions. We now make a formal definition.

Definition 2.1. Given a fixed frequency ω, the phasor representation of a time function of the form
x(t) = x cos(ωt+ θ) is the complex number x̂ := xejθ. We write this representation as

x(t) = x cos
(
ωt+ θ

)
= R

(
x̂ ejωt

)
←→ x̂ = x ejθ = |x̂| ej∠x̂. (2.12)

A word of caution is needed here. When we say for example that a displacement or a voltage
signal x(t) = x cos(ωt+θ) is represented by the complex number x̂ = xejθ, it does not mean that the
voltage x(t) is complex. The voltage x(t) is always a real number! We are simply using the phasor
representation because we can add sinusoids by adding their phasor representation using complex
arithmetic, and therefore avoid the use of messy trigonometric identities as shown next.

Remark 2.2. [on notation] We will adhere to the following standardized notation. A sinusoidal signal
(a real-valued function of time) is always denoted by italic small font, e.g. x(t) = x cos(ωt + θ).
Its amplitude (which is a positive real number) is always denoted by a sans-serif font x. The phasor
representing x(t) is a complex number which is denoted by a sans-serif font with a “hat”, e.g. x̂ = xejθ.
Therefore the font choices for another signal denoted by u(t) would be

u(t) = u cos
(
ωt+ ϕ

)
←→ û = u ejϕ.
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t t t

ej!t

R
�
ej!t

�
= cos(!t)

x̂ x̂

x̂ej!t

x̂ej!t

R
�
x̂ej!t

�
= |x̂| cos(!t + \x̂)

R
�
x̂ej!t

�
= |x̂| cos(!t + \x̂)

Figure 2.8: (Left) The complex-valued function of time ejωt is a circular curve in the complex plane that goes
around the unit circle counterclockwise starting from 1. Its real part is the function R

(
ejωt

)
= cos(ωt). (Middle and

Right) When multiplied by a complex number x̂, the function x̂ejωt also traces a circular curve in the complex plane,
but starting at x̂ rather than 1, with a circle of radius |x̂|. The real part of this function is R

(
x̂ejωt

)
= |x̂| cos

(
ωt+∠x̂

)
,

where |x̂| and ∠x̂ are the magnitude and phase of the complex number x̂ respectively. Thus for a fixed frequency ω,
the time function x cos

(
ωt + θ

)
is completely determined by the complex number x̂ = xejθ, and thus we call x̂ its

phasor representation.

Now consider two sinusoids of the same frequency, but different amplitudes and phases, and use
the complex represenation (2.12) for each of them

x3(t) = x1(t) + x2(t) = x1 cos
(
ωt+ θ1

)
+ x2 cos

(
ωt+ θ2

)

= R
(
x1 e

j(ωt+θ1)
)

+ R
(
x2 e

j(ωt+θ2)
)
,

= R
(
x̂1 e

jωt
)

+ R
(
x̂2 e

jωt
)
, (where x̂1 = x1e

jθ1 , x̂2 = x2e
jθ2)

= R
(
x̂1 e

jωt + x̂2 e
jωt
)

(since the real parts add up)

= R
(
(x̂1 + x̂2) e

jωt
)

= R
(
x̂3 e

jωt
)

(where x̂3 = x̂1 + x̂2)

Thus the phasor x̂3 representing x3(t) = x1(t) + x2(t) is simply the sum (as a complex number)
of the phasors x̂1 and x̂2 representing x1(t) and x2(t) respectively. This is the concept that was
illustrated in the introduction in Figure 2.1, and we now state it as a theorem.

Theorem 2.3. Given a frequency ω, the addition of two sinusoids of this frequency can be expressed
using their phasor representations as follows

x1(t) = x1 cos
(
ωt+ θ1

)
←→ x̂1 = x1e

jθ1 ,

x2(t) = x2 cos
(
ωt+ θ2

)
←→ x̂2 = x2e

jθ2 ,

x3(t) = x1(t) + x2(t) = x3 cos
(
ωt+ θ3

)
←→ x̂1 + x̂2 = x̂3 = x3e

jθ3 ,

i.e. the amplitude x3 and phase θ3 are obtained from the complex number addition

x̂3 = x̂1 + x̂2 ⇔ x3 e
jθ3 = x1 e

jθ1 + x2 e
jθ2

Note that to arrive at x3 and θ3 given x1, x2, θ1, θ2, one typically has to convert x1e
jθ1 and x2e

jθ2

to cartesian form since complex addition is most easily done in that form, and then convert the
result back to polar form to obtain x3 and θ3. Note that usually, these calculations are done by
calculator or software, which have complex arithmetic built in, but usually don’t have trigonometric
identities built in.

The phasor representation is not only useful for adding sinusoidal functions, but also for dif-
ferentiating and integrating them. This makes it particularly suited to treating certain types of
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differential equations that arise in harmonically-forced vibrations. This is the topic of Chapter 4,
but we give next a brief glimpse of this technique.

2.3.1 Phasor Representation of Sinusoidal Derivatives

If y(t) is a sinusoids with a given phasor representation, what is the phasor representation of its
derivative ẏ(t)? There is a simple answer to this question which will greatly simplify the analysis of
constant-coefficient ODEs with sinusoidal forcing. One way to calculate is as follows

y(t) = y cos(ωt+ θ) ←→ ŷ = y ejθ

⇒ ẏ(t) = − ωy sin(ωt+ θ)

= − ωy cos(ωt+ θ − 90◦) (since sin(ϕ) = cos(ϕ− 90◦) for any ϕ)

= ωy cos(ωt+ θ − 90◦ + 180◦) (since cos(ϕ) = − cos(ϕ+ 180◦) for any ϕ)

= ωy cos(ωt+ θ + 90◦).

Thus the amplitude of ẏ is the amplitude of y multiplied by ω, and the phase of ẏ is a 90◦ advance
over the phase of y. We can summarize this by the following relations

y(t) ←→ y ejθ

⇒ ẏ(t) ←→ ωy ej(θ+90◦).
(2.13)

Another way to arrive at the derivative relations is first to obtain the derivative of the complex-
valued exponential function ejωt. The time derivative of any complex-valued function is defined
using the derivatives of the real and imaginary parts as follows. First, let u be a complex-valued
function of the time variable t

u(t) := ur(t) + j ui(t),

where ur(t) and ui(t) are the (real-valued) functions representing the real and imaginary parts of
u(t) respectively. We define the time derivative of such a function as

d

dt
u(t) :=

(
d

dt
ur(t)

)
+ j

(
d

dt
ui(t)

)
,

i.e. by differentiating the real and imaginary parts individually. Now we apply this definition to find
the time derivative of ejωt by using Euler’s formula

d

dt
ejωt =

d

dt

(
cos(ωt) + j sin(ωt)

)
= − ω sin(ωt) + j ω cos(ωt)

= jω
(
cos(ωt) + j sin(ωt)

)
= jω ejωt (2.14)

= ω ej(ωt+π/2), (2.15)

where we used the fact that j = ejπ/2 in the last equality. We can use this formula to take a time
derivative of the more general function u ej(ωt+θ) by

d

dt

(
u ej(ωt+θ)

)
= u

d

dt

(
ejωt ejθ

)
= u ejθ

d

dt

(
ejωt

)
= u ejθ jω ejωt = u ejθ ejπ/2 ω ejωt

⇒ d

dt

(
u ej(ωt+θ)

)
= ωu ej(ωt+θ+π/2)

(2.16)

Thus differentiation amplifies the amplitude by a factor of ω, and increases the phase by 90◦. Taking
the real parts of both sides of this last formula gives the same answer as was obtained earlier in (2.13).
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Examine the formula (2.14), and observe that it is the same as the classic formula d
dte

αt = αeαt

when α is real. The formula is exactly the same when α is complex (in this case α = jω). We
demonstrate this for the function ezt where z = (α+ jβ) ∈ C is any complex number

d

dt
ezt =

d

dt
e(α+jβ)t =

d

dt

(
eαtejβt

)
=

d

dt

(
eαt
(
cos(βt) + j sin(βt)

))

1
= αeαt cos(βt)− βeαt sin(βt) + j

(
αeαt sin(βt) + βeαt cos(βt)

)

2
= eαt

(
α cos(βt)− β sin(βt) + j

(
α sin(βt) + β cos(βt)

))

3
= eαt (α+ jβ)

(
cos(βt) + j sin(βt)

)

4
= eαt (α+ jβ) ejβt = z ezt,

where
1
= follows from the product rule of differentiation of real functions,

2
= is a rearrangement,

3
=

follows from the product formula (2.9) for two complex numbers, and
4
= is another use of Euler’s

formula.
In Chapter 4 we will see how these concepts can be used to greatly simplify the analysis of

arbitrary constant-coefficient differential equations with sinusoidal forcing terms. This will provide
us with a powerful technique to convert differential equations to algebraic equations. Those algebraic
equations will give the relations between the respective amplitudes and phases of forcing and response
terms, and define the so-called frequency response of any system. Concepts such as resonance,
and vibration isolation and suppression can be completely characterized in terms of the frequency
response.
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Single Degree of Freedom Systems

This part concerns analysis of systems with a single mechanical degree of freedom. The main math-
ematical tools used are solutions of scalar second-order differential equations. Unforced equations
model so-called “free vibrations”, which arise when systems are in an initial disequilibrium, and ex-
hibit vibrations as they return to equilibrium (rest). Such vibrations are characterized by the system’s
“natural frequency”, which is determined by its mechanical parameters.

Harmonically “forced vibrations” arise when systems are subjected to continuous oscillatory forc-
ing. This forcing can be actual mechanical forces due to wind, ground vibrations, actuation, etc.
Forcing can also occur due to one part of a mechanical system acting on another part through dis-
placements, velocities, etc. The key tool in analyzing forced vibrations is the “frequency response”
derived from phasor representations of oscillatory signals, or from “transfer function” descriptions
of the dynamics. These give a full understanding of the important phenomenon of resonance, which
occurs due to matching of the forcing frequency and the system’s natural frequency.

Single degree-of-freedom systems are highly idealized, and most mechanical system are more com-
plex with many degrees of freedom. None the less, the analysis of these simple systems are ex-
tremely useful for many engineering design problems. Those include the design of vibration isola-
tion/attenuation systems, vibrometers and accelerometers.
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Chapter 3

Free Vibrations

The term “free vibrations” refers to the setting when no external oscillatory forces are acting on a
system. In this case, the vibrations are entirely due to initial extensions of springs or initial velocities
of masses, i.e. due to non-equilibrium initial conditions. The motion in these cases is obtained from
solutions of homogenous constant-coefficient differential equations. For single degree of freedom sys-
tems, the solutions are characterized by the locations of two possibly complex roots of a characteristic
equation. Underdamped oscillations occur when roots are complex-conjugate pairs, and overdamped
motion occurs when the the roots are real. A complete characterization of the oscillation frequency,
its amplitude and phase, as well as oscillation decay is possible in terms of system parameters. A
particularly important non-dimensional parameter, the “damping ratio”, characterizes similar oscil-
lations in a wide variety of mechanical systems. After a quantitative analysis of free vibrations, it
is possible to infer some system parameters such as damping/mass and spring-stiffness/mass ratios
from time-resolved experimental measurements of positions or velocities.

Background from Constant-Coefficient Differential Equations

We begin by recalling the main technique for solving constant-coefficient, homogenous (i.e. unforced)
Ordinary Differential Equations (ODEs) of the form

αn x
(n)(t) + αn-1 x

(n-1) + · · ·+ α1 x
(1)(t) + α0 x(t) = 0. t ≥ 0. (3.1)

Let’s parse this notation carefully. A term like x(k)(t) denotes the k’th derivative of the function
x(t). The n + 1 numbers α0, . . . , αn are the coefficients of this equation. Note the indexing of the
coefficients in comparison to the order of derivative in each term. Equation (3.1) is called an n’th
order differential equation since the highest derivative that occurs in this equation is x(n)(t). This
equation has n+1 terms unless some of the coefficients {αk}nk=0 are zero, in which case it will have
less. For example, consider our Mass-Spring equation

m ẍ(t) + k x(t) = 0. (3.2)

This equation is of the form (3.1). It is 2nd order since the highest derivative that appears in it is
ẍ(t). Note that for this equation

mẍ(t) + kx(t) = 0 ⇔ α2x
(2)(t) + α1x

(1)(t) + α0x(t) = 0

⇒ α0 = k, α1 = 0, α2 = m,

where α1 = 0 since there is no first order derivative term.
Now the steps for solving an equation of the form (3.1) are as follows

1. Form the characteristic polynomial of this equation from its coefficients α0, . . . , αn

P (s) := αns
2 + αn-1s

n-1 + · · ·+ α1s+ s. (3.3)

This is just a polynomial in the variable s.
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54 3.1. Undamped Free Vibrations

2. Find the n roots of this polynomial, and call them s̄1, . . . , s̄n. Note that some of them may
be complex, and since the coefficients {αk} are real, any complex roots must come in complex
conjugate pairs.

3. Any solution of (3.1) must be a linear combination of the (possibly complex) exponential
functions {es̄kt}, i.e.

x(t) = a1 e
s̄1t + · · ·+ an e

s̄nt, (3.4)

where s̄1, . . . , s̄n are the roots found earlier, and a1, . . . , an are constants that depend on the
particular initial conditions. If there are any complex roots, they must be complex conjugates,
e.g. s̄i = s̄∗j . The corresponding constants ai and aj are generally complex, and must also be
complex conjugates, i.e. s̄i = s̄∗j ⇒ ai = a∗j .

4. Note that since we have n unknown constants, we need n initial conditions (on x(0) and its
derivatives up to the n − 1 derivative) to uniquely solve for the unknown coefficients. The
constants a1, . . . , an can be obtained from the initial conditions by solving a system of n linear
equations.

In this chapter we apply the above procedure for single-degree-of-freedom systems with and
without damping. Single degree of freedom means that the differential equation is of 2nd order, and
therefore there are only two roots of the characteristic polynomial. The analysis largely depends on
whether the roots are complex conjugates or both real. The analysis also consists of two main steps
outlined below.

1. Complex conjugate roots of the characteristic polynomial correspond to undamped or under-
damped vibrations. The locations in the complex plane of those roots determine the vibration
frequency as well as the decay rate of vibrations. Alternatively, when both roots are real, the
observed behavior is a decaying response with no oscillations. This analysis applies to any set
of initial conditions, i.e. the conclusions here are independent of the initial conditions.

2. To determine exactly the amplitude and phase of vibrations, one needs to solve the differential
equations for given initial conditions. We will derive explicit formulas for this. The derivations
can be a little involved, but the final answers are useful for solving certain problems.

It is worth emphasizing the step 1 above is more important than step 2, especially for design
problems, where the frequency and decay rate of vibrations is to be “tuned”. The exact solutions
in step 2 can always be obtained from numerical simulations, although the formulas we will derive
can be useful for some simple design problems as well.

3.1 Undamped Free Vibrations

The free vibrations of a Mass-Spring system are mathematically described by the solutions of Equa-
tion (3.2) from given initial conditions. Since this is a 2nd order differential equation, finding the
solution requires two initial conditions x(0) and ẋ(0), i.e. the initial position and velocity of the
mass. We now determine the general form of a solution in terms of the parameters m and k, as well
as the initial conditions using the general procedure for solving ODEs outlined in the introduction.

Although there are two coefficients m and k in the the differential equation (3.2), it is only the
ratio of those two coefficients that matters to the solution since we can divide through by m

mẍ(t) + kx(t) = 0 ⇔ ẍ(t) + k
mx(t) = 0 (3.5)

to obtain an equivalent differential equation depending on only k/m. The characteristic polynomial
of this equation is easy to factor as follows

s̄2 + k
m = 0 ⇔ s̄2 = − k

m ⇔ s̄1,2 = ±j
√

k
m . (3.6)
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The coefficients m and k represent the two physical properties of mass and stiffness, both of which
by definition are always positive. The ratio −k/m is therefore a negative number, and thus we have
two purely imaginary roots of the characteristic polynomial which are complex conjugates.

According to the general form (3.4), solutions of Equation (3.5) are of the form

x(t) = a ejωnt + a∗ e−jωnt, ωn :=
√

k
m . (3.7)

They are purely oscillatory solutions with frequency ωn :=
√
k/m which is called the natural fre-

quency of the system. The constants a and a∗ are complex conjugate numbers (recall that the
notation a∗ stands for the complex conjugate of a), which are determined by the initial conditions
x(0) and ẋ(0).

The solution (3.7) is written as the sum of two complex-conjugate functions of t, and is therefore
a real function of t, which can be rewritten in two equivalent ways. The first follows from recalling
the fact that for any complex number z, z + z∗ = 2R(z), and therefore

x(t) = a ejωnt + a∗e−jωnt = aejωnt+
(
aejωnt

)∗
= 2 R

(
a ejωnt

)
= 2 |a| cos

(
ωnt+∠a

)
, (3.8)

where |a| and ∠a are the magnitude and phase of the complex number a. Now we see perhaps more
clearly that the solution is purely oscillatory with a frequency of ωn =

√
k/m rad/s.

A slightly different form of (3.8) can be written down to conform with phasor representations of
sinusoids by absorbing the factor of 2 into the constants as follows

x(t) = 2 R
(
a ejωnt

)
= 2 |a| cos

(
ωnt+ ∠a

)
= |x̂| cos

(
ωnt+ ∠x̂

)
= R

(
x̂ ejωnt

)
(3.9)

where we simply redefined the complex number x̂ = 2a. Note that a and x̂ have the same phase.
Another way of writing the solution (3.9) in terms of only real functions is obtained by expressing

the complex number x̂ = α+ jβ in terms of its real and imaginary parts α and β respectively, and
using Euler’s formula as follows

x(t) = R
(
x̂ ejωnt

)
= R

(
(α+ jβ)

(
cos(ωnt) + j sin(ωnt)

))

= α cos(ωnt) − β sin(ωnt). (3.10)

This solution is a sum of two sinusoids, both of the same frequency ωn. Recall that such a sum is
always another sinusoid of the same frequency, but different magnitude and phase, which is precisely
the form (3.9).

We have so far obtained the solution in three different forms which we now summarize

x(t) =





1
2

(
x̂ ejωnt + x̂∗ e−jωnt

)

|x̂| cos
(
ωnt+ ∠x̂

)

α cos(ωnt) − β sin(ωnt)

, where





ωn =
√
k/m

(
determined by
system parameters

)

x̂= α+ jβ
(
determined by
initial conditions

) (3.11)

Which of those three equivalent forms we end up using is a matter of convenience, and is usually
determined by what further analysis is to be done.

The constants x̂ = α + jβ in (3.11) are determined from the initial conditions x(0) and ẋ(0) by
solving a system of 2 linear equations. We now derive that relation in order to rewrite the solutions
directly in terms of initial conditions. First, write the initial conditions in terms of the complex
constant x̂

x(0) = 1
2

(
x̂ ejωnt + x̂∗e−jωnt

)∣∣
t=0

= (x̂+ x̂∗) /2

ẋ(0) = 1
2

d

dt

(
x̂ejωnt + x̂∗e−jωnt

)∣∣∣∣
t=0

= 1
2

(
x̂ jωne

jωnt − x̂∗ jωne
−jωnt

)∣∣∣
t=0

= (x̂ jωn − x̂∗ jωn) /2

This system of equations can be written in matrix-vector form and solved as follows

[
x(0)
ẋ(0)

]
= 1

2

[
1 1
jωn -jωn

] [
x̂
x̂∗

]
⇒

[
x̂
x̂∗

]
=
−1
jωn

[
-jωn -1
-jωn 1

] [
x(0)
ẋ(0)

]
⇒ x̂ = x(0) + 1

jωn
ẋ(0)

= x(0) − j 1
ωn

ẋ(0)
.
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m

x(0)

ẋ(0)
x(t)

!nt2⇡

(a) A mass starting from an initial
positive extension x(0), and at rest
(ẋ(0) = 0). The motion is x(t) =
x(0) cos(ωnt), i.e. the phase is zero,
and the amplitude of oscillation is ex-
actly the magnitude of the initial ex-
tension.

ẋ(0)

m

ẋ(0)

x(0)

!nt2⇡

(b) A mass starting with no initial
extension (x(0) = 0), but with posi-
tive initial velocity ẋ(0). The motion is
x(t) = A sin(ωnt) = A cos(ωnt − 90◦).
The amplitude of oscillation is A =

ẋ(0)/ωn = ẋ(0)
√
m/k. Thus smaller

inertia or stiffer spring imply a smaller
oscillation amplitude for a given initial
velocity.

m

ẋ(0)

ẋ(0)

x(0)

!nt2⇡

(c) A mass with non-zero initial ex-
tension and velocity. The oscillation
x(t) = A cos(ωnt+ θ) has amplitude A
and phase θ that depend on values of
both x(0) and ẋ(0) according to (3.14).
Note that since the initial spring force
and velocity are in the same direction,
the oscillation amplitude is larger than
the initial extension.

Figure 3.1: Illustration of the free vibrations of a Mass-Spring system starting from three different initial conditions.
The mass’ position is given by Theorem 3.1 as x(t) = A cos

(
ωnt+ θ

)
, where the amplitude A and phase θ depend on

initial conditions, but solutions always oscillate with the natural frequency ωn =
√
k/m rad/s, which is independent

of the initial conditions. Note the scaling of the time axes. The equilibrium position of the mass is indicated by the
vertical dashed line.

We have therefore obtained the real and imaginary parts of x̂ in terms of the initial conditions. Since
α and β in (3.11) are those parts respectively

x̂ = α+ jβ = x(0) − j 1
ωn

ẋ(0) ⇒ α = x(0), β = − ẋ(0)ωn
,

we have therefore obtained explicit expressions for the solution in all its forms. We summarize this
in the next statement.

Theorem 3.1. Consider a differential equation of the form

ẍ(t) = − ω2
n x(t), (3.12)

with initial conditions x(0) and ẋ(0). The solution is given in either of the following two equivalent
forms

x(t) = x(0) cos(ωnt) +
ẋ(0)
ωn

sin(ωnt), (3.13)

= x cos
(
ωnt+ θ

)
, x =

√
x2(0) + ẋ2(0)

ω2
n
, θ = − tan-1 ẋ(0)

ωn x(0) . (3.14)

Remark 3.2. We can apply this theorem to problems other than the Mass-Spring system. Recall the
mathematical analogies from Chapter 1 where differential equations of three different systems were
compared

ẍ(t) = − (k/m) x(t), (mass/spring in linear motion)

θ̈(t) = − (k/J) θ(t), (mass/torsional-spring in rotational motion)

θ̈(t) = − (g/l) θ(t). (pendulum in rotational motion)

All three equations are of the form (3.12) where in each case ωn is equal to
√
k/m,

√
k/J and

√
g/l

respectively. More generally, the theorem applies to any second order equation that can be rearranged in
the form ẍ(t) = −α x(t), where α > 0 maybe some combination of coefficients. In this case ωn in (3.12)
would just be

√
α.

Figure 3.1 illustrates the vibrational motion of a Mass-Spring system starting from three different
initial conditions. Each case demonstrates some property of the solutions as follows.
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• Figure 3.1a: When a mass is released from rest (i.e. ẋ(0) = 0) from an initial extension of x(0),
the solution is a pure cosine with zero phase

x(t) = x(0) cos
(
ωnt
)
.

In this case, the amplitude of oscillation is |x(0)|, which is exactly the magnitude of the initial
extension or compression.

• Figure 3.1b: When a mass has positive initial velocity ẋ(0) > 0 starting at the equilibrium location
of the spring (i.e. x(0) = 0). The motion is given by

x(t) = ẋ(0)
ωn

sin
(
ωnt
)

= ẋ(0)
√

m
k cos

(
ωnt− 90◦

)
.

Note that the mass starts from zero extension, and then oscillates with an amplitude that depends
not only on the initial velocity, but also on m and k. For a given initial velocity, the larger the
mass’ inertiam, the larger the amplitude, and the higher the stiffness k, the smaller is the resulting
amplitude. This makes physical sense since an initial velocity with a large m means a large initial
kinetic energy, and we expect the oscillations to be bigger. This will be made precise with the
energy analysis below.

• When a mass has both non-zero initial extension and velocity, the amplitude and phase are given
by (3.14). The amplitude in particular will always be larger than the initial extension. This
follows from the formula for x in (3.14) which implies that x is always larger than x(0) if ẋ(0) ̸= 0.
It can be clearly seen in Figure 3.1c.

Velocity Amplitude and Phase

Consider the general solution (3.14) for the mass’ position, from which we get the velocity by simply
differentiating that formula

x(t) = x cos
(
ωnt+ θ

)
, x =

√
x2(0) + ẋ2(0)

ω2
n
, θ = − tan-1 ẋ(0)

ωn x(0) ,

ẋ(t) = −x ωn sin
(
ωnt+ θ

)

= x ωn sin
(
ωnt+ θ + 180◦

)
(because − sin(x) = sin (x± 180◦))

= x ωn cos
(
ωnt+ θ + 180◦ − 90◦

)
= x ωn cos

(
ωnt+ θ + 90◦

)
(sin(x) = cos (x− 90◦))

Two things are worth noting here. First, the the velocity amplitude is the position amplitude x
multiplied by the frequency ωn. This is physically intuitive, if the mass is oscillating back and forth
very rapidly (with high frequency ωn), then even for small position oscillations with amplitude x,
the velocity amplitude x ωn can be quite large, and vice versa if ωn is small (i.e. slow oscillations
mean relatively low velocities). The ratio of displacement to velocity amplitudes is

velocity amplitude

displacement amplitdue
=

ωnx

x
= ωn

The stiffer a system is (larger ωn is referred to as “stiffer”), the larger the velocity amplitudes are
relative to displacement.

The other important observation is that position and velocity are always 90◦ out of phase. In
particular, velocity has a 90◦ phase lead over position (recall that phase leads are equivalent to time
advances). This is just an instance of the fact that the derivative of any sinusoid always has a 90◦

phase lead over it. This 90◦ phase difference is clearly seen in Figure 3.2. An intuitive interpretation
to keep in mind is that since velocity has a phase lead over position, then velocity “anticipates”
position, i.e. can predict where the mass will be 90◦ later, which is equivalent to T/4 in time units,
where T is the period.

———————–
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58 3.1. Undamped Free Vibrations

ωn = 0.05 Hz ≈ 0.3 rad/s,

T = 20 s, k
m

= ω2
n ≈ .09

ωn = .5 Hz ≈ 3 rad/s,

T = 2 s, k
m

= ω2
n ≈ 9

Figure 3.2: A comparison of the position and velocity oscillations for two systems with a low natural frequency ωn

(left), and a high ωn (right). Note that the velocity signal always “leads” the position signal by a 90◦ phase shift.
The bottom plots show the kinetic and potential energy oscillations over time. The sum of the two energies is always
constant (in time) since this is a conservative system with no damping.

Energy

The total mechanical energy of the Mass-Spring system is the sum of the spring potential energy
and the mass’ kinetic energy

E(t) := V (t) + T (t) := 1
2k x

2(t) + 1
2m ẋ2(t), (3.15)

thus it depends on both position and velocity. Equation (3.14) shows that oscillation amplitudes
depend on both initial position x(0) and initial velocity ẋ(0). This expression can be rewritten in
terms of the initial total energy E(0) which is the sum of the initial kinetic energy T (0) := 1

2m ẋ2(0)
and initial spring potential energy V (0) := 1

2k x
2(0). Starting from (3.14)

x2 = x2(0) + ẋ2(0)
ω2

n
= x2(0) + ẋ2(0)

k/m = 2
k

(
1
2k x

2(0) + 1
2m ẋ2(0)

)

= 2
k

(
V (0) + T (0)

)
= 2

k E(0). (3.16)

Note that the factor 2/k does not depend on the initial conditions. Thus the amplitude x depends
only on the total energy E(0) of the initial conditions rather than the details of velocity versus
position. This explains why the peak extension/compression in Figure 3.1c (which is equal in
magnitude to the amplitude x) is larger than the initial extension. Since the initial velocity is non-
zero, the total initial energy E(0) is larger than the initial spring potential energy V (0), the latter
being determined by the initial spring extension.

The Spring-Mass system is subject to only the spring force, which is a conservative force. We
therefore expect total energy to be conserved. We can verify that directly without actually solving
the differential equation as follows. If E(t) is conserved, then it must be constant in time, i.e.
E(t) = E(0). To show that, simply take the time derivative

d
dtE(t) = d

dt

(
1
2k x

2(t) + 1
2m ẋ2(t)

)
(3.17)

= k x(t) ẋ(t) +m ẋ(t) ẍ(t) (using the chain rule)

= k x(t) ẋ(t)− k ẋ(t) x(t) = 0. (substituting from the diff. eq. mẍ = −kx)

Therefore E(t) is constant in time. The calculation we just went through is a very important one.
In fact, it is such an important technique that it bears repeating that we did not need to solve the
differential equation mẍ + kx = 0 in order to conclude that E(t) is conserved. We just needed
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the differential equation as well as the definition of energy. We will encounter such calculations
again in Section 3.4 on state space representations, where we will see that they are useful even for
non-conservative systems.

3.2 Damped, Free Vibrations

In this section we examine the free vibrations of a system with damping. As the name suggests,
the effect of damping will make any free oscillations decay. We will identify two regimes called
the underdamped and the overdamped cases respectively. In the underdamped regime, oscillations
decays exponentially with decay being faster the higher the damping. In the overdamped regime,
the responses also decay exponentially, but with no oscillations due to the higher value of damping.
The boundary between the two regimes is referred to as the critically damped case. Those regimes
will be identified using the value of a non-dimensional parameter ζ called the damping ratio .

Recall the differential equation for a single mass connected to a spring and damper. Although
it has three parameters m, c and k, only two ratios matter since we can divide any two of the
parameters by a third. The typical choice is to divide by the mass m

m ẍ(t) + c ẋ(t) + k x(t) = 0 ⇔ ẍ(t) + c
m ẋ(t) + k

m x(t) = 0. (3.18)

The characteristic polynomial of this equation is a little more complicated than that of (3.5). Its
roots can be found using the quadratic formula

s̄2 + c
m s̄+

k
m = 0 ⇔ s̄1,2 = − c

2m ±
√

c2

4m2 − k
m . (3.19)

Any solution is thus a sum of two, possibly complex, exponentials

x(t) = a1 e
s̄1t + a2 e

s̄2t,

where the coefficients a1 and a2 are determined from initial conditions. Note however that the
exponents in es̄1t and es̄2t are determined by the system parameters m, c, and k, and are thus
independent of initial conditions. We will typically be interested characterizing the vibrations of
a system from any initial conditions, and therefore the behavior of the functions es̄1t and es̄2t will
deserve a detailed analysis.

Although it is easy to write down formula (3.19), it is a little difficult to see how the roots change
as we change the three parameters m, c, and k. It turns out that there is another set of equivalent
parameters that more easily characterize the behavior of the roots. First consider some special cases.

1. When there is no damping c = 0, we have two purely imaginary roots

c = 0 ⇒ s̄1,2 = ± j
√
k/m = ± jωn

as we saw earlier in (3.6).

2. When c is small, the discriminant in (3.19) is negative, which gives two complex-conjugate
roots.

3. When c is large, the discriminant in (3.19) is positive, and therefore there are two real roots.

Given observations 2 and 3, there must be a special intermediate value of c for which there are two
repeated real roots. This value is referred to as “critical damping” cc and is characterized by the
discriminant being 0

c2c
4m2

− k

m
= 0 ⇒ cc = 2

√
mk.

When the damping is critical, the roots are repeated and real, and are given by

c = cc ⇒ s̄1,2 = − c

2m
= − 2

√
mk

2m
= −

√
k
m = − ωn.
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60 3.2. Damped, Free Vibrations

Notice the reappearance of the natural frequency ωn in the special case of critical damping. The
behavior of the roots appears to be largely dependent on whether the damping is above or below the
critical value. It is very useful to define a non-dimensional parameter that captures this fact. This
parameter is called the damping ratio, and it is simply the ratio of actual damping c to the critical
damping value cc

ζ :=
c

cc
⇒ ζ =

c

2
√
mk

. (3.20)

Note that ζ is “unitless” since it is the ratio of two damping parameters that have the same units.
If ζ < 1, the damping is below cc. If ζ = 1, the then damping is critical c = cc, and if ζ > 1, the
damping is above the critical value c > cc.

We now rewrite the formula (3.19) for the characteristic roots in terms of the parameters ζ and
ωn. First note that (3.20) gives the ratio c/m as

ζ =
c

2
√
mk

⇒ c

m
= 2ζ

√
k
m = 2ζωn. (3.21)

Using this, the differential equation (3.18) can be rewritten as

ẍ(t) + c
m ẋ(t) + k

m x(t) = 0 ⇔ ẍ(t) + (2ζωn) ẋ(t) + ω2
n x(t) = 0, (3.22)

and the characteristic roots rewritten as

s̄1,2 = - c
2m ±

√
c2

4m2 -
k
m ⇔ s̄1,2 = -ζωn ±

√
ζ2ω2

n-ω
2
n

⇔ s̄1,2 =
(
−ζ ±

√
ζ2 − 1

)
ωn, (3.23)

where the roots are now expressed in terms of only two parameters, the damping ratio ζ, and the
natural frequency ωn. With this last expression, we see more clearly the effect of ζ on the roots.
Figure 3.3 shows the locations of the roots in the complex plane as ζ ranges from 0 to ∞. There are
two main regimes, the so-called “overdamped” (when the roots are real), and the “underdamped”
(when the roots are complex), with the boundary between them as the critically damped case. We
now investigate the details of the three cases.

• Overdamped: ζ > 1 ⇒ ζ2 − 1 > 0 ⇒
√
ζ2 − 1 is a real number. In this case, the two

characteristic roots in (3.23) are both negative real numbers1, and any solution is therefore a sum
of two decaying exponentials

x(t) = a1 e
s̄1t + a2 e

s̄2t, s̄1,2 =
(
−ζ ±

√
ζ2 − 1

)
ωn, (3.24)

The two exponentials es̄1t and es̄2t are called the modes of the system. The exact linear combina-
tion of these two modes in any particular response depends on the initial conditions.

There is an important relation between the two roots in that their product is independent of ζ as
can be seen from

s̄1s̄2 =
(
−ζ +

√
ζ2 − 1

)(
−ζ −

√
ζ2 − 1

)
ω2
n =

(
ζ2 −

(
ζ2 − 1

))
ω2
n = ω2

n.

This means in particular that there is a reciprocal relation between them

s̄2 = ω2
n/s̄1.

Now suppose we keep ωn fixed, and increase ζ from 1 to ∞. The expression (3.23) implies that

s̄2 = −ζ −
√
ζ2 − 1→ −∞, and the reciprocal relation therefore implies s̄1 → 0. In this case we

call es̄2t the fast mode (since it decays quickly), and we call es̄1t the slow mode (since it decays
slowly). Therefore, for heavily damped systems, the response is always a combination of a slow
and fast mode. Usually, it is the slow mode that “dominates” the response since the fast mode
decays quickly enough that its contribution to the overall response is negligible after a short time.
Such a response and its two slow and fast components is shown in the last panel of Figure 3.4.

1Note that s̄1 is clearly a negative number. s̄2 is negative since
√
ζ2 − 1 < ζ when ζ > 1.
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0  ⇣  1
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✓

✓

sin(✓) = ⇣

(a) A depiction of how the roots s̄1,2 “move” in the complex plane
as ζ changes from 0 to ∞. The underdamped case corresponds to
0 ≤ ζ ≤ 1, and the roots are complex conjugates that lie on a semi-
circle of radius ωn. The critically damped case is when ζ = 1, which
corresponds to a double root on the real axis at −ωn. The over-
damped case is when ζ > 1, and the roots are both real, and as
ζ → ∞, one roots limits to −∞, while the other limits to 0, as
shown by the green arrows.

j!n

-j!n

-!n

✓

✓

sin(✓) = ⇣

-⇣!n

⇣  1

j!d

-j!d

-!ns̄2 s̄1 = !2
n/s̄2

(b) (Top): In the underdamped case, the imag-
inary part ωd of the roots gives the oscillation
frequency, while the real part −ζωn gives the
decay exponent. (Bottom): In the overdamped
case, the two real roots have a reciprocal rela-
tion s̄2 = ω2

n/s̄1. This implies that as ζ → ∞,
s̄1 → −∞, while s̄2 → 0 as shown in (a) by the
green curves.

Figure 3.3: The locations in the complex plane of the characteristic roots s̄1,2 (denotes by the red crosses) of
damped vibrations for various values of the damping ratio ζ = c/cc (where cc is the critical damping value), while
the undamped natural frequency ωn is held constant.

• Critically Damped: ζ = 1, and therefore s̄1,2 = −ωn, i.e. a double, negative real root. The general
form of the solution corresponding to a double root at s̄1,2 = −ωn is

x(t) = a1 e
−ωnt + a2 te

−ωnt, (3.25)

where the coefficients a1 and a2 are determined by initial conditions. In this case, the modes are
really a single exponential mode e−ωnt, but with an additional term of te−ωnt. Both of those terms
decay exponentially with exponent −ωn.

• Underdamped: ζ < 1 ⇒ ζ2 − 1 < 0 ⇒
√
ζ2 − 1 is imaginary. Therefore s̄1,2 are two

complex-conjugate roots. Figure 3.3b illustrates this case. Let’s see what the real and imaginary
parts are in terms of the parameters ζ and ωn

s̄1,2 =
(
−ζ ± j

√
1− ζ2

)
ωn. = − ζωn ± j

√
1− ζ2 ωn (3.26)

=: − ζωn ± j ωd (defining the damped frequency ωd := ωn

√
1− ζ2)

The imaginary part ωd := ωn

√
1− ζ2, which determines the oscillation frequency of the solution,

is naturally called the “damped” oscillation frequency2. It is always smaller than the natural
frequency ωn (the frequency of oscillation if there were no damping) as seen in Figure 3.3b. The
real part −ζωn determines an “exponentially decaying envelope” for the oscillations. To see both
of the above facts, start from the expression s̄1,2 = −ζωn ± jωd for the characteristic roots, and

2The oscillation frequency ωd is sometimes referred to as the “damped natural frequency”, or the “damped circular
frequency”.
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⇣ = 0

Undamped

⇣ ⇡ 0.05

Underdamped

⇣ ⇡ 0.1

Underdamped

⇣ ⇡ 0.5

Underdamped

⇣ = 1

Critically damped

⇣ = 1.5

Overdamped

Figure 3.4: The effect of the damping ratio ζ on the qualitative shape of the response. The undamped case (ζ = 0),
three underdamped cases (ζ < 1), the critically damped (ζ = 1), and an overdamped (ζ > 1) case are shown. Both
the characteristic roots locations in the complex plane (left), and the time responses (right) are shown. The “decay
envelops” of the underdamped cases are shown. The overdamped case shows the slow/fast component modes (dashed
red lines). The time axis has the same limits in all of the above cases for the sake of comparison.
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Chapter 3. Free Vibrations 63

the general form of the solution

x(t) = a e(−ζωn+jωd)t + a∗ e(−ζωn−jωd)t (3.27)

= e−ζωnt
(
a ejωdt + a∗ e−jωdt

)

= e−ζωnt 2R
(
a ejωdt

)

= e−ζωnt 2|a| cos
(
ωdt+ ∠a

)

⇒ x(t) = x e−ζωnt︸ ︷︷ ︸
exponentially

decaying envelope

cos
(
ωdt+ θ

)
︸ ︷︷ ︸

sinusoid with frequency ωd

and phase θ

, x := 2|a|, θ := ∠a,

(3.28)

where again the constants x = 2|a| and θ = ∠a are determined by initial conditions.

As already stated, the rate of exponential decay is determined by the real part −ζωn of the
roots. If ωn is held constant, then as ζ increases from 0 to 1, the response decays faster. This
is illustrated in the various panels of Figure 3.4 which the reader should now contemplate. The
oscillation frequency ωd is always smaller than the natural frequency ωn as can be seen from the
relation

ωd = ωn

√
1− ζ2. (3.29)

However, for typical values of ζ which range between 0 and say 0.3, the relative difference is difficult
to perceive as you can see from Figure 3.4. For example, at ζ = 0.3, the quantity

√
1− ζ2 ≈ 0.95,

and thus the two frequencies differ by only about 5%. Even in the case of ζ = 0.5 shown in
Figure 3.4, it is difficult to distinguish the oscillation frequency from that of the case ζ = 0.01
visually.

There is an interesting geometry in the underdamped case. As already mentioned, the roots lie
on a semicircle of radius ωn. To see that, examine their magnitude (as complex numbers)

|s̄1,2| =
∣∣∣
(
−ζ ± j

√
1− ζ2

)
ωn

∣∣∣ =
√
ζ2 + (1− ζ2) ωn = ωn.

Therefore, as ζ changes from 0 to 1, the two complex conjugate roots move along this semicircle
until they “meet” at −ωn at the critical damping values ζ = 1. This “path” is illustrated in
Figure 3.3a. A particularly nice geometric interpretation of ζ is that it is the sine of the angle the
roots make with the imaginary axis as shown in Figure 3.3b and follows from

sin(θ) =
ζωn

ωn
= ζ

cos(θ) =
ωd

ωn
=

ωn

√
1− ζ2
ωn

=
√
1− ζ2

Remark 3.3. There is an important property of the damping ratio ζ that needs to be emphasized.
Since this quantity is dimensionless, it allows for comparing vibration behavior across a large variety of
mechanical systems as shown in the table of Figure 3.5. In some sense, ζ is the equivalent of the “Reynolds
number” for vibration analysis. Just like the Reynolds number in fluid flow allows for comparison of flow
behavior over varying spatial scales, viscosities and velocities, the damping ratio ζ characterizes vibrational
behavior across systems with differing materials, construction and sizes as illustrated by the examples in
the table.

Remark 3.4. For a system with any damping c > 0, the characteristic roots always have negative
real part, or equivalently they lie strictly in the left half of the complex plane. This can be seen from
Figure 3.3a, as well as the expressions (3.23) and (3.26) in the overdamped and underdamped cases
respectively. This means that any response (from any initial condition) will always decay exponentially.
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64 3.3. Inferring Parameters from Experimental Data

Mechanical System Typical Damping Ratio ζ

Metals (in elastic range) < 0.01

Continuous Metal Structures 0.02− 0.04

Metal Structures with Joints 0.03− 0.07

Aluminum/Steel Transmission Lines ≈ 0.0004

Small Diameter Piping Systems 0.01− 0.02

Large Diameter Piping Systems 0.02− 0.03

Automotive suspension (sedans) 0.2− 0.25

Automotive suspension (sports cars) 0.3− 0.25

Rubber 0.05

Large Buildings during Earthquakes 0.01− 0.05

Figure 3.5: Typical damping ratio values for a variety of mechanical systems. Since the damping ratio ζ is a
non-dimensional number, it can serve as a metric for comparison across a wide variety of mechanical systems.
Data from Orban, F. ”Damping of materials and members in structures.” Journal of Physics: Conference Series.
Vol. 268. No. 1. IOP Publishing, 2011.

This property is referred to as “stability” in dynamical systems. For the Mass-Spring-Damper system,
it holds when m, c, k > 0 as is always the case. Note that the case of undamped vibrations c = 0 is a
mathematical idealization. All physical systems have some amount of damping, even if microscopic. For
extremely lightly damped systems where ζ ≈ 0, the exponential decay can be so slow so as not to be
significant over the time length of the experiment. In this case, the mathematical idealization of c = 0
is useful and convenient.

Solutions in terms of Initial Conditions

Equations (3.24), (3.25), and (3.28) give the form of the solutions for the three cases respectively.
The important qualities of these solutions such as oscillation frequencies and decay rates are given in
terms of only ζ and ωn, which depend on the system parameters, but not on initial conditions. It is
less important, but convenient to derive explicit expressions for the coefficients that appear in those
formulas as a function of initial conditions x(0) and ẋ(0). For the sake of completeness, formulas for
these solutions are included in Appendix 3.A.

3.3 Inferring Parameters from Experimental Data

When dealing with a complex mechanical system, it is usually difficult to obtain a detailed description
of every part’s mechanical properties such as dimensions, masses, spring constants and the like. For
example, suppose we have an automotive suspension system which we model as a Mass-Spring-
Damper system. The details of the system are unknown but we can conduct an experiment where
the system is given an initial displacement and the subsequent position (or velocities or accelerations)
are measured as a function of time. Given this data, is it possible to find the mass, spring constant,
and damping coefficient of the system?

To answer the above question, consider a typical set of experimental data as shown in Figure 3.6
which shows the position of a mass (versus time) that is oscillating due to some non-equilibrium
initial condition. This data could for example be collected from a position sensor (e.g. strain gauge,
optical encoder, etc.) over time. The trajectory looks like a typical Mass-Spring-Damper system in
the under-damped regime, i.e. it is a signal of the form (3.28)

x(t) = x e−ζωn t cos
(
ωdt+ θ

)
, ωd = 2π/T . (3.30)

From the data, we can easily infer the oscillation period T by either measuring the time between
zero crossings (provided we remove any constant offset in the signal), or the time between peaks.
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p1

p2
p3

T

T T

p1/p2

Figure 3.6: An example of the use of experimental data to infer system parameters. The signal shown could
be recorded position measurements of a Mass-Spring-Damper system’s free vibrations from a non-equilibrium initial
condition (velocity or acceleration measurements also yield similar signals). From the data, one can readily obtain
the period of oscillation T as well as the logarithmic decrement δ defined as the logarithm of the “ratio of successive
peaks” δ := ln (pk/pk+1). The system’s damping ratio ζ and its undamped natural frequency ωn can be obtained
from the simplified relations ζ ≈ δ/2π and ωn ≈ 2π/T , which are reasonable approximations for the range ζ ≤ 0.3.

In Figure 3.6, it is assumed that the constant offset has been removed and we simply measure the
time between zero crossings, which then gives the signal’s period T . From the period we can find
the damped oscillation frequency by

ωd = 2π/T (because cos(ωdt+ θ) is periodic with period T = 2π/ωd)

We can also find the decay rate of the envelope from measuring the “decay” of successive peaks
in the signal. Those peaks are labeled p1, p2, p3, . . . in Figure 3.6. Since the envelope is of the form
Ae−ζωnt, we can get information about ζ and ωn from the ratio of any two successive peaks (which
are a period T apart in time) as follows

pk
pk+1

=
x e−ζωn t̄

x e−ζωn(t̄+T )
=

x e−ζωn t̄

x e−ζωn t̄ e−ζωnT
= eζωnT = e2πζωn/ωd (since T = 2π/ωd)

= e2πζ/
√

1−ζ2

(since ωn

ωd
= 1√

1−ζ2
by (3.29))

Note that the ratio pk/pk+1 of two successive peaks is independent of which two successive peaks we
choose (i.e. it is the same for any k). This leads us to define the logarithmic decrement δ, which is a
number readily obtained from experimental data by simply measuring the ratio of any two successive
peaks

δ := ln
pk
pk+1

⇔ pk
pk+1

= eδ ⇒ δ = 2π ζ
1√

1− ζ2
.

Thus the logarithmic decrement gives the damping ratio ζ by solving for it from the above relation

ζ =
δ√

δ2 + 4π2
. (3.31)

Note that both δ and ζ are non-dimensional. Note also he limiting behaviors at the two extremes

ζ → 0 ⇒ δ → 0 ⇒ pk/pk+1 → 1 ⇒ peaks don’t decay

ζ → 1 ⇒ δ →∞ ⇒ pk/pk+1 → ∞ ⇒ peaks decay rapidly

Once we find δ from the data, ζ can be obtained from (3.31). Next, the undamped natural
frequency ωn can be found from the damped frequency ωd (which is determined from the period T)
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by using (3.29) again

ωn =
ωd√
1− ζ2

=
2π

T

1√
1− ζ2

. (3.32)

The relations (3.31) and (3.32) can be simplified by observing that for ζ ≤ 0.3 (which is a

typical range for many mechanical systems), the approximation
√

1− ζ2 ≈ 1 is reasonable3. The
relations (3.31) and (3.32) then simplify to

ζ ≈ δ/2π, ωn ≈ ωd = 2π/T . (an approximation for the range ζ ≤ 0.3) (3.33)

Thus we can directly go from (δ, T) to (ζ, ωn) using those simplified relations.
Is it possible to determine m, c, and k from ζ and ωn? Clearly not, since again it is only the

ratios c/m and k/m that determine dynamic behavior

mẍ(t)+cẋ(t)+kx(t) = 0 ⇔ ẍ(t)+ c
m ẋ(t)+

k
mx(t) = 0 ⇔ ẍ(t)+(2ζωn)ẋ(t)+ω

2
nx(t) = 0.

Thus the ratios can be obtained from the definitions of ζ and ωn as

k

m
= ω2

n,
c

m
= 2ζωn.

Remark 3.5. The formulas given above for the calculation of system parameters from experimental data
are approximate, but useful none the less. When more accurate estimation of system parameters is desired,
the better approach is to do a regression fit of the experimental data to the system model. This type of
regression is commonly used in engineering design, and goes by the name of “system identification”.

Remark 3.6. The same technique presented above can be used if alternatively velocity or acceleration
measurements are available. Indeed, if the position trajectory is of the form (3.30), then velocity is
obtained by differentiation using the product rule

x(t) = x e−ζωn t cos
(
ωdt+ θ

)

⇒ ẋ(t) = (−xζωn) e
−ζωnt cos

(
ωdt+ θ

)
− (xωd) e

−ζωnt sin
(
ωdt+ θ

)

= − x e−ζωnt
(
ζωn cos

(
ωdt+ θ

)
+ ωd sin

(
ωdt+ θ

))

= (−xωn) e
−ζωnt cos

(
ωdt+ ϕ

)
, (3.34)

where ϕ is some phase angle determined by the other parameters4. Thus velocity is of the same form as
position; it is a decaying sinusoid with the same frequency and decay envelope as position, but with a
different amplitude and phase. Since only the envelope decay rate and the oscillation frequency determine
ζ and ωn, then we could use a velocity measurement to determine system parameters using exactly the
same method described earlier for position measurements.

Finally, if we differentiate velocity to get acceleration, the derivative of (3.34) will be of the form

ẍ(t) = x ω2
n e

−ζωnt cos
(
ωdt+ ψ

)
,

for some phase ψ. This is again of the same form as the position signal, with yet another amplitude and
phase, but with the same oscillation frequency and decay envelope. Therefore, acceleration measurements
(which are typically the easiest to obtain with modern accelerometers) can alternatively be used to
determine system parameters.

3For example, if ζ = 0.3, then
√

1− ζ2 = 0.95, thus the approximation has a 5% error, which is likely similar to
the experimental error in measuring the peak ratios pk/pk+1.

4Note that cos(ωdt+ θ) and sin(ωdt+ θ) are two sinusoids of the same frequency, thus any linear combination of
them is a sinusoid of the same frequency and some phase ϕ. Since they are exactly 90◦ out of phase, the amplitude

of their linear combination is easy to calculate by Pythagoras as
√
ζ2ω2

n + ω2
d =

√
ω2
n where the last equality follows

from the relation (3.29) which implies ω2
d = ω2

n(1−ζ2). The phase ϕ of the sum can also be calculated, but is irrelevant
to the current argument.
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Figure 3.7: The setting of Example 3.7. A suspension system starts from a non-equilibrium position at zero vertical
velocity (e.g. after having encountered a bump, and reaching its maximum extension at zero velocity, which is marked
by the peak p0). After n cycles, the peak ratio p0/pn = enδ is given by the logarithmic decrement δ as

The logarithmic decrement is also useful for quick calculations even when the system parameters
are known as the next example demonstrates.

Example 3.7. Consider an idealized suspension system as shown in Figure 3.7 which is starting from a
non-zero deflection with zero velocity. This initial deflection is marked as p0 in the Figure. The system
parameters ωn and ζ are known. One question that can be asked is how many periods of oscillation does
it take for the peak deflection to be reduced to less than 1% of the initial deflection? In the figure, this
is labeled as peak pn where n is unknown and is to be determined. Using the logarithmic decrement, we
can express the ratio of p0 to pn as

p0
pn

=
p0
p1

p1
p2
· · · pn−2

pn−1

pn−1

pn
= eδ · · · eδ︸ ︷︷ ︸

n times

= enδ.

Note that there are n oscillation periods between peak p0 and peak pn (see Figure 3.7).
If we demand that pn should be 1% of p0, then by taking ln of both sides of the above

ln
(
enδ
)
= ln

(
p0
pn

)
⇒ n =

1

δ
ln

(
p0
pn

)
=

ln(100)

δ
≈ ln(100)

2πζ
≈ 0.73

ζ
(since δ ≈ 2πζ)

If for example ζ = 0.2 (which would be a rather “soft” automotive suspension system), then

n ≈ 0.73

0.2
= 3.65.

Thus it would take 4 oscillation periods to suppress the initial deflection to less than 1% of its value.
Note that we did not need knowledge of ωn for the calculation above. That is because the question

is asked in terms of “number of oscillation periods” as the unit. If the question were “how much time
does it take ...”, then knowledge of ωn would be necessary.

3.4 Analysis in State Space

So far we have viewed position and velocity solutions of the MSD system as functions of time as
shown for example in Figure 3.2. There are other ways to view the motion of this system which
reveal additional information not easily visible in time plots. This brings us to the concept of “state
space”. We begin first with some plots to develop intuition.

Figure 3.8 shows a plot of the solutions of a typical MSD system. The full solution is given for
both position and velocity

(
x(t), ẋ(t)

)
as a function of time. Since there are 3 variables x, ẋ and t,

a plot of this solution is a curve in 3 dimensional space as shown in Figure 3.8a. Note the helical
shape, which a signature of position and velocity oscillating alternately, as well as the decay of the
helix towards the time axis, which is a signature of the decay of oscillations due to damping. This
plot has all the information about the systems solutions. Projection of the helix onto the (x, t) plane
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(a) The full picture of the solutions requires a 3D plot. The coordinates
here are x(t), ẋ(t) and time t. A damped system will typically produce
a helical curve that decays towards the time axis. Projections of this
curve onto the (x, t) plane give the standard position vs. time plot, and
projections onto the (ẋ, t) plane give velocity versus time. Projections
onto the (x, ẋ) plane give the state space trajectories plot shown in part
(b).

(b) A plot of the “trajectories” of the MSD
system in state space. This is a plot of ve-
locity ẋ(t) versus position x(t), which are the
coordinates in the 2-dimensional state space.
The time information is lost in this plot. A
damped system will typically have trajectories
that “spiral inwards” from the initial condition
(red dot) towards the origin.

Figure 3.8: Different ways of visualizing the solutions of a Mass-Spring-Damper (MSD) system either in the 2-
dimensional state space of velocity versus position, or in 3D using (t, x, ẋ) as coordinates. The 3D plot contains all
the information, and the three different projections of it give the standard position vs. time, velocity vs. time, as well
as the state-space trajectories plot.

gives the position-vs-time plot, while projection onto the (ẋ, t) plane gives the velocity-vs-time plot.
In addition, projection of the helix onto the (x, ẋ) plane gives a new kind of plot of velocity-vs-
position as shown in Figure 3.8b. Such a plot shows features that are not readily visible in plots
versus time such as those in Figure 3.2. In particular, we see more clearly how velocity and position
“alternate in amplitude”, i.e. as velocity increases, position gets close to zero and vice versa. This
is of course due to the repeated exchange of kinetic and potential energies. The fact that the curve
in Figure 3.8b “spirals inwards” towards the zero point (0, 0) reflects the decay of trajectories due
to damping. While the time information is lost in this plot, the other features just mentioned are
more clearly visible when solutions are represented in the (x, ẋ) plane.

The 2-dimensional plane (x, ẋ) is called the state space of the MSD system5, and curves
(
x(t), ẋ(t)

)

in this plane representing solutions from any particular initial condition are called trajectories in this
state space. Figure 3.8b shows one such trajectory from one particular initial condition.

Given any dynamical system described by differential equations, a very useful concept is that
of the state of that system. The state at any time is informally defined as the “minimal quantity”
needed to predict the evolution of the system going forward in time without knowledge of the past
history of the system. For example, consider a second-order differential equation of the form

mẍ(t) + c ẋ(t) + k x(t) = 0. (3.35)

If we know the position and velocity
(
x(t̄), ẋ(t̄)

)
at any time t̄, then we can solve the equation

forward and compute positions and velocities
(
x(t), ẋ(t)

)
for all future time t ≥ t̄, i.e. we can regard(

x(t̄), ẋ(t̄)
)
as initial conditions ans obtain the solutions forward in time for t̄ ≤ t < ∞. Note that

we do not need to know the past of the trajectory (history)
{(
x(t), ẋ(t)

)
, t < t̄

}
, we only need to

know the 2-vector
(
x(t̄), ẋ(t̄)

)
at time t̄.

5In the physics literature, the state space is alternately termed the “phase space”, and when it’s two dimensional,
it is called the “phase plane”. This use of the term “phase” should not be confused with the phase of sinusoids or the
phase of a complex number, which are unrelated. In this book we only use the terms “state” and “state space” for
this concept.
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With the above informal definition of the state, we see that the state of (3.35) at time t must
be the vector

(
x(t), ẋ(t)

)
of position and velocity. The second-order differential equation (3.35) can

then be rewritten as a vector, first-order differential equation as follows. We first define z1(t) := x(t)
and z2(t) := ẋ(t) as our “state variables”. This means that ż1(t) = z2(t) by definition, and the
original system differential equation (3.35) gives another differential equation

z1(t) := x(t)
z2(t) := ẋ(t)

}
⇒

[
ż1(t)
ż2(t)

]
=

[
z2(t)

− k
mz1(t)− c

mz2(t)

]
, (3.36)

where we have written two scalar differential equations as a single vector differential equation. The
second equation for ż2 in (3.36) is a rewriting of the original equation (3.35) using the new variables
z1 and z2

ẍ(t) = − k
mx(t)− c

m ẋ(t) ⇒ ẍ(t) = ż2(t) = − k
mz1(t)− c

mz2(t).

An important feature of (3.36) is that it is a “first-order” equation, i.e. no variables are differ-
entiated more than once, while the original equation (3.35) is second order. The conversion of a
scalar, 2nd-order equation to a vector, 1st-order equation is achieved at the expense of using two
variables z1(t), z2(t) rather than the single original variable x(t). Note that the It is a fact that all
state-space models are of the form of vector, 1st-order differential equations as we will see in later
chapters when we discuss state-space models for N-DOF systems.

When the dynamics are linear, i.e. when the differential equations describing the dynamics
involve only linear combinations of variables and their derivatives, the state-space model (3.36) can
be written in a nice matrix-vector form as follows

d
dt

[
z1(t)
z2(t)

]
=

[
0 1
- km - cm

] [
z1(t)
z2(t)

]
(3.37)

The reader should now convince themselves that this matrix-vector equation is exactly the same as
the vector differential equation in (3.36). The state-space model (3.37) is for a single MSD system.
It is a special case of more general state-space models for linear dynamical systems, and in particular
for larger N-DOF mechanical systems which we will study in later chapters. The most general models
take the form



ż1(t)
...

żn(t)


 =


 A





z1(t)
...

zn(t)


 ⇔


ż(t)


 =


 A




z(t)


 , (3.38)

where z(t) is an n-dimensional “state vector” (typically containing all positions and velocities in a
mechanical system), and A is matrix determined by the parameters of the system (such as damping
coefficients, masses, spring constants, etc.). We will see later that all dynamical properties of such
systems are determined by linear-algebraic properties of the matrix A such as its eigenvalues and
eigenvectors. A short glimpse of this general analysis will be given at the end of this section for the
special case of the single MSD system (3.37).

State space models are also useful for understanding the evolution (in time) of energy in me-
chanical systems as we explore next.

Energy

Recall the definition of mechanical energy from (3.15) earlier as the sum of potential and kinetic
energies

E(t) := V (t) + T (t) := 1
2k x

2(t) + 1
2m ẋ2(t). (3.39)

Note that as a function of current position x(t) and current velocity ẋ(t), total energy is a quadratic
function Q of position and velocity

Q
(
x, ẋ) := 1

2

(
kx2 +mẋ2

)
⇒ E(t) = Q

(
x(t), ẋ(t)

)
.
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Figure 3.9: Depicting the position and velocity trajectories of an undamped MSD system in the state space (x, ẋ).
The dashed curves are the level sets of the energy function which are ellipses. The solid curves are the trajectories
starting from the initial condition

(
x(0), ẋ(0)

)
= (1, 1) (shown as the black dot). Trajectories for an undamped system

always trace out a level set (i.e. an ellipse) of the energy function. The trajectories in the above cases evolve clockwise.
According to (3.40), eccentricity of the ellipses is determined by ωn. On the left is the case ωn = .3, while the right
figure shows the case ωn = 3.

For an MSD system with no damping, energy is conserved (as shown in (3.17)), and therefore any
trajectory

(
x(t), ẋ(t)

)
in state space must evolve on level sets of the quadratic energy function Q(., .)

E(t) = Q
(
x(t), ẋ(t)

)
= constant = E(0).

Level sets of quadratic functions in the plane are ellipses, and we therefore expect these trajectories
to trace out ellipses in state space as shown in Figure 3.9, where level sets of Q are shown as dashed
curves, and trajectories from a specific initial conditions are shown solid curves.

Trajectory ellipses can be characterized in terms of system parameters by rewriting Q in terms
the natural frequency ωn as follows

Q(x, ẋ) = 1
2

(
k x2 +m ẋ2

)
= m

2

(
k
m x2 + ẋ2

)
= m

2

(
ω2
n x

2 + ẋ2
)
.

Thus the level sets of Q are characterized by

Q(x, ẋ) = constant ⇔ ω2
n x

2 + ẋ2 = constant. (3.40)

This is the equation of an ellipse whose eccentricity is determined by the coefficient ωn, where if
ωn < 1, the major axis of the ellipse is horizontal, while if ωn > 1, the major axis is vertical. This
is confirmed in Figure 3.9 for the two cases ωn = .3 and ωn = 3.

We can also study the evolution of energy in damped MSD systems. The damper’s force is non-
conservative and actually dissipates mechanical energy. Over time, the mechanical energy (sum of
spring potential and mass kinetic energies) will be converted to heat (due to viscous friction) inside
the damper. Recall that in (3.17) we showed energy conservation by taking the time-derivative of
the energy function and showed that derivative to be zero. In the damped case, we can go through
a similar exercise and calculate exactly at what rate mechanical energy is being lost. Starting again
from the definition of mechanical energy (3.39), we can take its derivative with respect to time and
use the system dynamics to substitute

d
dtE(t) = d

dt

(
1
2k x

2(t) + 1
2m ẋ2(t)

)

= k x(t) ẋ(t) +m ẋ(t) ẍ(t) (using the chain rule)

= k x(t) ẋ(t)− ẋ(t) (kx(t) + cẋ(t)) (substituting from the diff. eq. mẍ = −(kx+ cẋ))

= − c ẋ2(t). (3.41)

For a damped system, the constant c > 0 is always positive, and the term ẋ2(t) ≥ 0. Therefore
the derivative of energy is always negative (or if velocity is zero). The rate of energy dissipation is
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Figure 3.10: Examples of trajectories in state space (x, ẋ) for a damped system. The dashed curves are the level
sets of the mechanical energy function (the sum of spring-potential energy and the mass’ kinetic energy). In contrast
to the undamped cases of Figure 3.9, the trajectories of a damped system no longer trace the energy level set, but
rather “descend” along those level sets since energy is being continuously dissipated as heat in the damper. The larger
the damping ratio ζ, the faster the trajectories limit towards the zero state (x, ẋ) = (0, 0). The “inward spiraling” of
the trajectories indicate decaying oscillations of both position and velocity.

proportional to the product cẋ2(t) of the damping coefficient c and the square of the velocity, the
higher this product, the faster mechanical energy is converted into heat.

Figure 3.10 illustrates this energy dissipation for three different values of ζ (which trends in the
same manner as c if we keep m and k fixed). The level sets of mechanical energy are also plotted
for comparison. We see that the trajectories do indeed “descend” on the energy level sets, with
the descent being faster the larger ζ is. Observe also that the trajectories “spiral inwards” towards
the zero state. This inwards spiraling reflects decaying oscillations along the position and velocity
coordinates.

In the study of stability and control design, this kind of “dissipation analysis” we just went
through is generalized through the concept of so-called “Lyapunov functions”. The key point is that
we did not have to actually solve the differential equations of the system in order to obtain the
dissipation rate (3.41) above, we simply substituted the form of the differential equations without
solving them.

Linear Algebra Methods for State-Space Models

We close this section with an illustration of how linear algebra methods, namely using eigenvalues
and eigenvectors can be used to obtain (or characterize) solutions to state-space models like (3.37).
This can be thought of as a “geometric view” of solutions of differential equations, and in essence
provides a geometric method for solving differential equations qualitatively. This discussion can
also be considered a brief preview of the matrix methods of normal mode analysis used for N-DOF
systems in Chapter 7, but is not necessary for the remainder of the single DOF analysis chapters.

Consider again the MSD system of (3.37), and rewrite its “A-matrix” in terms of ωn and ζ

A :=

[
0 1
- km - cm

]
=

[
0 1
-ω2

n -2ζωn

]
.

The eigenvalues of A are obtained from the “characteristic polynomial” of the matrix A

det (sI −A) = det

[
s -1
ω2
n s+ 2ζωn

]
= s (s+ 2ζωn) + ω2

n = s2 + 2ζωn s+ ω2
n

= (s− s̄1)(s− s̄2) = s2 − (s̄1 + s̄2) s+ s̄1s̄2,

where s̄1,2 are the roots of this polynomial obtained from the quadratic formula as

s̄1,2 =
(
−ζ ±

√
ζ2 − 1

)
ωn, also note that s̄1s̄2 = ω2

n, s̄1 + s̄2 = −2ζωn.
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(a) The time-evolution of a two dimensional system from some initial condition. This system has two real

eigenvalues at −1 and −7. The trajectories x1 and x2 are linear combinations xl(t) = αl,1e
−t + αl,2e

−7t of

the two system modes. Those components are shown (labeled by e−t and e−7t although they are αl,1e
−t and

αl,2e
−7t respectively, and therefore should add up to the corresponding state as shown). The components e−7t

and e−t are referred to as the “fast” and “slow” modes respectively. The fast mode dominates the response for
initial times, after which the slow mode dominates.
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(b) The vector field of a 2-dimensional linear system ẋ = Ax in which A has two negative-real eigenvalues.
The red and blue dashed lines show the one-dimensional subspaces spanned by the two eigenvectors respectively.
Note how the vector field points straight in the direction of zero along those subspaces. Thus any initial condition
lying in either subspace will evolve in that subspace for all time as per (??). Those two subspaces are referred as
the invariant subspaces. The dotted black curves represent trajectories from various initial conditions, with dots
representing the trajectories’ positions at a uniform grid in time. Note that large spacing between successive
dots represents a “fast moving” trajectory.

Figure 3.11: Modal and state-space analysis of an overdamped system.

Note that these are exactly what we called the “characteristic roots” of the 2nd order differential
equation derived earlier (3.23)6.

The roles played by the eigenvalues and eigenvectors is best illustrated by the overdamped ex-
ample of Figure 3.11. In the overdamped case ζ > 1, and the roots s̄1,2 are two (negative) real roots.
In this example, they are at −1 and −7, and therefore we know from (3.24) that all solutions must
be of the form

x(t) = a1 e
−t + a2 e

−7t.

The function e−t, e−7t are called the “modes” (or “pure modes”) of the system, and this equation
says that all solutions are linear combinations of the pure modes of motion. The exact values of
the linear combination coefficients a1, a2 depend on the initial conditions. Figure 3.11a illustrates
this for two different sets of initial conditions. Since the e−7t mode decays much faster than the e−t

mode, they are referred to as the “fast” and “slow” modes respectively. Beyond an initial transient
period after which the effects of the fast mode e−7t become negligible, the solution x(t) is dominated
by by the slow mode e−t.

Evolution of the state as a vector in Rn: Another insight can be obtained by plotting the trajectories
of x(t) as curves in the 2-dimensional state space of ẋ(t) versus x(t). This is shown in Figure 3.11b.

6Note that we used the term “characteristic polynomial” for an ODE (3.3), and also for a matrix here. It can be
shown in general that the matrix A of a state-space model of an ODE has exactly the same characteristic polynomial
as the ODE it came from, thus justifying this terminology.
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Relabel x(t) =: x1(t) and ẋ(t) =: x2(t), and write the state-space model as

d
dt

[
x1(t)
x2(t)

]
=

[
0 1
- km - cm

] [
x1(t)
x2(t)

]
⇔

[

ẋ(t)

]
=

[
A

][

x(t)

]
. (3.42)

This vector differential equation is fully described by the vector field shown in Figure 3.11b. At
each point x in the plane, a vector equal to Ax is drawn. Geometrically, for any trajectory x(t),
the vector ẋ(t) is the tangent vector to the trajectory at the point x(t). The geometric meaning of
the differential equation ẋ(t) = Ax(t) is that any trajectory must follow the vector field, i.e. at any
point x(t), its tangent vector ẋ(t) must equal the vector Ax(t). This gives a “graphical method” of
solving the differential equation. Starting from any initial condition x(0), simply follow the vector
field to obtain the trajectory for t ≥ 0. Several such trajectories are shown by the dotted curves in
Figure 3.11b.

The eigenvectors of A play a special role in the state-space picture. Denote the eigenvectors of
the eigenvalues s̄1 = −1, s̄2 = −7 by v1, v2 respectively7. Those two eigenvectors (more precisely,
“eigen-directions”) are shown as the dotted blue and red lines in the figure. It can be shown that
if we use those two eigenvectors as new coordinates, then any trajectory can be written in the new
coordinate system as

[

x(t)

]
= α1 e

−t
[
v1

]
+ α2 e

−7t

[
v2

]
. (3.43)

The coefficients α1, α2 depend on the initial conditions. This form of the solution shows an important
property. If for example the initial condition x(0) lies anywhere on the line spanned by v1, then
α2 = 0, and the trajectory will remain along that line for all t ≥ 0, i.e.

[

x(0)

]
= α1

[
v1

]
⇒

[

x(t)

]
= α1 e

−t
[
v1

]
, t ≥ 0.

Similarly, if the initial condition lies on the line spanned by v2, then the trajectory stays on that
line, but will decay towards zero like e−7t instead. This can also be seen in the figure by observing
how the vector field directions do not change as you move along each of those lines. Along those
lines, all the vectors point directly at the origin.

Thus the two eigenvectors of A represent very special directions in state space where trajectories
starting along those lines will always remain along those lines. All other trajectories will decay along
curves towards the origin. This phenomenon justifies naming the eigenvalues/vectors pairs (s̄1,v1)
and (s̄2,v2) as “pure modes” of motion (also called “normal modes”). If the initial condition starts
purely in one of those two directions, it will stay in that direction for all time. All other initial
conditions have solutions which are “mixtures” of those two pure modes as in (3.43). We will see
in later chapters how similar decompositions of motions and vibrations into several normal modes
provides a powerful analysis method for understanding complex systems.

Appendix

3.A Solutions in Terms of Initial Conditions

The formulas (3.24), (3.25), and (3.28) give the form of the solutions in the overdamped, critically
damped, and underdamped cases respectively. To obtain explicit expressions for the coefficients in
terms of the initial conditions, we simply substitute the initial conditions x(0) and ẋ(0) in each of
the formulas, and solve for the coefficients in terms of x(0) and ẋ(0).

7In the case of a MSD system of the form (3.42), the eigenvectors can be found analytically. However, for more
general systems, eigenvectors can only be found with numerical methods. How exactly the eigenvectors are found is
irrelevant to the present discussion.
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Overdamped Case (ζ > 1)

To find the coefficients a1 and a2 in terms of the initial conditions x(0) and ẋ(0), we have to solve
a linear system of equations starting from

x(0) = a1e
s̄1t + a2e

s̄2t
∣∣
t=0

= a1 + a2

ẋ(0) =
d

dt

(
a1e

s̄1t + a2e
s̄2t
)∣∣∣∣
t=0

=
(
a1 s̄1e

s̄1t + a2 s̄2e
s̄2t
)∣∣∣
t=0

= a1 s̄1 + a2 s̄2

This system of equations can be written in matrix-vector form and solved as

[
x(0)
ẋ(0)

]
=

[
1 1
s̄1 s̄2

] [
a1
a2

]
⇒

[
a1
a2

]
=

1

s̄2 − s̄1

[
s̄2 -1
-s̄1 1

] [
x(0)
ẋ(0)

]

We can now write the general solution in either of the two following forms

x(t) =
1

s̄2 − s̄1

((
s̄2e

s̄1t − s̄1es̄2t
)
x(0) +

(
es̄2t − es̄1t

)
ẋ(0)

)

=
1

s̄2 − s̄1

(
(s̄2x(0)− ẋ(0)) es̄1t + (−s̄1x(0) + ẋ(0)) es̄2t

)

Critically Damped Case

Here we see immediately that a1 = x(0). To obtain a2, we differentiate

ẋ(0) =
d

dt

(
a1e

s̄t + a2te
s̄t
)∣∣∣∣
t=0

=
(
a1s̄e

s̄t + a2e
s̄t + a2ts̄e

s̄t
)∣∣
t=0

= a1s̄+ a2 = x(0) s̄+ a2

⇒ a2 = ẋ(0)− x(0)s̄

In summary

x(t) = x(0) es̄t +
(
ẋ(0)− x(0)s̄

)
tes̄t

Underdamped Case

To find the amplitude and phase of the response (3.28) in terms of initial conditions it is easiest to
begin with the complex expression (3.27)

x(0) = a e(−ζωn+jωd)t + a∗ e(−ζωn−jωd)t
∣∣∣
t=0

= a+ a∗,

ẋ(0) =
d

dt

(
a e(−ζωn+jωd)t + a∗ e(−ζωn−jωd)t

)∣∣∣∣
t=0

=
(
a (−ζωn + jωd)e

(−ζωn+jωd)t + a∗ (−ζωn − jωd)e
(−ζωn−jωd)t

)∣∣∣
t=0

= a (−ζωn + jωd) + a∗ (−ζωn − jωd)

This system of equations can be written in matrix-vector form and solved as

[
x(0)
ẋ(0)

]
=

[
1 1

-ζωn + jωd -ζωn-jωd

] [
a
a∗

]
⇒

[
a
a∗

]
=

j

2ωd

[
-ζωn-jωd -1
ζωn-jωd 1

] [
x(0)
ẋ(0)

]

⇒ 2a =
(
−jζ ωn

ωd
+ 1
)
x(0) − j 1

ωd
ẋ(0)

= x(0) − j ζωn x(0) + ẋ(0)
ωd

, (3.44)

where the last expression shows the real and imaginary parts of 2a.
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Now recall that we can write a complex-conjugate exponential function like (3.27) in two equiv-
alent real forms

x(t) = a e(−ζωn+jωd)t + a∗ e(−ζωn−jωd)t

= e−ζωnt x cos
(
ωdt+ ϕ

)
, x = 2|a|, ϕ = ∠a

= e−ζωnt
(
α cos(ωdt) − β sin(ωdt)

)
, a = α+ jβ.

Comparing this last form to (3.44), we immediately read off the real and imaginary parts of a and
write

x(t) = e−ζωnt
(
x(0) cos(ωdt) + ζωn x(0) + ẋ(0)

ωd
sin(ωdt)

)
. (3.45)

To obtain the other real form, we need to compute |a| and ∠a. The expressions are a little too messy
to be useful, but we include them here for completeness

x = 2|a| = 1√
1−ζ2

√
x2(0) + ẋ2(0)

ω2
n

+ 2 ζ
ωn
x(0)ẋ(0)

ϕ = ∠a = − tan-1
(
ζωn x(0)+ẋ(0)

x(0) ωn

√
1−ζ2

)

= − tan-1
(

ζ√
1−ζ2

+ ζ

ωn

√
1−ζ2

ẋ(0)

x(0)

)

Note that in the no damping case (ζ = 0), these expression reduce to the previously calculated ones
in (3.14).
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Chapter 4

Harmonically Forced Vibrations: Frequency
Response and Resonance

Harmonic forcing of a mechanical system is when it is subject to additive, sinusoidal forcing of
some frequency. The response of the system to such a forcing will typically also be sinusoidal of the
same frequency, but with a possibly different amplitude and phase relative to the forcing. Phasor
analysis provides a very compact method for quantifying the relations between the amplitudes and
phases of the forcing and the response. These relations are termed the “frequency response” of
the system. Resonances occur when the forcing is in a range of frequencies close to the unforced
system’s natural frequencies. Around resonance, response amplitudes can be much larger than at
other frequencies. Resonance phenomena are easily understood in terms of graphs of the frequency
response. This analysis motivates an input-output point of view of mechanical vibrations where the
“forcing” may also be sinusoidal displacements rather than actual forces. This input-output analysis
is a powerful tool for systems described by constant-coefficient ODEs using representations of their
“transfer functions”.

Introduction and Motivation

In this chapter we study the behavior of systems with external forcing such as the forced Mass-
Spring-Damper system in Figure 1.14. The differential equation for this system is

m ẍ(t) + c ẋ(t) + k x(t) = f(t).

The dynamic (time-varying) force f(t) is termed “external” to distinguish it from the “internal”
spring and damper forces −kx(t) and −cẋ(t). We restrict our attention in this chapter to “harmonic
forcing”, i.e. when the forcing is a pure sinusoid of some frequency ω, amplitude f and phase ϕ

m ẍ(t) + c ẋ(t) + k x(t) = f(t) = f cos
(
ωt+ ϕ

)
. (4.1)

Figure 4.1 illustrates a typical displacement response x(t) for a sinusoidal forcing f(t). Figure 4.1a
in particular shows that the response looks a little complicated initially, but after a “transient period”
the response appears to be a pure sinusoid of the same frequency as the forcing f(t), but with possibly
a different amplitude and phase. Mathematically, it can be shown that if the parameters m, c, k > 0
are positive (which is the case for all mechanical systems), then (4.1) is a “stable” system, which
means that effects of transients and initial conditions decay exponentially (recall Remark 3.4). The
steady-state part of the response is of the form (Appendix 4.A describes this in detail)

lim
t→∞

x(t) =: xsteady−state(t) = x cos
(
ωt+ θ

)
, (4.2)

for some amplitude x and phase θ which will depend on the system parameters m, c, k as well as
the parameters ω, f, ϕ of the forcing. The term “steady state” refers to the long term response, and
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(a) A typical example of a forcing input (top) and the corresponding response (bottom). After an initial “transient
time”, the response limits to a pure sinusoid of the same frequency as the forcing input, but with a different
amplitude and phase, and is referred to as the “steady-state response”.

(b) The full response can be decomposed as the sum of two responses, the “transient response” (top) and the
“steady-state” response (middle). The transient response is of the same frequency ωd as the unforced system,
and decays to zero asymptotically. The steady-state response is a persistent pure sinusoid of the same frequency
as the input. The bottom panel compares the full response (which is the sum of the transient and the steady-
state) to the steady-state response.

Figure 4.1: Comparisons of the full and steady-state responses of the forced Mass-Spring-Damper system (4.1). If
only long-time behavior is important, then only the steady-state response needs to be analyzed, and the transients
can be ignored.

is defined mathematically in terms of the limit in (4.2). Figure 4.1b shows that the full response is
decomposed as the sum of a transient (a decaying function) and a steady-state responses

x(t) = xtransient(t) + xsteady−state(t), lim
t→∞

xtransient(t) = 0.

It is not difficult to show1 that the decay rate of the transient response is the same as that of an
unforced system, i.e. it is bounded by an exponentially decaying envelope proportional to e−ωnζ t.
Thus transients decay faster in a highly damped system compared to a lightly damped one.

In harmonically forced systems that operate “persistently” (i.e. over long periods of time), the
transient responses are much less important than steady-state responses. In this chapter we will
ignore the transient response and develop tools to characterize the steady-state response which from
now on will be denoted simply by x(t) (rather than xsteady−state(t)). Phasors provide a powerful
method for calculation of those steady-state responses. This phasor analysis will also motivate an
“input-ouput” point of view of mechanical systems. Equation (4.1) can be regarded as a dynamical
system in the following sense; for each forcing function f(t) and each set of initial conditions, the
ODE gives a unique solution x(t). In steady state, the effects of initial conditions disappear, and
we can therefore regard the differential equation (4.1) as an “algorithm” that produces an “output”
x(t) given an “input” f(t).

1The transient response can be expressed as a homogenous solution of (4.1), and therefore it is equivalent to the
response of an unforced Mass-Spring-Damper system for some choice of initial conditions. Again, those details are in
Appendix 4.A.
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(a) At slow forcing frequencies (rela-
tive to the system’s natural frequency),
the response is similar to the static
loading case where the mass’ dis-
placement follows the force’s direction
closely, i.e. they are “in phase”.
Click for animation.
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(b) When forcing at the natural fre-
quency, oscillations build up until large
amplitudes (relative to forcing at fre-
quencies away from ωn) are reached in
steady state. Displacement appears to
lag about 90◦ behind forcing.
Click for animation.
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(c) At high forcing frequencies,
displacement amplitude is relatively
small, and the mass barely moves due
to its inertia. Displacement appears to
lag by almost 180◦ behind forcing, i.e.
they are completely “out of phase”.
Click for animation.

Figure 4.2: Illustrations and animations of the motion of a harmonically forced MSD system with forcing frequencies
below (ω ≈ 0.3ωn), at (ω ≈ ωn), and above (ω ≈ 1.5ωn) the system’s natural frequency ωn (here ωn = 1 and ζ = 0.1).
The same forcing amplitudes is used in all three cases, and all plots have the same axis limits for comparison. In all
cases, displacement oscillates harmonically at the same frequency as the forcing after an initial transient period has
passed (the transients decay time constant here is 1/ζωn ≈ 10 s). A “resonance” phenomenon is clearly seen when
the forcing frequency ω is near the system’s natural frequency ωn.

Before describing the analysis technique, we describe the physical phenomena that occur when the
system (4.1) is forced with a variety of frequencies ω. The natural frequency ωn of free vibrations does
play an important role in characterizing the response in harmonically forced vibrations. In particular,
forcing below (ω < ωn), at (ω ≈ ωn), or above (ω > ωn) the natural frequency will exhibit different
response phenomena. Figure 4.14 illustrates the response of the system for various frequencies.
Slow forcing frequencies are similar to the static loading case, and the mass’ displacement follows
the forcing phase closely (with amplitudes that are close to the static sag). When forcing with
ω ≈ ωn, we see a clear “resonance phenomenon” where the mass’ oscillations build up until large
amplitudes are reached in steady state. We also observe that the mass’ oscillations lag about 90◦

behind those of the forcing. At high forcing frequencies, the mass barely moves due to its inertia,
which tends to “average” out the forcing oscillations. We also observe that forcing and displacement
are completely “out of phase” (i.e. 180◦ phase difference).

We will develop a simple but powerful mathematical analysis tool, namely the frequency response,
which quantifies the phenomena observed in the previous example, and is applicable to more general
systems. The frequency response is an “input-output” point of view as depicted in the following
block diagram

system:
mẍ + cẋ + kx = f (!, x, ✓)(!, f,�)

x(t) = x cos(!t + ✓)f(t) = f cos(!t + �)

(4.3)

Unlike the case of free vibrations studied in Chapter 3, the vibrations we now study are the response
(output) to harmonic (sinusoidal) forcings (inputs). Note that in the diagram (4.3) the forcing f(t)
and the response x(t) are completely characterized the frequency ω (which is the same for both f
and x), as well as (f, ϕ) and (x, θ), their respective amplitudes and phases. What we need to do is
quantify the systems’ response (f, ϕ) 7→ (x, θ), i.e. how to obtain the amplitude and phase (x, θ)
of the response given (f, ϕ), the amplitude and phase of the forcing. This relation will vary with
frequency ω, and this is the “frequency response” of the system, i.e. the relation (f, ϕ) 7→ (x, θ) as
a function of frequency ω.

Given that the steady-state response is of the form (4.2), its amplitude x and phase θ can in
principle be found by substituting the form (4.2) of the solution into the differential equation (4.1)
as follows

m
d2

dt2
(
x cos

(
ωt+ θ

))
+ c

d

dt

(
x cos

(
ωt+ θ

))
+ k

(
x cos

(
ωt+ θ

))
= f cos

(
ωt+ ϕ

)

⇒ −m ω2 x cos
(
ωt+ θ

)
− c ω x sin

(
ωt+ θ

)
+ k x cos

(
ωt+ θ

)
= f cos

(
ωt+ ϕ

)
(4.4)
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If the system parameters m, c, k and the forcing parameters ω, f, ϕ are all given, then the only
unknowns in this equation are x and θ. It is possible to use trigonometric identities to manipulate
this equation and solve for them. This is the hard way to go about this solution, and if you want to
see how messy this calculation is, see Appendix 4.B where it is illustrated in all of its ugliness.

We will instead employ a much simpler method using phasors, by combining the amplitudes and
phases of the forcing and the response as complex numbers, i.e. f̂ := fejϕ and x̂ := xejθ, and then
deriving the relation f̂ 7→ x̂ between these two complex numbers. This relation will be very simple.
It will be a multiplication by another complex number H(ω), i.e.

x̂ = H(ω) f̂,

where H(ω) is a complex number for each ω that can be easily obtained from the system parameters.
This quantity H(ω) as a function of ω is the frequency response of the system.

We will first derive the method for the forced single Mass-Spring-Damper (4.1), and use it to do
a thorough analysis of this system. Section 4.3 will then generalize this method to a much larger
class of system that are described by higher-order, constant-coefficient forced ODEs.

4.1 Phasor Analysis of the Mass-Spring-Damper System

Recall the phasor representation of sinusoids of Section 2.3. Since both the forcing f(t) in (4.1) and
the steady-state solution (4.2) are cosines, and any cosine function can be written as the real part
of a complex function, then we can write both f(t) and x(t) as

f(t) = f cos
(
ωt+ ϕ

)
= R

(
f̂ ejωt

)
, f̂ := f ejϕ

x(t) = x cos
(
ωt+ θ

)
= R

(
x̂ ejωt

)
, x̂ := x ejθ

Note that the complex numbers f̂ := f ejϕ and x̂ := x ejθ “encode” the amplitudes and phases of
f(t) and x(t) respectively, i.e.

f̂ = f ejϕ ⇔
{

f = |̂f|
ϕ = ∠(̂f) , x̂ = x ejθ ⇔

{
x = |x̂|
θ = ∠(x̂) . (4.5)

The procedure for phasor analysis is to now use the complex-valued functions of time f̂ ejωt as
the forcing function and x̂ ejωθ as the response, substitute those forms into the differential equation,
and then solve for the complex number x̂ (which completely describes both the amplitude and phase
of the response). First recall the formula for the derivative of a complex-valued exponential function
from Section 2.3.1 which we repeat here for convenience

d
dt e

jωt = d
dt

(
cos(ωt) + j sin(ωt)

)
= − ω sin(ωt) + jω cos(ωt)

= jω
(
cos(ωt) + j sin(ωt)

)
= jω ejωt, (4.6)

where Euler’s formula is used in the first and last equality. Thus differentiation of ejωt is equivalent
to multiplying it by jω. The second time derivative can now obtained by applying the above formula
twice

d2

dt2 e
jωt = d

dt

(
jω ejωt

)
= jω

d

dt
ejωt = (jω)2 ejωt = − ω2 ejωt.

Now we are ready to substitute f(t) = f̂ ejωt and x(t) = x̂ ejωt in the differential equation (4.1)

m d2

dt2

(
x̂ ejωt

)
+ c d

dt

(
x̂ ejωt

)
+ k

(
x̂ ejωt

)
= f̂ ejωt (4.7)

⇒ m x̂ (jω)2 ejωt + c x̂ (jω) ejωt + k x̂ ejωt = f̂ ejωt (4.8)

⇒ x̂
(
−m ω2 + j c ω + k

)
��ejωt = f̂ ��ejωt (4.9)

⇒ x̂ =
1

(k −mω2) + j (cω)
f̂. (4.10)
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This is an expression for the response’s phasor x̂ in terms of the forcing’s phasor f̂, the system
parameters m, c, k, and the forcing frequency ω. Note that the denominator has been rearranged to
explicitly show its real and imaginary parts. It is important to note that the fact that both f(t)
and x(t) have the same frequency ω allowed for the “removal” of the time dependence in the above
relations by cancelling the common function of time ejωt from both sides.

Equation (4.10) is truly remarkable! The original differential equation between f(t) and x(t) is

now replaced by an algebraic equation between the phasors f̂ and x̂. It is a simple algebraic relation
involving only the product of the (frequency-dependent) complex number 1/

(
(k − mω2) + j(cω)

)

with f̂. This relation is important enough that it deserves its own name, which is referred to as
the complex frequency response from the forcing f to the response x. This “complex” frequency
response gives the amplitude and phase responses directly from the magnitude and phase of the
complex number as we now describe in more detail.

To obtain the amplitude x and phase θ of the steady-state displacement oscillation x(t) =
x cos

(
ωt+ θ

)
, we simply take the magnitude and phase of x̂ in (4.10)

x = |x̂| =
∣∣∣∣

1

(k −mω2) + j (cω)
f̂

∣∣∣∣ =

∣∣∣∣
1

(k −mω2) + j (cω)

∣∣∣∣
∣∣∣̂f
∣∣∣ (recall |z1z2| = |z1||z2|)

=

∣∣∣∣
1

(k −mω2) + j (cω)

∣∣∣∣ f (since |̂f| =
∣∣f ejϕ∣∣ = f �

��*
1∣∣ejϕ∣∣ )

=
1∣∣(k −mω2) + j (cω)

∣∣ f =
1√

(k −mω2)2 + (cω)2
f (recall |1/z| = 1/|z|)

θ = ∠x̂ = ∠
(

1

(k −mω2) + j (cω)
fejϕ

)
= ∠

(
1

(k −mω2) + j (cω)

)
+ ∠

(
fejϕ

)

(recall ∠(z1z2) = ∠z1 + ∠z2)

= −∠
(
(k −mω2) + j (cω)

)
+ ϕ = − tan−1

(
cω

k −mω2

)
+ ϕ (recall ∠(1/z) = −∠z)

Note the use of magnitude and angle relations from (2.10). The reader should contrast the relative
simplicity and compactness of these calculations with those based on trigonometric identities in
Appendix 4.B.

We now summarize the above calculations and their implications

x

f
=
|x̂|
|̂f|

=
1√

(k −mω2)2 + (cω)2
(the ratio of response amplitude to forcing
amplitude: Dynamic Compliance)

∠(x̂)− ∠(̂f) = − tan-1
(

cω

k −mω2

) (the “phase shift” from forcing to response.
Negative phase shift is a time delay (lag).
)

(4.11)

The ratio x/f has units of distance/force. To give intuition for what this ratio means, consider first
the case when a a static force f is applied to a spring k. The resulting static deflection is x = f/k
(by definition of the spring constant), and the ratio x/f = 1/k is called the compliance of the spring
(i.e. the “compliance” 1/k is the reciprocal of the “stiffness” k). Under dynamic conditions such
as sinusoidal forcing, the ratio x/f in (4.11) depends not just on k, but also on m, c as well as the
frequency ω of forcing (dynamic loading). We can therefore think of the ratio x/f as a Dynamic
Compliance. It is no longer a single number, but changes with the frequency of forcing.

One example of the ratio x/f and phase shift relations are illustrated in Figure 4.3, which the
reader should now examine carefully. The numbers for this example are as follows

m = 1 Kg,
k = 10 N

m ,
c = .25 N

(m/s) ,



⇒

{
ωn = 3.16 rad

s ,
ζ = 0.04,

forcing frequency

ω = 0.9 ωn
⇒





1√
(k−mω2)2+(cω)2

≈ 0.49 m
N ,

tan−1
(

cω
k−mω2

)
≈ 20.8◦.

Examining the figure, we see that the amplitude ratio x/f is about 1/2 as predicted by the formula.
Note the transient time needed to reach steady state in first panel, which is roughly about 20 s. The
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82 4.1. Phasor Analysis of the Mass-Spring-Damper System

Figure 4.3: Depiction of the amplitude amplification ratio x/f and phase shift θ − ϕ of the steady-state response
given by Equations (4.11). (Top) The amplitude amplification ratio x/f is the ratio of the forcing function amplitude
to the resulting response amplitude in steady state. It can be larger or smaller than one (it is about 1/2 here), and it
has units of position/force. (Bottom) A zoomed-in view after transients have decayed (after about 20 s). The response
sinusoid typically “lags” in time behind the forcing input’s sinusoid. This lag is represented in terms of degrees, which
is the difference between the forcing input’s phase ϕ and the response’s phase θ. Here the phase shift is approximately
20◦. Since a cycle is 360◦, and in terms of time units, a cycle is one period T , then the lag in terms of time units is
θ−ϕ
360◦ T , which in this case is approximately 0.056T , i.e. about 5% of one period. Note that both the forcing input and
the steady-state response have the same frequency (i.e. the same period T ).

second panel shows a “zoomed in” view after steady state has been reached. The time and phase
delays are clearly visible in the second panel. The time delay between forcing and displacement can
be estimated from the figure to be approximately2 0.124 s. To compare that to the predicted phase
delay of 20.8◦, we need to convert the phase delay to a time delay. For this, we need the period of
oscillation (this is the period of the forcing, which is ω = 0.9 ωn for the simulation in Figure 4.3)

T =
2π

ω
=

2π rad

(0.9× 3.16 rad
s )
≈ 2.2 s ⇒ time shift =

phase shift

360◦
T =

20.8◦

360◦
2.2 s ≈ 0.127 s.

This is close enough to the graphically-estimated delay of 0.124 s.

Dynamic, Frequency-dependent Stiffness and Compliance

As already mentioned, the frequency relations (4.11) have nice interpretations in terms of dynamic
stiffness and compliance. Recall that in the static case, the stiffness of a mechanical system is
the ratio of applied force to resulting displacement. Its compliance is the reciprocal, namely the
ratio of displacement to applied force. The quantity x/f in (4.11) is the ratio of displacement
to forcing amplitudes under periodically time-varying forcing, and thus can be interpreted as the
dynamic compliance of the system. In the dynamic case however, this compliance changes with
forcing frequency unlike the static case which is just a single number.

To understand dynamic compliance in the Mass-Spring-Damper system, it is useful to graph the
quantities (4.11) as a function of applied force frequency ω. Figure 4.4 shows such a graph for a
typical underdamped system. The behavior of the dynamic compliance relation

dynamic compliance :=
x

f
=

1√
(k −mω2)2 + c2ω2

(4.12)

can be roughly roughly divided into three main frequency regions.

2This can be determined for example by using the “data cursor” in Matlab.
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Figure 4.4: A typical graph of the frequency-dependent, dynamic compliance x/f for an underdamped system. Three
different frequency regimes can be identified. The low frequency (almost static) regime is dominated by spring effects
where the compliance is approximately 1/k, similar to static compliance. Large compliance ratios x/f ≈ 1/cω are
possible when the forcing frequency ω is near the system’s free-vibrations natural frequency ωn. This is the region
of resonance, where the compliance ratio is largely dominated by damping effects. Lower damping implies larger
resonances. In the high frequency regime, inertial effects dominate, and the mass’ inertia “averages out” the effects
of rapid forcing variations to near zero.

1. Low frequency (spring effects): In this region the dynamic compliance simplifies to

ω ≈ 0 ⇒ x

f
≈ 1

k
.

The spring stiffness (or equivalently its compliance 1/k) dominates the behavior. Intuitively,
the low frequency regime is almost like the static regime. Since damping effects are velocity
dependent, and the mass’ inertia is related to acceleration, both of these effects are small in the
low frequency regime. Thus the spring force is dominant at low frequencies.

2. Near resonance (damping effects): When the term k −mω2 in the denominator of (4.12) is near
zero, the compliance is near its maximum. This happens when the applied forcing frequency
ω ≈

√
k/m =: ωn is close to the systems natural frequency ωn of free vibrations. This is the

phenomenon of resonance; when the compliance is high, small forces produce large displacements.
The compliance near resonance is approximately

ω ≈
√
k/m ⇒ k −mω2 ≈ 0 ⇒ x

f
≈ 1

c ω
.

This number is approximately the height of the resonance peak in the graph of dynamic compli-
ance. It is inversely proportional to the damping coefficient c, and can be very large for systems
with very low damping. Near resonance, the applied force pumps large amounts of power into
the system producing increasingly larger oscillations until velocities are sufficiently high that the
average power lost in the damper equalizes the average power delivered by the external force. In
the absence of any damping, these oscillations can grow without bound. This will be analyzed
quantitatively in the next section that studies power flows in this system.

3. High frequency (inertia effects): At very high frequencies, the compliance is dominated by the
inertia term (mω2)2 under the square root

ω →∞ ⇒ x

f
≈ 1√

(mω2)2
=

1

m ω2

ω→∞−→ 0.

This is physically intuitive. At high forcing frequencies, the inertia of the mass implies that it is
effected by roughly the average of the applied force over the very short periods of oscillation. In
other words, as the force oscillates between positive and negative, the mass’ inertia prevents it
from reacting instantly to those rapidly varying forces. The net result is very little compliance
in the high frequency range.
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84 4.1. Phasor Analysis of the Mass-Spring-Damper System

A simple spring (with no mass or damper) reacts “instantly” to a force applied to it. The
spring deflection x given a certain static force f is simply its compliance x/f = 1/k. If the force
is time-varying, the ratio of deflection amplitude x to forcing amplitude f is still 1/k. Thus for a
simple spring by itself (without a mass or a damper), its compliance does not change with frequency.
This idealization is never true in reality since any spring has some mass (and even some internal
molecular damping). Thus for any mechanical system, its compliance is a function of the frequency
of the applied force. In fact, plotting this frequency-dependent compliance (which in many cases
can also be obtained experimentally) is one way to characterize the dynamic behavior of complex
mechanical systems.

Non-dimensionalized Form of 2nd Order Frequency Response

It is very useful to rewrite the relations (4.11) in “non-dimensional” form so as to make comparisons
across Mass-Spring-Damper systems with widely varying parameters using a single expression. Recall
from the study of free vibrations that the natural frequency ωn :=

√
k/m and the damping ratio

ζ = c
2mωn

= c
2
√
km

played a significant role in characterizing free vibrations. Similarly, they will play

a significant role in studying the frequency response and its resonances.
Rewriting3 the parameters m, c, k in Equation (4.10) in terms of ωn and ζ

x̂

f̂
=

1

(k −mω2) + j(cω)
=

1

k
( (

1− m
k ω

2
)
+ j

(
c
kω
) ) =

1

k
(
(1− (ω/ωn)2) + j 2ζ (ω/ωn)

)

=
1

k

1

(1− Ω2) + j 2ζΩ
, Ω := ω/ωn, (4.13)

where we have defined a non-dimensional frequency Ω, the ratio of the forcing frequency ω to the
natural frequency ωn of the system without forcing. The expression above involves also the damping
ratio ζ = c/cc (cc is the “critical damping” value), which is another non-dimensional number. The

amplitude ratio x/f = |x̂/f̂| however has dimensions of distance/force. It is sometimes useful to also
rewrite the amplitude ratio in a non-dimensional form as follows

x̂

f̂
=

1

k

1

(1− Ω2) + j 2ζΩ
⇔ x̂

f̂/k
=

1

(1− Ω2) + j 2ζΩ
. (4.14)

The magnitude |̂f/k| = f/k of the denominator has units of distance. It is sometimes referred to as
the static sag, which is the magnitude of spring compression/extension (it is defined to always be a
positive number) when a constant force of magnitude f is applied. A constant (static) applied force
corresponds to zero forcing frequency4 Ω = ω/ωn = 0, and indeed if Ω = 0 in the above expression,

we get x̂/(̂f/k) = 1, i.e. the amplitude is precisely the static sag in the zero forcing frequency (i.e.
static applied force) case.

The magnitude
∣∣∣x̂/(̂f/k)

∣∣∣ = x/(f/k) of the quantity x̂/(̂f/k) in (4.14) is non-dimensional since it is

a ratio of distances. It is best understood as (x/f) /(1/k), the ratio of dynamic-to-static compliance.
At any given frequency, it is the amplitude of a mass’ displacement relative to the displacement that
an equal, but static force causes.

A summary of the above non-dimensional quantities, as well as plots of the frequency responses
for various values of the damping ratio ζ are given in Figure 4.5. Examine the plots carefully and
note the following observations.

1. (Behavior at low frequencies). Beginning with the magnitude plot, we see that at low frequencies
Ω ≈ 0, the non-dimensional amplitude ratio x/(f/k) ≈ 1. That is expected from the definition
since it is the ratio of dynamic to static displacement amplitudes, and Ω = 0 corresponds to
static loading.

3The relation that’s needed here is c
k
= 2ζ

√
km

k
= 2ζ

√
m
k

= 2ζ 1
ωn

.
4Note that ω = 0 corresponds to f(t) = fej0t = f), i.e. a signal with zero frequency is just a constant signal.
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forcing frequency relative to natural frequency = Ω :=
ω

ωn
=

ω√
k/m

damping relative to critical damping: damping ratio = ζ :=
c

cc
=

c

2
√
km

amplitude of dynamic (at frequency Ω) displacement

constant displacement due to static force (static sag)
=

|x̂|
|̂f|/k

=
1√

(1− Ω2)2 + (2ζΩ)2

=
x/f

1/k
=

dynamic compliance

static compliance

phase shift from forcing to response = θ − ϕ = − tan−1

(
2ζ

Ω

1− Ω2

)
(a) A summary of non-dimensional quantities used in the dynamic analysis of an MSD system.

(b) The frequency response from forcing input to displacement output of the Mass-Spring-Damper system for various
values of the damping ratio ζ. (Left) The non-dimensional ratio x/(f/k) = (x/f)/(1/k) of dynamic-to-static compliance
as a function of the normalized forcing frequency Ω := ω/ωn. The case ω → 0 corresponds to static loading, where by
definition x/(f/k) = 1. Resonance occurs near Ω ≈ 1 (ω ≈ ωn), where the response amplitude becomes infinite in the
limit of no damping (ζ → 0). For moderate values of ζ, resonance manifests as a “peak” in the response ratio around the
natural frequency. Note that for ζ ≥ 0.5, the resonance peak is barely perceptible. For very rapidly oscillating forcing
(ω → ∞), the dynamic response amplitude tends to zero. (Right) The phase response represents the “phase shift”
from forcing to displacement phases respectively. Here, it is a negative phase shift, implying that displacement “lags
in time” after the forcing. The phase shift increases with frequency ω, but it is always −90◦ at resonance (ω = ωn).
For very lightly damped systems (ζ ≈ 0), there is a sharp transition around resonance from a near zero phase shift to
almost −180◦.

Figure 4.5: A summary of the definitions and behavior of the frequency response of the single Mass-Spring-Damper
system.

2. (Resonance). For low damping ratios ζ ≪ 1, there is a very large peak in the magnitude plot
around Ω ≈ 1 (ω ≈ ωn). This is the phenomenon of resonance: when the forcing frequency
closely matches the system’s natural frequency, large amplitude gains are exhibited. To see
that mathematically, consider the magnitude response in the extreme case of zero damping
ζ = 0

|x̂|
|̂f|/k

=
1

|1− Ω2| .

This gain clearly goes to infinity when Ω → 1 (ω → ωn). This means that without any
damping, if the system is forced at its natural frequency, the displacement oscillations build
up and increase without bound as t → ∞. In any real system, there is always some damping
ζ > 0, no matter how small. Resonance in this case means that the displacement oscillations
will build up to some large, but finite, steady-state amplitude. This is demonstrated in the
responses shown in Figure 4.6.

Note that for large damping ζ ≥ 0.5, resonance is barely visible in magnitude frequency
response plot, and indeed large damping inhibits resonance phenomena.

3. (Phase delay). The phase plot shows a negative phase shift from forcing to displacement at all
frequencies. This means that the displacement response always “lags behind” the forcing. The
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86 4.2. Energy and Power in Periodic Motion

phase shift ranges from just below zero for low frequencies, which means that displacement
is almost “in sync” with forcing if the forcing is sufficiently slow. As the forcing frequency
becomes very high (Ω→∞), there is an almost 180◦ phase delay from forcing to displacement.

Note that the phase shift is exactly −90◦ at resonance Ω = 1, and this is the case for any value
of damping ζ. The meaning of this will become clearer when we study velocity and energy
relations at resonance. This exact −90◦ phase shift will be shown to mean that the “timing”
of the forcing in this case produces the largest energy transfer from the applied force to the
mass’ motion.

Along with the frequency response plots of Figure 4.5, it is useful to examine the time-response
plots shown in Figure 4.6. The system is forced at three different frequencies, at half resonance
ω = ωn/2, full resonance ω = ωn, and at twice the resonance frequency ω = 2ωn. The reader should
examine those figures and their captions carefully to see the relations between the frequency-response
plots and the time-response plots at various forcing frequencies. The basic idea is that all the features
of the time-response plots (such as amplitude gain and phase/time shifts) are predictable from the
frequency-response plots if interpreted correctly.

4.2 Energy and Power in Periodic Motion

To understand the phenomenon of resonance more thoroughly, it is useful to examine the energy
flow in this system. There are 3 different forces acting on the mass

fe(t) : external force applied to mass
fs(t) = −kx(t) : spring force
fd(t) = −cẋ(t) : damper’s force

Note that we now use the term “external” and the notation fe for the input force f in (4.1) to
distinguish it from the “internal” forces fs and fd.

Now let F (t) designate any one of those three forces. They each perform work on the mass. At
any instant of time, the instantaneous power (time-rate of work) delivered to the mass by the force
F (t) is the product of the mass’ velocity and the force applied to it. When both v(t) and F (t)
are periodic with the same period T , the average power is defined as the normalized integral of the
instantaneous power over any one cycle5

P (t) := v(t)F (t)︸ ︷︷ ︸
instantaneous power

, Pav :=
1

T

∫ t+T

t

v(τ)F (τ) dτ
︸ ︷︷ ︸

energy delivered to mass
in one period

, v(t) := ẋ(t). (4.15)

Over any one cycle, instantaneous power P (t) can be positive at certain times and negative at others.
The average power can also have either sign. When Pav is positive, the force is delivering net energy
to the mass, and when it is negative, the force is extracting net energy from the mass. We will
use the notation P e

av, P
s
av and P d

av for the average power delivered by the external fe, spring fs and
damper’s fd forces respectively.

When a single mass is undergoing periodic motion (e.g. such as the forced Mass-Spring-Damper
system in steady state), there is a conservation law of net energy or equivalently average power. For
the mass subject to the three forces fe, fs and fd it can be shown (Theorem 4.1 below) that the
sum of average powers is zero

P e
av + P s

av + P d
av = 0. (4.16)

Since the spring force is a conservative force, the net power delivered by it to the mass P s
av = 0 is

zero. This then implies that the relation (4.16) reduces to

P e
av = − P d

av,

5Note that since both v(t) and f(t) are T -periodic, then so is their product v(t)f(t), and the integral in (4.15) is
independent of the starting point t, and thus average power Pav does not depend on t.
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ω = 0.5 ωn

Below resonance forcing. Ampli-
tude gain is slightly above 1, with
a small phase delay of about 10◦.

ω = ωn

At resonance forcing. Amplitude
gain is large (about 3), and phase
delay is 90◦. Note the “build up” of
the transient response for a few cy-
cle until amplitude reaches its max-
imum.

ω = 2 ωn

Forcing at twice the resonance fre-
quency. Amplitude gain is small
(about 1/3), and phase delay is al-
most 180◦.

Figure 4.6: The time responses of a Mass-Spring-Damper system with ζ = 0.15. Three forcing frequency scenarios
of below, at, and above resonance are shown. The top panel shows the frequency-response plots of this system, with
the red dashed lines marking the three frequencies of forcing used for the time-response plots in the panel below. In
each of the three cases, the forcing has the same amplitude f = 1, but the response steady-state amplitude varies
depending on the frequency of the forcing.

i.e. the net power delivered by the external force to the mass is equal to the net power delivered by
the mass to the damper. Thus in steady state, the externally supplied power is all used to counteract
the power dissipated in the damper. On the other hand, the power exchange between the mass and
the spring has a net value of zero over any one cycle.

The conservation law (4.16) follows from applying Newton’s 2nd law to a single mass undergoing
periodic motion. This is a special case of the following more general statement.

Theorem 4.1. Let m be a single mass moving in one coordinate labeled x, and subject to n time-
varying forces f1(t), . . . , fn(t) where the mass’ position x(t) and all forces are periodic with a common
period. If P k

av denotes the average power supplied by each force fk, then the sum total of average
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88 4.2. Energy and Power in Periodic Motion

power provided by all forces is zero
∑n
k=1 P

k
av = 0.

The theorem can be understood to mean that under periodic motion, if some forces deliver net
power to the mass, that same amount of power must be extracted from the mass by other forces.
In the case of the MSD system, the external force delivers net power, while all of that power is
extracted from the mass by the damper.

We next specialize to the case when the motion is not just periodic, but also a sinusoid of a single
frequency. Much more can then be said about power flows, and we will see that relative phases play
a central role in them.

4.2.1 Energy, Power and Velocity in Sinusoidal Steady State

In “steady state” (i.e. as t→∞) all signals in the Spring-Mass-Damper system are sinusoids of the
same frequency. In particular x(t) is a sinusoid of the same frequency as fe(t), and therefore also
the derivative ẋ(t) is a sinusoid of the same frequency as fe(t) and x(t). Thus in steady state, all
quantities listed above are sinusoids of the same frequency as the forcing fe(t), but they each have
their own amplitude and phase. The average power can be quantified in terms of the amplitudes
and relative phases of v(t) and any force F (t) as follows

F (t) = F cos(ωt+ ϕ), v(t) = v cos(ωt+ θ)

⇒ Pav =
1

T

∫ t+T

t

F cos(ωτ + ϕ) v cos(ωτ + θ) dτ

=
vF

2T

∫ t+T

t

(
cos(2ωτ+θ + ϕ)+ cos(θ-ϕ)

)
dτ (cos(ϕ1) cos(ϕ2) =

(
cos(ϕ1 + ϕ2) + cos(ϕ1-ϕ2)

)
/2)

=
vF

2T

∫ t+T

t

cos(θ − ϕ)dτ
(

the integral of a sinusoid over any multiple of its
period is always zero:

∫ t+T

t cos
(
2 2π

T
τ + β

)
dτ = 0

)
=

vF

2T
cos(θ − ϕ)

∫ t+T

t

dτ

⇒ Pav = 1
2vF cos(θ − ϕ). (4.17)

Thus power is a function of not only the amplitudes v and F (as would be expected), but also of the
relative phasing between velocity and force. It is maximum when θ = ϕ, and equals its minimum,
zero net power, when force and velocity are 90◦ out of phase. Figure 4.7 illustrates graphically the
relationships between velocity, force and power for various phasings.

The formula (4.17) is expressed in terms of the amplitudes v, F and phases θ,ϕ of the signals v(t)
and F (t) respectively. It can also be equivalently written in terms of their phasors as follows

Pav = 1
2 vF cos(θ − ϕ) = 1

2 R
(
vF ej(θ−ϕ)

)
= 1

2 R
(
vejθ Fe−jϕ

)

= 1
2 R
(
vejθ

(
Fejϕ

)∗) (
using e−jϕ =

(
ejϕ
)∗)

⇒ Pav = 1
2 R
(
v̂ F̂∗

)
. (4.18)

Thus average power can also be obtained by taking the real part of the product of the two complex
numbers v̂, the phasor of v(t), and F̂∗, the complex conjugate of the phasor F̂ of F (t). Note that

ℜ(v̂F̂∗) = vF cos(θ − ϕ) is also equal to the dot product of the two vectors v̂ and F̂ when viewed as
vectors in the plane. When the two vectors are aligned (equivalently, the phasors are “in phase”),
this quantity is maximal, and it is zero when the two vectors are orthogonal (equivalently, when the
phasors are 90◦ out of phase).

Now let’s examine the average power delivered to the mass by each of the three forces fs, fd
and the external force fe. Begin with the spring force. It is proportional to displacement, which is
always 90◦ out of phase with velocity, i.e. fs and v are always 90◦ out of phase, resulting in zero net
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Figure 4.7: Various cases where velocity and force have relative phasings θ−ϕ in the range 0◦ to 180◦. The shaded
areas represent the time-integral of power, i.e. energy, where green represents positive energy delivered to the mass by
the force, and grey represents positive energy extracted from the mass to the applied force. The average power is the
total area under the power curve in one cycle divided by the period. When velocity and force are in phase θ− ϕ = 0,
maximum power is delivered to the mass. As the phase difference θ− ϕ increases, the net power delivered is reduced.
At θ − ϕ = 90◦, the force does work on the mass in one half of the cycle, while the mass does an equal amount of
work on the force in the other half of the cycle, resulting in a net power transfer of zero. For 90◦ < θ− ϕ ≤ 180◦, the
force extracts a positive net work from the mass rather than the other way around.

power flow

fs(t) = −kx(t),
x(t), v(t) = ẋ(t) are 90◦ out-of-phase ⇒ fs(t), v(t) = ẋ(t) are 90◦ out-of-phase

⇒ P s
av = 0.

This is not surprising since the spring force is a conservative force. Note that over half the cycle, the
spring does positive work on the mass, but over the other half of the cycle, the mass does an equal
amount of work on the spring resulting in zero net work. This corresponds to the panel θ−ϕ = 90◦

in Figure 4.7.

The damper’s force on the other hand extracts power from the mass

fd(t) = −cẋ(t) = −cv(t), ⇒ fd(t), v(t) are completely out-of-phase (θ − ϕ = 180◦)
⇒ P d

av = − 1
2 v fd = − 1

2 v (cv) = − 1
2 c v

2.

This is again not too surprising since the damping force is a dissipative force. The average power
extracted from the mass by the damper is proportional to the damping coefficient c and the square
v2 of the velocity amplitude. Note also that because v(t) and fd(t) are 180

◦ out of phase, the damper
extracts power from the mass at all times, and at no time puts power back into the mass, unlike the
spring force.

The conservation law (4.16) and the fact that average spring force power P s
av = 0 is zero imply

that the average power supplied by the external force must be exactly the power dissipated in the
damper

P e
av = − P d

av = − 1
2 c v

2. (4.19)

This expression should be interpreted carefully. At first glance it seems that external power is
proportional to the damping c. However, keep in mind that the velocity amplitude v also depends
on c, so the dependence on the damping coefficient is not clear from this equation. In order to
investigate this further, we should determine how v depends on both c and on the frequency of the
input.
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90 4.2. Energy and Power in Periodic Motion

Root Mean Squared (RMS) “amplitude”

The formula (4.17) holds for sinusoidal functions with non-zero frequency. For constant (i.e. zero
frequency) velocity and force the formula for average power is slightly different

constant velocity
and force

:
v(t) = v
F (t) = F

⇒ Pav =
1

T

∫ t̄+T

t̄

v F dt = vF

sinusoidal velocity
and force

:
v(t) = v cos(ωt+ ϕ)
F (t) = F cos(ωt+ θ)

⇒ Pav = 1
2vF cos(θ − ϕ).

Note the factor of 2 difference between the two formulas. This is similar to the difference between
AC and DC power formulas in electrical circuits. To avoid potential confusion (or maybe create
more confusion), and have one single formula that applies to both oscillating and constant forces, it
is common to define the Root Mean Square (RMS) amplitude of a signal v(t) as follows

vrms :=

√
1

T

∫ t̄+T

t̄

v2(t) dt.

If v(t) is a sinusoid of amplitude v, then its RMS amplitude is v/
√
2 because

v(t) = v cos(ωt) ⇒ v2rms =
1

T

∫ T

0

v2 (cos(ωt))2 dt = v2
1

T

∫ T

0

1
2 (1 + cos(2ωt)) dt

= v2 1
2

1

T

∫ T

0

dt =
v2

2
⇒ vrms = v/

√
2 .

In terms of the RMS amplitudes of sinusoidal forcing and velocity, the power formula (4.17) now
becomes

Pav = vrms Frms cos(θ − ϕ) = 1
2 v F cos(θ − ϕ) .

Note that for constant signals, the RMS amplitude is just the regular amplitude, and therefore this
single formula in terms of RMS amplitudes applies to both sinusoidal or constant signals. For this
reason, RMS amplitudes of signals are used for power calculations. We should note however that
this use more compelling for electrical circuits because they can operate in either DC or AC mode.
In mechanical vibrations however, it is rare to consider constant forcing and velocity (no vibrations),
thus the case for the use of RMS amplitudes for velocity and forcing is less compelling.

4.2.2 Velocity and Power Frequency Responses

To examine the dependence of P e
av = −P d

av on forcing frequency, we need the relation between fe
and the mass’ velocity v = ẋ. Again, phasor analysis makes this very easy. We already know
the frequency response (4.13) from force to displacement. Since velocity is the time derivative of
displacement, the velocity phasor is simply the displacement phasor multiplied by jω (recall the the
derivation (4.6) or the material in Section 2.3.1, which we now restate for the present case below)

ẋ(t) =: v(t) (velocity is the derivative of position)

if x(t) = x cos(ωt+ θ) ←→ x̂ = x ejθ

then v(t) = −ωx sin(ωt+ θ)

= ωx cos(ωt+ θ + 90◦) ←→ v̂ = ωx ej(θ+90◦) = ej90
◦
ω
(
xejθ

)
= jω x̂

=⇒ v̂ = jω x̂

We can now combine this with (4.13) to obtain the (complex) frequency response from fe to v as

v̂

f̂e
= jω

x̂

f̂e
= jω

1

k

1(
(1− Ω2) + j 2ζΩ

) , Ω := ω/ωn

=
ωn

k

j ω/ωn(
(1− Ω2) + j 2ζΩ

) =
1√
km

j Ω(
(1− Ω2) + j 2ζΩ

) ωn =
√
k/m (4.20)
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(a) The velocity frequency response of the Mass-Spring-Damper system for various values of the damping ratio
ζ. The plots have many features that are similar to the displacement frequency response shown in Figure 4.5,
namely resonance peaks at ωn as well as the 180◦ change in phase around ωn. However, the amplitude response
goes to zero for ω → 0, and the phase plot goes from +90◦ at low frequencies to −90◦ at high frequencies. The
three frequencies marked by dashed red lines are the frequencies used for the simulations shown in the panels
below. The fact that the phase difference is always in the range −90◦ ≤ θ − ϕ ≤ 90◦ means that net power
delivered to the system is always positive. This is a consequence of the Mass-Spring-Damper system being a
“passive” mechanical element, i.e. it can only absorb energy, it cannot create it.

ω = 0.5 ωn

Below resonance forcing. Ampli-
tude gain is about 1/4 of what
it is at resonance (see below).
Forcing and velocity are a lit-
tle less than 90◦ out of phase,
meaning that little net power is
delivered to the mass.

ω = ωn

At resonance forcing. Ampli-
tude gain is the largest (here ap-
proximately 20), and phase de-
lay is 0◦. Forcing and veloc-
ity are essentially completely in
phase as predicted by the phase
frequency response above. This
is when maximum power is de-
livered to the mass.

ω = 2 ωn

Forcing at twice the resonance
frequency. Amplitude gain is
small (less than 1/4 of the max-
imum gain at resonance above).
Phase delay is almost 90◦, i.e.
very little power is delivered to
the mass.

(b) Forcing input and velocity output for three different forcing frequencies. The panels show the signals over
a longer period of time as well as zoomed in views to highlight the phase shifts more easily. These simulations
are done for the case ζ = 0.15.

Figure 4.8: Frequency responses from-forcing-to-velocity of the Mass-Spring-Damper system, as well as three time
response plots for below, at, and above resonance cases.

The magnitude and phase of this frequency response are shown in Figure 4.8 for various values of ζ.
The magnitude frequency response is qualitatively similar to that for displacement with resonance
peaks appearing around Ω = 1. The main difference is that the response goes to zero for low forcing
frequency Ω→ 0. This is intuitive since for static loading, the steady state velocity is zero, and for
very slowly varying forcing, the mass motion will also have very low velocity.
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92 4.2. Energy and Power in Periodic Motion

Figure 4.9: When a Mass-Spring-Damper system is forced at resonance, oscillations build up until they reach steady
state. Forcing input and velocity response are completely in-phase at resonance, but that only occurs in steady state.
Here the transient behavior is shown more clearly. It takes velocity a few cycles to get in-phase with forcing (top)
during which average power increases with every cycle (bottom left). Even though in steady state instantaneous power
is always non-negative (at resonance), it could be negative during certain parts of the cycle during the transients
(bottom right) until the velocity locks in-phase with the forcing input. This simulation was started form non-zero
initial conditions, and therefore there is a small mount of initially stored kinetic and potential energy in the Mass-
Spring-Damper system. This results in a clearer transient exchange of energies between it and the applied force.

One notable difference between the displacement and velocity frequency responses is the phase
plots. They are identical except for a 90◦ difference at all frequencies (again, this follows from
v̂ = jωx̂ ⇒ ∠v̂ = ∠x̂+90◦, i.e. multiplying by j rotates a complex number by 90◦ counterclockwise).
The velocity frequency response starts at 90◦ phase advance over forcing for low Ω ≈ 0 frequencies.
It then decreases to exactly 0◦ at resonance Ω = 1. This means that at resonance, forcing and
velocity are perfectly in phase as shown in the time response plots of Figure 4.8. Recalling the
power relation (4.17), we conclude that maximum power delivered to the mass by fe occurs when
forcing at resonance. At either low (Ω→ 0) or high (Ω→∞) forcing frequency, the phase difference
approaches 90◦, and the power relation (4.17) implies that very little average power is delivered to the
mass. This is consistent with velocity oscillation amplitudes being close to zero in those frequency
ranges. Note that the phase difference is always (at any frequency) in the interval [−90◦, 90◦].
The Mass-Spring-Damper is not an “active” mechanical element, it only absorbs energy, it cannot
generate it, which means that the phase difference can never be more than 90◦ or less than −90◦.

The previous statements are true under steady state conditions. Any mechanical system subject
to forced vibrations exhibits some transients before it reaches steady state. Figure 4.9 shows the
behavior of instantaneous power at initial times before steady state is reached. The main observation
is that until velocity “locks into phase” with the applied forcing (which is what it does in steady
state when forced at resonance), instantaneous power can be both positive or negative until steady
state is reached, where it will always be non-negative.

Now we calculate P e
av quantitatively as a function of frequency Ω. Equation (4.20) gives the

phasor v̂ in terms of the phasor f̂e, and Equation (4.18) gives average power in terms phasors.
Combining the two

P e
av = 1

2R
(
v̂ f̂∗e

)
= 1

2 R

((
1√
km

j Ω(
(1− Ω2) + j 2ζΩ

) f̂e

)
f̂∗e

)

=
f2e Ω

2
√
km

R

(
j

1(
(1− Ω2) + j 2ζΩ

)
)

(since f̂e f̂
∗
e = |̂fe|2 = f2e )

=
f2e Ω

2
√
km

2ζΩ

(1− Ω2)
2
+ (2ζΩ)2

(R(j/z) = I(z) /|z|2)

⇒ P e
av =

ζ√
km

Ω2

(1− Ω2)
2
+ 4ζ2Ω2

f2e (4.21)

Note the use of the following complex number identities which simplified the calculation above. For
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Figure 4.10: When a system with no damping c = 0 (ζ = 0) is forced exactly at resonance ω = ωn, the response
(either displacement or velocity) is unbounded as t → ∞. The amplitude grows linearly in time without bound.
Therefore, there is no steady state in this case. In any real system however, there is always some damping c > 0 no
matter how small. In the case of very small ζ, the response amplitude will grow linearly initially (top) , but then will
eventually “saturate” to level out at some steady state amplitude (bottom). Note the different time spans between
the two plots.

any complex number z = α+ jβ

R(jz) = R(j(α+ jβ)) = R(jα− β) = −I(z)

zz∗ = |z|2 ⇒ 1

z
=

z∗

|z|2 ⇒ R
(
j

z

)
= −I

(
1

z

)
= −I

(
z∗

|z|2
)

=
−I(z∗)
|z|2 =

I(z)
|z|2 .

The average externally supplied power (4.21) has a similar dependence on frequency as the
velocity with some important differences. P e

av goes to zero at low and high frequencies, and has a
peak exactly at resonance. It is easy to verify by differentiation that the maximum power in (4.21)
occurs at Ω = 1, and therefore has value

maxP e
av =

1

4ζ
√
km

f2e =
1

4 1
2
c
k

√
k
m

√
km

f2e =
1

2c
f2e . (with forcing at resonance ω = ωn) (4.22)

This expression implies that the lower the damping c, the higher the average external power trans-
ferred to the mass. This explains why the expression (4.19) is misleading since as c increases, the
velocity amplitude v decreases6.

The nonphysical case c = 0 deserves an explanation. The formula (4.22) seems to imply that
maximum power flow into the system is infinite. The key to understanding this apparent paradox
is that when c = 0, there is no steady state. In fact the response of the system grows unboundedly
in this case. Recall the statement earlier that under the assumptions k,m, c > 0, the system has a
steady state response. This assumption is violated when c = 0. Figure 4.10 shows the displacement
response when a system with no damping c = 0 (equivalently ζ = 0) is forced at exactly the resonance
frequency. At every cycle, the external force transfers energy to the system to keep the oscillation
magnitude growing unboundedly as t→∞. Any real system has some amount of damping c > 0, no
matter how small, and thus this process of energy absorption will eventually reach an equilibrium
where the average power delivered by the input is balanced by the power dissipated in the damper,
and the amplitude of oscillations will reach some (possibly large) limit.

4.2.3 Energy from Force-Displacement Diagrams

Another way to visualize the work done in a system undergoing periodic motion is through force-
versus-displacement diagrams. If an applied force f(t) on a mass and the resulting displacement

6It can be seen from (4.20) that at resonance Ω = 1, the velocity amplitude is proportional to 1/c, i.e. v2 is
proportional to 1/c2, and therefore the expression cv2 in (4.19) is actually proportional to 1/c, just like the expression
above for maximum power at resonance.
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x

f

(a) Under periodic motion, the force versus
displacement trajectory (f(t), x(t)) forms a
closed curve in a plane. The area enclosed
clockwise by the curve is the total positive
work done by the force over one cycle.

(b) Force-displacement curves for the harmonically forced Mass-Spring-
Damper system forced at three different frequencies. Since f(t) and x(t)
are sinusoids of the same frequency, the curves are all ellipses. A forcing
amplitude of 1 is used in all three cases for comparison. The highest work
done in one cycle is when forcing is at resonance ω = ωn.

Figure 4.11: For a system undergoing periodic motion, the work done in one cycle can be visualized using a closed
curve in a force-versus-displacement graph.

x(t) are periodic with a common period, then plotting f(t) versus x(t) in the plane over any one
period will always yield a closed curve. This is illustrated in Figure 4.11a. The work done by the
force is the integral of force times incremental displacement

work in one cycle =

∮
f dx

1
=

∫ ∫

A
dx df = area of region A enclosed (clockwise) by (x(t), f(t)) curve,

where
1
= follows from Green’s theorem. Thus we can visualize the work done as the enclosed area.

Note that if the curve is oriented clockwise, then the work is positive, and negative if the curve is
oriented counterclockwise.

For the externally forced Mass-Spring-Damper system in steady state, both f(t) and x(t) are
sinusoids of the same frequency. It is not difficult to show that for such a case, the force-versus-
displacement curve is the boundary of an ellipse. The orientation, eccentricity and enclosed area of
the ellipse depend on the amplitudes and relative phases of f(t) and x(t). Figure 4.11b shows three
such cases for forcing below, at and above resonance. The figure shows that the largest enclosed
area, which represents the highest amount of work done over one cycle, corresponds to forcing at
resonance.

4.3 Phasor Analysis of General Systems

The methods of the previous section are quite powerful and generalize to a much larger class of
systems that the single Mass-Spring-Damper. In this section we develop the general method for any
system that is described by a constant-coefficient ODEs with a harmonic input. These could be
mechanical, electrical or other types of systems.

Consider the following p’th order differential equation for a function y(t)

αp y
(p)(t) + αp-1 y

(p-1)(t) + · · · + α1 y
(1)(t) + α0 y(t)

= βq u
(q)(t) + βq-1 u

(q-1)(t) + · · · + β1 u
(1)(t) + β0 u(t), (4.23)

where u(t) is a harmonic forcing function (i.e. a sinusoid of some frequency, amplitude and phase).
The numbers p and q are the highest order of differentiation that appears in the equation for x
and f respectively. We typically assume q ≤ p, and call p the “order” of the system. The notation
y(k)(t) stands for the k’th derivative of y(t), and similarly for u(t). Note also how the indices of
the coefficients {αk} and {βk} are chosen to match the order of differentiation for each term. For
example, the equation (4.1)

m ẍ(t) + c ẋ(t) + k x(t) = f(t)
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is a special case of (4.23). We see that the order of (4.1) is p = 2, and q = 0 since there are no
differentiations of the input f , and therefore this is 2nd order system. In this case α2 = m, α1 = c
and α0 = k. For the right hand side, β0 = 1 and all other β coefficients are zero.

Equation (4.23) is general enough to model an incredibly large variety of physical dynamical
systems. In AC electrical circuits, u could be a harmonic input voltage, and the equation can model
a circuit with a large number of RLC components. In vibrations, u could be some applied harmonic
force or the displacement of some mechanical element, and the equation models the dynamical
response of a complex interconnection of masses, spring and damping elements. The larger the
number of elements, the larger the order p of the equation. Typically, the order p equals twice the
number of mass elements in the system. For circuits, p equals the total number of capacitors and
inductors (the number of resistors does not contribute to the order p).

We now describe phasor analysis for the equation (4.23). Under the condition that its dynamics
are stable, i.e. that transients decay in time, it is not difficult to show (as was seen in the Mass-
Spring-Damper system) that if the forcing is a pure sinusoid of some frequency ω, then the steady
state response x will also be a sinusoid of the same frequency ω, but with possibly a different
amplitude and phase, i.e.

u(t) = u cos
(
ωt+ ϕ

)
⇒ lim

t→∞
y(t) = y cos

(
ωt+ θ

)
.

The task is to find an expression for the amplitude y and phase θ of the signal y(t) as a function of
the system (4.23) parameters and input frequency ω.

As in the Mass-Spring-Damper system case, we start with writing the forcing and steady-state
response (we now refer to the latter as just y(t)) as the real parts of complex functions by

u(t) = u cos
(
ωt+ ϕ

)
= R

(
û ejωt

)
, where û = u ejϕ,

y(t) = y cos
(
ωt+ θ

)
= R

(
ŷ ejωt

)
, where ŷ = y ejθ.

(4.24)

The idea of phasor analysis is to solve the differential equation for the complex-valued functions
ûejωt and ŷejωt instead of the real-valued ones. To justify this idea, we state it formally.

1. Substitute the complex-valued functions u(t) = û ejωt and y(t) = ŷ ejωt in the differential
equation (4.23).

2. From the resulting algebraic equation, find ŷ in terms of û.

3. It then follows that the real-valued functions u(t) = R
(
û ejωt

)
= |û| cos

(
ωt+∠û

)
and y(t) =

R
(
ŷ ejωt

)
= |ŷ| cos

(
ωt+ ∠ŷ

)
solve the same differential equation (4.23).

To justify that last statement, rewrite the differential equation in the following compact form and
observe that if u(t) = û ejωt and y(t) = ŷ ejωt satisfy the differential equation

p∑

n=0

αn
dn

dtn

(
ŷ ejωt

)
=

q∑

m=0

βm
dm

dtm

(
û ejωt

)

⇒ R

(
p∑

n=0

αn
dn

dtn

(
ŷ ejωt

)
)

= R

(
q∑

m=0

βm
dm

dtm

(
û ejωt

)
)

⇒
p∑

n=0

αn
dn

dtnR
(
ŷ ejωt

)
=

q∑

m=0

βm
dm

dtmR
(
û ejωt

)
,

where the last implication follows from the facts that the real part of a sum is the sum of real parts,
the coefficients αn, βm are real so e.g. R(αn f(t)) = αn R(f(t)), and finally that the real part of a
derivative is the derivative of the real part.

We now follow this procedure to derive the algebraic equation relating û and ŷ. Substituting

u(t) = û ejωt and y(t) = ŷ ejωt in the differential equation (4.23) and using the fact dk

dtk
ejωt =
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(jω)kejωt gives

αp
dp

dtp

(
ŷ ejωt

)
+ · · ·+ α0

(
ŷ ejωt

)
= βq

dq

dtq

(
û ejωt

)
+ · · ·+ β0

(
û ejωt

)

⇒ αpŷ (jω)p ejωt + · · ·+ α0ŷ e
jωt = βqû (jω)q ejωt + · · ·+ β0û e

jωt

⇒
(
αp (jω)p + · · ·+ α0

)
ŷ ejωt =

(
βq (jω)q + · · ·+ β0

)
û ejωt

⇒ ŷ =
βq (jω)q + · · ·+ β1 (jω) + β0
αp (jω)p + · · ·+ α1 (jω) + α0

û

Note again that the appearance of ejωt on both sides of the equation (since u and y have the same
frequency) allows for the removal of that factor, resulting finally in a purely algebraic relation. We
summarize this formally in the next statement.

Theorem 4.2. Consider the following input-output ODE with constant coefficients

αp y
(p)(t) + αp-1 y

(p-1)(t) + · · · + α1 y
(1)(t) + α0 y(t)

= βq u
(q)(t) + βq-1 u

(q-1)(t) + · · · + β1 u
(1)(t) + β0 u(t), (4.25)

where {αk} and {βk} are real coefficients. If the input is a pure harmonic of the form u(t) = u cos
(
ωt+

ϕ
)
, then the steady-state output is also a pure harmonic with the same frequency

lim
t→∞

y(t) = y cos
(
ωt+ θ

)
,

where the output’s amplitude y and its phase θ are given by

y = |H(ω)| u, (amplitude amplification),

θ = ∠H(ω) + ϕ, (phase shift),

}
⇔ ŷ = H(ω) û, (4.26)

where H(ω) is the complex frequency response of the system (4.25) defined by

H(ω) :=
βq(jω)

q + · · · + β1(jω) + β0
αp(jω)p + · · · + α1(jω) + α0

. (4.27)

The non-negative real-valued function |H(ω)| is called the amplitude frequency response, and the
function ∠H(ω) is called the phase frequency response.

The frequency response H(ω) as a function of ω is completely determined by the coefficients
α0, . . . , αp and β0, . . . , βq of the differential equation. In other words, the frequency response function
H(ω) can be“read off” directly from the differential equation (4.25). The quantities |H(ω)| and
∠H(ω) are called the magnitude frequency response and the phase frequency response respectively.
Figure 4.5 derived earlier is a specific example of such responses. Observe how elegant and simple
the relations (4.26) are. They state that at each input frequency ω, the magnitude |H(ω)| of the
complex number H(ω) is the “amplitude amplification” from input to output, while its phase ∠H(ω)
is the “phase shift” from input to output.

The significance of Theorem 4.2 cannot be overstated. The system (4.25) is originally described
as a differential equation with a forcing “input”. This is called the time domain description of the
system. When the inputs are sinusoids, the relation between the phasors of the input and output is
the very simple algebraic relation (product of complex numbers)

ŷ︸︷︷︸
phasor of
output

= H(ω)︸ ︷︷ ︸
complex

frequency response

û︸︷︷︸
phasor of
input

This is called the frequency domain description of the system. Clearly a much simpler relation
than solving differential equations in the time domain. The time domain versus frequency domain
descriptions are illustrated in Figure 4.12.
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y(t) = y cos(!t + ✓)

(!, y, ✓)

time-domain description:

frequency-domain description:

(!, u,�)

u(t) = u cos(!t + �)

û = u ej� y ej✓ := ŷ = H(!) û

↵py
(p)(t) + · · · + ↵1y

(1)(t) + ↵0y(t)

= �qu
(q)(t) + · · · + �1u

(1)(t) + �0u(t)

H(!) :=
�q(j!)q + · · · + �1(j!) + �0

↵p(j!)p + · · · + ↵1(j!) + ↵0

Figure 4.12: (Top) Any ODE with an input u describes an “input-output” system since for any function u(t) there
is a unique steady-state solution y(t). Thus u(t) can be considered an input, and for each such input there is a
unique output, namely the solution y(t) of the differential equation. The differential equation can thus be thought
of as an “algorithm” for generating y(t) given u(t). (Bottom) When the equation has constant coefficients and we
are concerned with only steady-state outputs (i.e. long-time behavior), effects of initial conditions disappear, and
the relations between the input and output phasors (û and ŷ respectively) is the simple complex-number product
ŷ = H(ω) û. This is called the frequency domain description of the system, and the quantity H(ω) as a function
of frequency ω is called the (complex) frequency response. The frequency response function H(ω) can be “read off”
directly from the coefficients of the differential equation without the need for any calculations.

4.3.1 Mass-Spring-Damper with Displacement as an Input

As already mentioned, inputs are more general than just forces. We now use Theorem 4.2 directly to
find the frequency response of the system shown in the figure on the right. Here d(t) is the position

m

x(t)
<latexit sha1_base64="ocUAJD0ofRYB5MxQ2/QI9DDYbyU=">AAACBXicdVDLSgMxFM3UV62vqks3wSJUkDJTam13BTcuK9gHtEPJZNI2NDMZkjtCGbp251Z/wp249Tv8Bz/CTFvBih5IOJxzLvdyvEhwDbb9YWXW1jc2t7LbuZ3dvf2D/OFRW8tYUdaiUkjV9YhmgoesBRwE60aKkcATrONNrlO/c8+U5jK8g2nE3ICMQj7klEAq+UU4H+QLdsk2qFZxSpya7RhSr9fK5Tp25pZtF9ASzUH+s+9LGgcsBCqI1j3HjsBNiAJOBZvl+rFmEaETMmI9Q0MSMO0m81tn+MwoPh5KZV4IeK7+nEhIoPU08EwyIDDWv71UvEg/kFLov1K9GIY1N+FhFAML6WLlMBYYJE4rwD5XjIKYGkKo4uZqTMdEEQqmqJV9XjDLmXq+O8D/k3a55FRLl7eVQqOyLCqLTtApKiIHXaEGukFN1EIUjdEjekLP1oP1Yr1ab4toxlrOHKMVWO9fU3aY7Q==</latexit>

d(t)

(not a force) of a “displacer” attached to one end of a spring and
damper whose other ends are attached to a mass. The mass’
position is measured by x(t). We want to find the effect of the
motion d(t) of the displacer on the motion x(t) of the mass.
Clearly as d(t) moves relative to x(t), the spring and damper
are stretched or compressed, exerting forces on the mass. Thus
as d(t) varies, it produces forces on the mass, but indirectly,
and those forces depend on x(t) as well. We first derive a differential equation for this system.

Let L be the equilibrium length of the spring, then

m ẍ(t) = −k
(
x(t)− d(t)− L

)
− c
(
ẋ(t)− ḋ(t)

)
.

The constant term L is eliminated by redefining the origin of the coordinate system for x by

x̃(t) := x(t)− L.

Substituting x(t) = x̃(t) + L in the original differential equation yields a differential equation for x̃

m ¨̃x(t) = − k
(
x̃(t)− d(t)

)
− c

(
˙̃x(t)− ḋ(t)

)

⇒ m ¨̃x(t) + c ˙̃x(t) + k x̃(t) = c ḋ(t) + k d(t), (4.28)

where we rearranged the equation so that all terms that involve the “input” d(t) are on one side,
and the terms involving the “output” x̃(t) are on the other side. This is in the standard general
form (4.23) introduced earlier. Comparing this system with the Mass-Spring-Damper system (4.1)
with an actual force as an input, we see a distinction that here the input d(t) appears with its deriva-
tive ḋ(t), while the input f(t) in (4.1) is not differentiated. This has some important consequences
for the shape of the frequency response in the high frequency regime as we will see shortly.

To find the frequency response, there is no need to repeat the phasor analysis for this case from
scratch. We can simply apply Theorem 4.2 to the second order system (4.28) (note that it is of a
form for which the theorem is applicable). It simplifies things a bit to first divide by the mass, and
the notation is simpler if we relabel x̃ to x

ẍ(t) + c
m ẋ(t) + k

m x(t) = c
m ḋ(t) + k

m d(t)

⇔ ẍ(t) + 2ζωn ẋ(t) + ω2
n x(t) = 2ζωn ḋ(t) + ω2

n d(t), (4.29)
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Figure 4.13: The frequency responses from displacer position d(t) to mass position x(t) of the system with dis-
placement (rather than force) input. It shares many features of the force-input system’s frequency response depicted
in Figure 4.5 earlier. Namely that resonance occurs around Ω = 1, with more pronounced resonance peaks for lower
damping ratios ζ. The main difference is with the phase relations. In the high frequency region, the phase plots vary
significantly depending on the damping ratio.
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(a) At slow forcing frequencies the
mass movement follows that of the dis-
placer with approximately the same
amplitude. The spring/damper link
between the two appear to be almost
like a rigid link.
Click for animation.
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(b) Near resonance, the mass’ oscil-
lation amplitudes steadily grow until
they are much larger than the dis-
placer’s oscillations.
Click for animation.
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(c) At high forcing frequencies, the
mass’ oscillations are small relative
to the displacer’s. In this frequency
regime, inertia dominates. The mass
and displacer oscillations appear to be
approximately “out of phase”.
Click for animation.

Figure 4.14: Illustrations and animations of the motion of a displacement-input MSD system with input frequencies
below (ω ≈ 0.5ωn), at (ω ≈ ωn), and above (ω ≈ 1.5ωn) the system’s natural frequency ωn (here ωn = 1 and
ζ = 0.05). All plots have the same axis limits for comparison, but the displacer’s amplitudes are different for each
plot. Note the relative amplitudes of displacer and mass in each case.

where ζ and ωn are defined as before. Applying Theorem 4.2 to this last equation, the complex
frequency response is given as

x̂

d̂
=

2ζωn (jω) + ω2
n

(jω)2 + 2ζωn (jω) + ω2
n

=
j 2ζωn ω + ω2

n

(ω2
n − ω2) + j 2ζωn ω

=
j 2ζ ω/ωn + 1

(1− ω2/ω2
n) + j 2ζ ω/ωn

(4.30)

=
j 2ζ Ω+ 1

(1− Ω2) + j 2ζ Ω
, (using normalized frequency Ω := ω/ωn)

(4.31)

This is the frequency response from displacer to mass positions. A plot of its magnitude and phase
is shown in Figure 4.13 for various values of ζ.

The behavior of this system can be understood by examining (4.31) in the low and high frequency

regimes, as well as at resonance. For low Ω, the frequency response x̂/d̂ ≈ 1, which means that the
mass’ position follows that of the displacer. This is illustrated in Figure 4.14a. Thus in the low
frequency regime, the spring/damper link between the displacer and mass acts almost like a “rigid
link”. Near resonance Ω ≈ 1, the expression (4.31) for the mass’ phasor is

x̂ ≈ j 2ζ + 1

j 2ζ
û ≈ − j 1

2ζ
û, when ζ ≪ 1. (4.32)

Thus the amplitude scales inversely with the damping ratio and can become arbitrarily large as
ζ → 0. Because of the −j factor, the mass’ oscillations lag with 90◦ behind the displacer input.
Figure 4.14b illustrates the resonant case and shows how the mass’ oscillations build up to large
amplitudes (relative to the displacer amplitude) until it reaches steady state.

Draft: Vibrations, March 2, 2025 © 2024, Bassam Bamieh

https://www.dropbox.com/scl/fi/ipwowbtxgi3ok5cxt4sa1/one_MSD_displacer_05.avi?rlkey=vq86sfdck8r467tvlj9fujlyd&dl=0
https://www.dropbox.com/scl/fi/rnasw1vw6ws9aamxy683x/one_MSD_displacer_1.avi?rlkey=5qe5vd1vc349z1288vhy9e68d&dl=0
https://www.dropbox.com/scl/fi/m6ppfb7slh76lsln4e84l/one_MSD_displacer_2.avi?rlkey=tek4q6hpqv46wp193alqnwk73&dl=0


Chapter 4. Harmonically Forced Vibrations: Frequency Response and Resonance 99

When d(t) oscillated rapidly (i.e. much faster than ωn), then Ω≫ 1, and the frequency response
limits to

x̂

d̂
=

j 2ζ Ω+ 1

(1− Ω2) + j 2ζ Ω
∼ j 2ζ Ω

−Ω2
= −j 2ζ

Ω
. (when Ω≫ 1) (4.33)

Thus for large Ω, the amplitude x is much smaller than the input amplitude d. This is again due to
the mass’ inertia which dominates the response in the high frequency regime. All of the phenomena
mentioned so far are very similar to the case of force input analyzed earlier in Section 4.1. However,
for this displacement input case we see somewhat different behavior in the high frequency region.
The following two phenomena can be seen from (4.33) and the frequency response in Figure 4.13.

• Effect of ζ on the high frequency behavior: While a very lightly damped system (ζ ≪ 1) has higher
resonance peaks near Ω ≈ 1, its high frequency response is actually lower with smaller ζ as evident
from Equation (4.33) and Figure 4.13. This is in contrast to the high frequency behavior when
the input is a force (see Figure 4.5b), which is largely independent of ζ. The effect of ζ on high
frequency behavior will have important implications for the design of vibration isolation platforms
as will be studied in Section 5.1.3.

• From (4.33) we see that for high Ω ≫ 1, the phase difference is about ∠(−j) = −90◦ (unlike
the force input case where the high frequency phase difference is 180◦). Examining the phase
frequency plot in Figure 4.13 confirms this, but we also see that the “rate” at which the phase
approaches 90◦ for Ω → ∞ depends significantly on ζ. For lightly damped systems, the phase
actually dips to almost 180◦ before it eventually limits to 90◦ as Ω→∞.

Appendix

4.A Decomposition of Responses: Transients and Steady State

If you recall what you learned about Ordinary Differential Equations (ODEs) with forcing (the
so-called non-homogenous ODEs)

m ẍ(t) + c ẋ(t) + k x(t) = f(t), x(0) = a, ẋ(0) = b, (4.34)

you may remember that the solution is obtained as the sum of two solutions, a homogenous solution
and a particular solution. The terminology can be confusing because the role of initial conditions is
not always explicitly stated, so let’s state things precisely.

For each set of given initial conditions x(0) = a, ẋ(0) = b, Equation (4.34) has a unique solution.
Thus if we vary the initial conditions over all possible numbers a and b, we get an infinite set of
solutions parameterized by (a, b). Each such solution is called a particular solution. More formally

Definition 4.3. A function xp(t) is called a particular solution of (4.34) if it is a solution for
some pair of initial conditions a and b. Equivalently, if it satisfies (4.34) without regard to initial
conditions, i.e. if

m ẍp(t) + c ẋp(t) + k xp(t) = f(t).

Notice that we say a particular solution rather than the particular solution since there are many of
them.

Now if we have two different particular solutions xp,1(t) and xp,2(t). They both satisfy the
differential equation (4.34) each with different sets of initial conditions

m ẍp,1(t) + c ẋp,1(t) + k xp,1(t) = f(t) xp,1(0) = a1, ẋp,1(0) = b1,

m ẍp,2(t) + c ẋp,2(t) + k xp,2(t) = f(t) xp,2(0) = a2, ẋp,2(0) = b2.
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Figure 4.15: Decomposition of the full response (solution) of the Mass-Spring-Damper system into various pieces.
(a) Shows the response due to Initial Conditions (ICs), the response due to forcing (with zero ICs), and the forcing
input. (b) The response due to forcing can be further decomposed into a transient (middle) and a steady state
(bottom) part. (c) The full solution and the steady-state solution are shown (bottom). The difference of those two
functions would be the transient (top), which is the sum of the two transients in (b).

Because these equations are linear, we can subtract them and obtain a so-called homogenous equation
(i.e. with no forcing)

m
(
ẍp,1(t)−ẍp,2(t)

)
+c
(
ẋp,1(t)−ẋp,2(t)

)
+k
(
xp,1(t)−xp,2(t)

)
= 0,

xp,1(0)− xp,1(0) = a1 − a2,
ẋp,1(0)− ẋp,2(0) = b1 − b2,

Thus any two particular solutions of (4.34) differ by a solution xh(t) of the homogenous equation

m ẍh(t) + c ẋh(t) + k xh(t) = 0, xh(0) = a1 − a2, ẋh(0) = b1 − b2.

Another way to say this is that the solution can be written as the sum of a particular solution and
a homogenous solution, provided the initial conditions satisfy a certain relationship. More precisely

Theorem 4.4. Let x(t) be the unique solution of the differential equation (4.34) for some given
forcing function f(t) and initial conditions a and b. x(t) can be written as the sum of two functions
x(t) = xp(t) + xh(t), each of which solve the following differential equations

m ẍh(t) + c ẋh(t) + k xh(t) = 0, xh(0) = ah, ẋh(0) = bh, (4.35)

m ẍp(t) + c ẋp(t) + k xp(t) = f(t), xp(0) = ap, ẋp(0) = bp, (4.36)

provided that ah + ap = a and bh + bp = b.

Therefore the unique solution can be decomposed into pairs of homogenous and particular solu-
tions in many different ways. The utility of this theorem is that certain particular solutions are easy
to obtain, as in the case of the “steady-state” solution derived in Section 4.1. Once an easy particular
solution xp(t) has been found, we can find the initial conditions of its corresponding homogenous
problem by

ah = a− xp(0), bh = b− ẋp(0),

where a and b are the given initial conditions of the problem. The homogenous problem (4.35) can
then be solved.

In problems of linear dynamical systems such as those that occur in vibrations and AC circuit
analysis, there are two different decompositions into particular and homogenous solutions that are
used. The decomposition we already encountered in Figure 4.1 is a decomposition into a steady-state
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A homogenous solution
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Figure 4.16: The solution of any ODE with given initial conditions can be decomposed into “a homogenous solution”
and “a particular solution” in an infinite number of ways. Here we depict two of the most common decompositions.
The decomposition used in this chapter is where the steady-state solution is the particular solution, while transients
of two types are combined together as the homogenous solution. The utility of this decomposition is that initial
conditions do not effect the steady-state solution, and can therefore be ignored to greatly simplify the calculations.

and transient solution. Since we were only interested in the steady-state solution, we didn’t have
to compute the corresponding initial conditions for either. Another commonly used decomposition
(which we do not use in this chapter) is into the response due to initial conditions and no forcing, and
the response due to forcing but with zero initial conditions. More precisely, given the problem (4.34),
the homogenous and particular solutions in this case are

m ẍh(t) + c ẋh(t) + k xh(t) = 0, xh(0) = a, ẋh(0) = b,
(response due to initial conditions)

m ẍp(t) + c ẋp(t) + k xp(t) = f(t), xp(0) = 0, ẋp(0) = 0. (response due to forcing)

Note that the initial conditions for the homogenous problem are the same as the original problem,
while those for the particular problem are zero. This decomposition is illustrated in Figure 4.15.a.

An examination of Figure 4.15.a shows that the response due to forcing has some transients in
it, even though the initial conditions for that response are zero. That response due to forcing can
be further decomposed into another pair of particular and homogenous solutions where the steady
state is the particular solution, and the transient is the homogenous solution. This decomposition is
illustrated in Figure 4.15.b. In this case, the initial conditions for the homogenous problem (which is
the “transient” part of the forced solution) are not the same as the original (true) initial conditions.
They will be some “fictitious” initial conditions obtained just for that particular decomposition.

In Section 4.1 we derived the steady-state response by regarding it as a particular solution, and
we used a method that did not depend on the initial conditions. It helped that we knew that the
solution was of the form A cos

(
ωt+θ

)
, and we solved for A and θ such that the differential equation

was satisfied.

The two different types of decompositions are illustrated in figure 4.16.

4.B Solution of (4.4) Using Trigonometric Identities

Recall Equation (4.4)

−m ω2 x cos
(
ωt+ θ

)
− c ω x sin

(
ωt+ θ

)
+ k x cos

(
ωt+ θ

)
= f cos

(
ωt
)
, (4.37)

and that we want to solve for x and θ in terms of the other parameters. We can disentangle the sine
and cosine functions using the trigonometric identities

cos
(
ωt+ θ

)
= cos

(
ωt
)
cos θ − sin

(
ωt
)
sin θ

sin
(
ωt+ θ

)
= sin

(
ωt
)
cos θ + cos

(
ωt
)
sin θ.
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Substituting these expressions in (4.37) (and dividing through by x) gives

−mω2
(
cos(ωt) cos θ − sin(ωt) sin θ

)
− cω

(
sin(ωt) cos θ + cos(ωt) sin θ

)

+k
(
cos(ωt) cos θ − sin(ωt) sin θ

)
=

f

x
cos(ωt).

Now collect terms with cos(ωt) and sin(ωt) separately

(
−mω2 cos θ − cω sin θ + k cos θ

)
cos(ωt) +

(
mω2 sin θ − cω cos θ − k sin θ

)
sin(ωt) =

f

x
cos(ωt).

(4.38)

This equation has to hold for all times t, and since the cosine and sine functions are “independent”7,
then we must have

−mω2 cos θ − cω sin θ + k cos θ =
f

x
, (4.39)

mω2 sin θ − cω cos θ − k sin θ = 0. (4.40)

These equations can be rearranged into a matrix-vector equation for cos θ and sin θ
[
(k −mω2) −cω
−cω −(k −mω2)

] [
cos θ
sin θ

]
=

[
f/x
0

]
,

which can be rewritten using the inverse of the matrix as

[
cos θ
sin θ

]
=

−1
(k −mω2)2 + (cω)2

[
−(k −mω2) cω

cω (k −mω2)

] [
f/x
0

]
=

[
−(k−mω2)

(k−mω2)2+(cω)2
cω

(k−mω2)2+(cω)2

]
f

x
. (4.41)

We can eliminate θ using the identity cos2 θ + sin2 θ = 1 which implies

1 = cos2 θ + sin2 θ =

(
(k −mω2)2

(
(k −mω2)2 + (cω)2

)2 +
(cω)2

(
(k −mω2)2 + (cω)2

)2

)
f2

x2

=

(
(k −mω2)2 + (cω)2
(
(k −mω2)2 + (cω)2

)2

)
f2

x2
=

(
1

(k −mω2)2 + (cω)2

)
f2

x2
,

and we finally obtain

x =
1√

(k −mω2)2 + (cω)2
f.

To obtain θ, we again use (4.41) to find tan θ by

tan θ =
sin θ

cos θ
= − cω

(k −mω2)
.

Note that the above two expressions are identical to (4.11) derived using phasor analysis.

4.C Proof of Theorem 4.1

Theorem 4.5. Let m be a single mass moving in one coordinate labeled x, and subject to n time-
varying forces f1(t), . . . , fn(t) where the mass’ position x(t) and all forces are periodic with a common
period. If P k

av denotes the average power supplied by each force fk, then the total average power is
zero

n∑

k=1

P k
av = 0.

7For example, evaluating (4.38) at t = 0 gives (4.39), and evaluating it at t = 2
πω

gives (4.40).
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Proof. Newton’s 2nd law states

m ẍ(t) =

n∑

k=1

fk(t). (4.42)

Applying formula (4.15) to the sum of the powers, we obtain for the integral over any one period

n∑

k=1

P k
av =

n∑

k=1

(
1

T

∫ t+T

t

ẋ(τ) fk(τ) dτ

)
=

1

T

∫ t+T

t

ẋ(τ)

(
n∑

k=1

fk(τ)

)
dτ

=
m

T

∫ t+T

t

ẋ(τ) ẍ(τ) dτ (using Newton’s 2nd law (4.42))

=
m

T
ẋ(τ) ẋ(τ)

∣∣∣
t+T

t
− m

T

∫ t+T

t

ẍ(τ) ẋ(τ) dτ

(integration by parts)

⇒ 2

∫ t+T

t

ẍ(τ) ẋ(τ) dτ
1
= ẋ(τ) ẋ(τ)

∣∣∣
t+T

t
= ẋ2(τ)

∣∣∣
t+T

t

2
= 0,

where
1
= follows from the previous equation by regrouping terms (and cancelling the common factor

m/T), and
2
= follows from the fact that motion is T -periodic, which implies that

ẋ2(τ)
∣∣∣
t+T

t
= ẋ2(t+T)− ẋ2(t) = 0. (since T -periodic implies ẋ(t) = ẋ(t+ T) for any t)

Note the critical role that periodicity of motion played in the above proof. The theorem does
not necessarily hold if the motion is not periodic.
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Chapter 5

Harmonically Forced Vibrations: Applications

The frequency response enables analysis and design in a variety of applications of vibrations theory.
The vibrations in mechanical machinery caused by rotation of unbalanced masses can be effectively
modeled as periodic forcing with frequency related to the rotation rate. Design guidelines for vibration
attenuation and suppression platforms, or seismic vibrations in general can be informed by studying
the frequency response of systems subject to displacement inputs. Vehicles traveling on undulating
roads experience resonant vibrations in the suspension system depending on the vehicles velocity
and the road’s undulation wavelength. Accelerometers use the vibrations of an internal proof mass
to estimate acceleration in an inertial frame. In all of these vibrations problems, system design is
informed by analysis of the respective frequency response. Some systems need to operate below res-
onance (e.g. rotating imbalance, vehicles, accelerometers), while others (e.g. vibration attenuation)
need to operate above resonance.

Introduction

In the previous chapter, we introduced frequency response analysis as a powerful tool for studying
forced vibrations in single degree of freedom (1-DOF) systems such as the Mass-Spring-Damper.
Despite its simplicity, this method is widely used in engineering analysis and design. In this chapter,
we explore some applications of frequency response analysis to gain valuable insights and design
principles. Although the models used in this chapter are highly simplified, they still provide useful
guidelines.

To illustrate the effectiveness of frequency response analysis, we will consider four different phys-
ical systems in this chapter: (Section 5.1.1) rotating machinery imbalance and its effect on support-
ing platforms, (Section 5.1) vibration control and attenuation such as in vibration-isolation optical
tables, (Section 5.2) suspension system vibrations when traveling on undulating roads, and (Sec-
tion 5.3) accelerometer design. By examining the frequency responses in these systems, we can derive
useful design guidelines. However, it is important to note that the interpretation of the frequency
response in each problem will be different. For example, in rotating imbalance, the natural frequency
of the support platform needs to be higher than any potential imbalance frequency, which means
the system needs to operate below resonance. On the other hand, in floor vibration isolation, the
natural frequency of the support platform needs to be lower than any possible floor vibrations, i.e.,
the system needs to operate above resonance.

While the examples we consider in this chapter are based on 1-DOF systems, it is important to
note that more complex systems may require additional tools presented in later chapters for n-DOF
systems. Nonetheless, the concepts and principles discussed in this chapter provide a foundation for
understanding frequency response analysis and its application to engineering design.
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106 5.1. Vibration Control

(a) Rotating imbalance is typically caused by
unbalanced rotating machinery anchored to a
platform or other piece of machinery that is it-
self connected to a rigid platform (here shown as
ground) by flexible attachments (here depicted
as a spring and damper). Unbalanced rotation
is caused by the rotating element being slightly
off-center, depicted here as an unbalanced mass
in red.

m
f(t)

,
l
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M

(b) A simplified model of rotating imbalance is shown here where
only vertical motion is possible. A mass M (which is the sum
of the platform’s mass and the “balanced” portion of the rotat-
ing mass) is constrained (shown here as constrained by vertical
“guides”) to move only vertically. (Left) The imbalance is mod-
eled as a mass m constrained to move in a circular path of radius
l around the point connecting M and m. l is the radius of gy-
ration of the unbalanced mass. (Right) With the reaction force
analysis below, it is possible to replace the rotating mass m with
an effective time-varying force f(t) on M .

y Ry

Rx

Rx

Ry

(c) Free Body Diagrams ofM andm showing only
the reaction forces Rx and Ry exchanged between
them. The connecting rod is assumed rigid, and
therefore it just transmits those reaction forces
from M to m. Since M is constrained to move
vertically, only Ry is needed to model the effects
of rotating imbalance.
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(d) Ry can be found by modeling the centripetal acceleration of m
relative to M . (Top) Since the motion of m relative to M is con-

strained to be circular with constant θ̇, then the acceleration a⃗m/M

of m relative to M is purely centripetal and is equal to −lθ̇2 e⃗r.
The acceleration a⃗M of M is constrained to be purely vertical. (Bot-
tom) The moving radial coordinate unit vector e⃗r can be expressed
in terms of the stationary cartesian coordinate unit vectors e⃗x, e⃗y ,
and the angle coordinate θ.

Figure 5.1: Rotating imbalance and a simplified version of its analysis.

5.1 Vibration Control

In this section we look at simple examples of vibration control in the form of suppression or atten-
uation. This is a topic of wide applicability in industrial and laboratory settings, as well as in the
analysis of seismic effects on structures and buildings.

5.1.1 Rotating Imbalance

Rotating imbalance is a type of mechanical vibration caused by uneven distribution of mass around
an axis of rotation. This results in a time-varying force acting on the rotating body. A familiar
example to most readers would be unbalanced rotation of a washing machine drum, which may
cause excessive vibrations (and even a “walking behavior”) if the resonance conditions are just
right. Rotating imbalance in industrial settings can lead to excessive wear, decreased efficiency, and
reduced lifespan of components. It is typically corrected by re-balancing the rotating assembly to
distribute mass more evenly, but that may not always be possible, and a full understanding of the
phenomenon requires a vibration analysis using the tools developed so far.

We consider the simplified set up shown in Figure 5.1. The first Figure 5.2 shows a platform whose
support structure is modeled as a spring/damper combination. An unbalanced rotating element is
attached to the platform. In the following analysis we replace the rotating unbalanced mass with
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an effective time-varying reaction force (see Figure 5.1b). The setting then becomes a Mass-Spring-
Damper (MSD) system with an externally applied harmonic force whose frequency can be related to
the angular velocity of the rotating element. This is the setting of harmonically forced MSD systems
analyzed in the previous chapter, and thus the tools we developed are applicable to this problem.
The following assumptions are made to simplify the analysis.

1. The assembly (platform and rotating mass) can only move vertically in the y direction. This
means the lateral balance of forces need not be analyzed.

2. The rotating mass m rotates with uniform angular velocity θ̇ = ω = constant. This means that
the motion of m relative to M is purely circular. Those two assumptions together imply that
the acceleration a⃗m/M of m relative to M is purely centripetal, and therefore (see Figure 5.1d)

a⃗m/M = a⃗m − a⃗M = − lθ̇2 e⃗r. (5.1)

Now for the modeling

• The effect of the rotating mass m on the mass M is completely described by the vertical reaction
force Ry since lateral motion is zero. We need to find Ry in terms of the acceleration of the
rotating mass.

• Refer to Figure 5.1d to see that the moving radial unit vector e⃗r can be written in terms of the
stationary cartesian unit vectors e⃗x, e⃗y and the angular coordinate θ as

e⃗r(t) = − sin
(
θ(t)

)
e⃗x + cos

(
θ(t)

)
e⃗y (5.2)

The vertical acceleration of m is is obtained from (5.1) and (5.2) as follows

a⃗m = a⃗M − lθ̇2 e⃗r = ÿ(t) e⃗y − lθ̇2
(
− sin

(
θ(t)

)
e⃗x + cos

(
θ(t)

)
e⃗y

)

=
(
lθ̇2 sin

(
θ(t)

))
e⃗x +

(
ÿ(t)− lθ̇2 cos

(
θ(t)

))
e⃗y

• The vertical component of the acceleration a⃗m must be provided by the vertical reaction force Ry,
and the Newton’s 2nd law for the small mass m states

m
(
ÿ(t)− lθ̇2 cos

(
θ(t)

))
= − Ry

• The same vertical reaction force Ry acts on the mass M (along with the spring and damper), and
Newton’s 2nd law for M is

M ÿ(t) = −ky(t) − cẏ(t) + Ry

= −ky(t) − cẏ(t) − m
(
ÿ(t)− lθ̇2 cos

(
θ(t)

))

Now substituting θ̇ = ω and θ(t) = ωt and gathering terms

(M +m) ÿ(t) + c ẏ(t) + k y(t) = mlω2 cos(ωt)

⇒ ÿ(t) + 2ζωn ẏ(t) + ω2
n y(t) = m

M+m lω
2 cos(ωt), ωn :=

√
k

M+m , ζ := c

2
√
k(M+m)

. (5.3)

Equation (5.3) is that of a harmonically forced MSD system with mass M +m. Note that the
forcing term has factor of ω2 in it, i.e. the forcing amplitude increases with increasing frequency. This
has a physical explanation. The term l cos(ωt) is the vertical position of m relative to M . Therefore
−lω2 cos(ωt) is the vertical acceleration of m relative to M , and consequently mlω2 cos(ωt) is the
reaction force onM producing that relative acceleration. We can therefore say that the system (5.3)
is driven by the acceleration of m.
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Figure 5.2: The frequency response (5.4) of the rotating imbalance problem, where y is the platform’s oscillation
amplitude. To as low y as possible, operation in the regime Ω ≪ 1 is needed. This implies that the resonant frequency
ωn of the platform’s supports needs to be much higher than the operating imbalance frequency ωn. In this low
frequency range, the response is very well approximated by Ω2 as shown.

Analysis of the Frequency Response

Since (5.3) has a pure sinusoid as an input, the platform’s steady-state oscillation is also a sinusoid
of the same frequency

y(t) = y cos(ωt+ θ).

The amplitude of oscillations y is obtained from the frequency response (4.14) (note that mlω2 is
the amplitude of the forcing) as

y =
1

k

1√
(1− Ω2)2 + 4ζ2 Ω2

mlω2 =
1

k

ω2/ω2
n√

(1− Ω2)2 + 4ζ2 Ω2
ml ω2

n (Ω := ω/ωn)

=
1

k

Ω2

√
(1− Ω2)2 + 4ζ2 Ω2

ml k
M+m =

Ω2

√
(1− Ω2)2 + 4ζ2 Ω2

ml
M+m (5.4)

This frequency response is shown in Figure 5.2. The main features are that the frequency response
goes to zero for low Ω (it behaves like Ω2 for Ω≪ 1), and in that range, it is relatively insensitive to
the choice of ζ. Thus a design guideline emerges. The operating condition should be below resonance,
i.e. in the regime

Ω =
ω

ωn
≪ 1 ⇔ imbalance frequency : ω ≪ ωn : platform’s natural frequency

If the angular velocity of the rotating imbalanced element is fixed. This fixes ω, and we therefore
need to make the resonant frequency ωn high so that the system is excited much below resonance.
Since ωn =

√
k/(M +m) this means either making M small (perhaps not a feasible option) or

“stiffen” the support structure thus making k large.
As Figure 5.2 indicates, for low Ω the magnitude frequency response is well approximated by

y = Ω2 ml
M+m , Ω < 0.5.

This is the regime of typical design. As the log-log plot shows, to achieve a factor of 100 reduction
in amplitude y, the natural frequency ωn needs to increase by a factor of 10. If the masses are fixed,
then the only design freedom is k (ω2

n = k/(m+M)). Thus for a 100-fold reduction in amplitude,
the support’s k would have to be stiffened by a factor of 100 also.

5.1.2 Transferred Force

An important consideration in the design of heavy machinery is quantifying the various forces that
support structures are subjected to during operation. Consider the simple system shown in Fig-
ure 5.3a where some unbalanced rotating machinery is mounted on a platform that is in turn
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anchored by a support structure to the ground. As in Section 5.1.1, the rotating imbalance can
be modeled as a periodically time-varying force on an equivalent mass. This force will cause the
platform to vibrate, and in turn the spring and damper modeling the support structure will exert
forces on both the platform as well as the ground. It is important to quantify those forces since in
some situations, they could be sufficiently strong to damage the ground anchors.

The analysis of this system will demonstrate another use for phasor analysis, namely when
the output to be analyzed is not a displacement or velocity, but rather a force, which is a linear
combination of both. Referring to Figure 5.3a again, note that the ground force fg is the sum of
the spring and damper forces. Combine this with the differential equation for the system developed
earlier, and rewrite them in terms of ζ and ωn

mẍ(t) + cẋ(t) + kx(t) = fb(t) ẍ(t) + 2ζωn ẋ(t) + ω2
n x(t) =

1
m fb(t), (5.5)

fg(t) = cẋ(t) + kx(t) 1
m fg(t) = 2ζωn ẋ(t) + ω2

n x(t). (5.6)

We are interested in the frequency response from fb to fg rather than to the displacement x.
However, since fg is a linear combination of x and its derivatives, the phasor analysis done earlier
for displacement is useful. Let the forcing fb(t) be a sinusoid of frequency ω, then we know that the
steady state response x(t) will be a sinusoid of the same frequency, and consequently both ẋ(t) and
fg(t) will also be sinusoids of that same frequency. Specifically

fb(t) = fb cos(ωt)

⇒ x(t) = x cos(ωt+ θ), x = |x̂| =
∣∣∣∣

1/m

(jω)2 + 2ζωn (jω) + ω2
n

∣∣∣∣ fb (frequency response fb 7→ x)

fg(t) = fg cos(ωt+ ϕ), 1
m fg = 1

m

∣∣∣̂fg
∣∣∣ =

∣∣∣2ζωn (jω) x̂+ ω2
nx̂
∣∣∣ (from (5.6), phasor of ẋ is (jω)x̂)

=
∣∣∣2ζωn (jω) + ω2

n

∣∣∣ |x̂|

The above two equations together give the amplitude frequency response from fb 7→ fg as the product
of the response fb 7→ x with the response x 7→ fg (note the cancellation of the common factor m)

fg
fb

=

∣∣∣∣
2ζωn (jω) + ω2

n

(jω)2 + 2ζωn (jω) + ω2
n

∣∣∣∣ =

√
ω4
n + 4ζ2ω2

n ω
2

√
(ω2

n − ω2)
2
+ 4ζ2ω2

n ω
2

=

√
1 + 4ζ2 Ω2

(1− Ω2)
2
+ 4ζ2 Ω2

, Ω := ω/ωn. (5.7)

A plot of this frequency response is shown in Figure 5.3b for various values of 0 ≤ ζ ≤ 1. It is
interesting to examine how this response serves as a design guide. If large support forces are to be
avoided at all frequencies, then we should have a lot of damping with ζ → 1. In this case however,
the transfer ratio is close to 1 over a large range of frequencies (including those above resonance).
If it is desired to keep the transfer ratio significantly less than 1, then ωn should be lower than the
operating machinery frequency ω (i.e Ω = ω/ωn ≫ 1, and ζ should be less than 1. This would give
a significant reduction in the transfer ratio as seen in the frequency response plot. However, this
comes with a risk. If for some reason the operating frequency ω is reduced to near resonance, the
support anchors will experience much larger forces than if ζ ≈ 1. This is a design tradeoff that
needs to take into account realistic operating conditions as well as contingencies. Having frequency
response graphs like that of Figure 5.3b enables a systematic approach to design tradeoffs.

We now compare the above design guidelines with those in the previous subsection for platform
vibrations due to rotating imbalance. For platform vibrations reduction, the guidelines are the
opposite of what we have here, i.e. that we should make ωn higher than the operating frequency
(by stiffening the supports). However, this leads to transferring larger forces to the ground. Thus
the two guidelines are conflicting! If we want to minimize transferred forces, we will have to live
with larger platform vibrations. If we want to minimize platform vibrations, we need to insure that
ground supports are sufficiently strong to withstand the large transferred forces.
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m
,

kx cẋ

kx cẋ

x

fg

fb

(a) Any structure anchored to ground and sub-
ject to forces that cause vibrations will “trans-
fer” some of those forces to its ground support.
Here a rotating imbalance subjects the platform
to a force fb. The ground attachment of the
platform is then subjected to the transferred
force fg.

(b) Magnitude frequency response of the “transfer ratio’ fg/fb between
the two forces. At very low frequencies Ω ≈ 0 the ratio is one since the
spring simply transfers the static loading on m to an equal static loading
on the ground support. At resonance, the ratio can be much larger than
one. At very high frequencies Ω → ∞, the ratio goes to zero, but much
more “slowly” as ζ → 1. There is a sort of “waterbed effect”; if ζ is used as
a design parameter, then increasing ζ reduces the ratio at resonance, but
it increases it at frequencies higher than resonance. Note that the ratio
fg/fb = 1 at exactly two frequencies Ω = 0 and Ω =

√
2.

Figure 5.3: Analysis of the transferred force from a vibrating machine to the ground support of a platform.

5.1.3 Vibration Isolation/Attenuation

In an earthquake, the ground moves beneath your feet. The ground is no longer an inertial frame, but
rather a moving platform. We have already encountered this setting with “displacement forcing”
in Section 4.3.1, and we recap it here in the context of vibration attenuation and isolation. For
seismic applications, it is important to quantify the effect of ground movement on a structure.
On a smaller scale in laboratory settings, certain sensitive equipment and experiments need to be
mounted on a vibration isolation platform, i.e. a specially designed tabletop that reduces the effect
of floor vibrations on the equipment mounted on the tabletop. Optical experiments for example are
particularly susceptible to such floor vibrations, and vibration control platforms for such experiments
are called “optical tables”.

A simple 1-DOF vibration isolation set up is shown in Figure 5.4a, where a spring and damper
element model the support structure of a platform. The vertical ground motion u(t) is the input
to this system, and the analysis goal is to characterize the dynamic effects of ground vibrations on
the platform vibrations x(t). We will see that by appropriately designing m, k, c, we can achieve a
certain level of ground vibration attenuation but only in certain frequency ranges. Figure 5.4b show
a more sophisticated system where an electronically controlled actuator produces a force in addition
to the spring and damper. Such a system performs what is generally termed “active” vibration
attenuation. Other vibration attenuation and isolation schemes involve multiple masses, and those
will be considered in later chapter when analyzing systems with multiple degrees of freedom.

The mathematical model for the system in Figure 5.4a is written down as follows. The vertical
axis shows the coordinates in an inertial frame. The ground’s position is u(t) (in this case, the
ground is no longer an inertial frame), and the platform’s position is x(t). If the spring is assumed
to have an equilibrium length of L, then Newton’s 2nd law for the platform reads

m ẍ(t) = − k
(
x(t)− u(t)− L

)
− c
(
ẋ(t)− u̇(t)

)
.

where x(t) − u(t) − L is the extension of the spring length above equilibrium. The constant factor
of L can be eliminated by defining the new position variable

x̃(t) := x(t)− L,

which is a simple offset from the platform’s position. The differential equation above can now be
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u(t)

m x(t)

0

(a) When a platform is mounted on a floor or ground
that is vibrating, both coordinates of the platform as
well as ground have to be measured in an inertial frame
as shown here. This diagram depicts a passive vibration
attenuation system which in a 1-DOF model consists of
a spring and a damper.

u(t)

m x(t)

0

fa

(b) Active vibration attenuation systems have an “actuator” (de-
picted here in green) in addition to the passive components mod-
eled as a spring and damper. The actuator exerts a force fa on the
platform that is typically electronically controlled through some
feedback mechanism that measures the platform’s vibrations and
reacts using an active vibration feedback control algorithm.

(c) The frequency response from ground vibrations ampli-
tude u to platform motion amplitude x. The vibration at-
tenuation region where the amplitude ratio is < 1 is for fre-
quencies Ω >

√
2. Note that higher damping ratios ζ gives

lower x/u ratios in the vibration attenuation region at the
expense of higher resonance peaks.

(d) For quantitative analysis and design, the frequency re-
sponse is best viewed on log-log plots (also known as Bode
plots) as shown here. For example, if ζ = .15 and vibra-
tion attenuation by at least a factor of 100 is desired, then
Ω > 30. Since the floor vibration is not a design parameter,
the systems resonance frequency ωn must be 30 times lower
than any expected floor vibration frequency.

Figure 5.4: Analysis of the effects of floor vibrations on a platform. Typically vibration attenuation ratios of much
less than 1 are needed. This means that the platform’s m, k, c should be designed so that its resonance ωn is lower
than the expected ground vibration frequency. This makes for heavy platforms (large m) and lower spring constants
k as is the case for optical tables.

rewritten in terms of x̃ and u as

m ¨̃x(t) = − k
(
x̃(t)− u(t)

)
− c

(
˙̃x(t)− u̇(t)

)

⇒ m ¨̃x(t) + c ˙̃x(t) + k x̃(t) = c u̇(t) + k u(t)

⇒ ¨̃x(t) + 2ζωn
˙̃x(t) + ω2

n x̃(t) = 2ζωn u̇(t) + ω2
n u(t). (5.8)

The system (5.8) has the ground displacement u(t) as an input, and platform displacement x(t)
as an output. To find the frequency response, we note that it is in a form to which Theorem 4.2
directly applies. The “transmission ratio” of ground-to-platform vibrations is given by the Theorem
as

x

u
=

∣∣∣∣
x̂

û

∣∣∣∣ =

∣∣∣∣
2ζωn (jω) + ω2

n

(jω)2 + 2ζωn (jω) + ω2
n

∣∣∣∣ =

√
1 + 4ζ2 Ω2

(1− Ω2)
2
+ 4ζ2 Ω2

, Ω := ω/ωn, (5.9)

where the last equality follows from observing that this fraction is mathematically exactly the same
as that in Equation (5.7). Only in this case, it is a ratio of displacements rather than a ratio of
forces as in (5.7).

The frequency response of x/u is shown in Figure 5.4c (note that it is exactly the same as that of
Figure 5.3b, but interpreted now as ratio of displacements rather than forces). The purpose of this
system is to insure that platform vibrations are smaller in amplitudes than ground vibrations. If
that were not a requirement, we can simply connect the platform with a rigid structure to ground,
and then x = u. The design requirement is therefore that x/u≪ 1, i.e. “vibration attenuation”. By
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m

<latexit sha1_base64="3xklkODwgZR1LrH8gpj4LE4H9/c=">AAACBXicbVDLSsNAFJ3UV62vqks3g0WoICURX8uCG5cV7APaUCbTSTN0HmFmIpbQtTu3+hPuxK3f4T/4EU7aLGzrgXs5nHsu93KCmFFtXPfbKaysrq1vFDdLW9s7u3vl/YOWlonCpIklk6oTIE0YFaRpqGGkEyuCeMBIOxjdZvP2I1GaSvFgxjHxORoKGlKMTCZF1afTfrni1twp4DLxclIBORr98k9vIHHCiTCYIa27nhsbP0XKUMzIpNRLNIkRHqEh6VoqECfaT6e/TuCJVQYwlMqWMHCq/t1IEdd6zAPr5MhEenGWiWdZM1Iy/Z+rm5jwxk+piBNDBJ6dDBMGjYRZBHBAFcGGjS1BWFH7NcQRUggbG9TcvYBPSjYebzGMZdI6r3lXtcv7i0rdzYMqgiNwDKrAA9egDu5AAzQBBhF4Aa/gzXl23p0P53NmLTj5ziGYg/P1CwHLmLQ=</latexit>

h(x)

y(t)

x

v̄

L
(at equilibrium)

m

Figure 5.5: (Left) A suspension system where the length L is the distance between the road surface and some
designated point on the vehicle’s body at equilibirum. (Right) The vertical elevation of a terrain is described by a
function h(x) where x is the horizontal coordinate. A vehicle moving at constant velocity v̄ is at location x = v̄t at
time t. To the vehicle, the road surface appears to be a time-varying function u(t) = h(v̄t), and the suspension spring
extension is then y(t)− u(t)− L, where y(t) is that designated point on the vehicle’s body.

looking at Figure 5.4c we see that this is only possible in the region Ω >
√
2 which we label as the

“vibration-attenuation region”. Since the frequency range of vibration attenuation is higher than
the natural frequency of the platform, we say that the system must operate above resonance. This is
in contrast to the rotating imbalance problem, where the system must be designed to operate below
resonance.

It is important to note that the the frequency of ground vibrations ω = Ωωn is not a design
parameter but rather a design specification. To suppress ground vibrations in a particular frequency
range, the platform’s parameters m, c, k must be designed so that the natural frequency is signifi-
cantly below that frequency range. For instance, in large buildings where a laboratory optical table is
to be housed, vertical floor vibrations are in the range of 5-50 Hz. Therefore, the natural frequency
of the platform should be below 2 Hz, which requires platforms with large masses m and rather
soft springs k. It is also worth noting that lower damping ratios ζ provide better attenuation in the
vibration-attenuation frequency region shown in Figure 5.4. However, if a very low damping ratio
is used, one must ensure that there is no possibility of floor vibrations at the resonance frequency,
as lower damping ratios produce higher resonance peaks.

5.2 Vehicles over Undulating Terrains

Certain roads are designed with regularly spaced features, such as expansion joints between segments
on concrete highways, typically spaced 10-30 meters apart. After some time, the road may experience
buckling which causes those segments to deform slightly in the vertical direction. This produces a
road terrain with a slight vertical oscillation with a well-defined spacing or “wavelength” λ. A
vehicle traveling at constant velocity v̄ on such a road will experience these undulations as a vertical
time-varying force of temporal frequency v̄/λ. Indeed, to travel a distance λ (e.g. in meters) at
velocity v̄ (e.g. in meters/second) takes a time of λ/v̄ seconds. This is the period of the apparent
force, so its frequency would be v̄/λ Hz. If this frequency is close to the natural frequency of the
suspension system, then resonance phenomena occur where the vehicle will bounce up and down
uncomfortably. The reader may have experienced this phenomenon first hand.

We consider a simple analysis of this setting as illustrated in Figure 5.5. The following quantities
are used in the modeling.

• y(t): Height of vehicle relative to absolute ground (i.e. in an inertial frame).

• h(x): Height of terrain (relative to absolute ground) as a function of the horizontal coordinate x.

• v̄: Constant forward velocity of the vehicle ⇒ the vehicle’s horizontal position at time t is x = v̄t.

• L: Equilibrium length of the suspension’s spring.

As the vehicle moves with position x = v̄t, the height of the terrain as s function of time is h(v̄t).
Assume a sinusoidal terrain

h(x) = h cos
(
(2π/λ) x

)
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The spatial wavelength of the terrain is then λ. A vehicle moving with constant velocity v̄ over such
a terrain will experience this as a time-varying height

u(t) := h(v̄t) = h cos
(
(2π/λ)v̄ t

)
= u cos

(
ωt
)
, ω := 2π v̄/λ, (5.10)

with frequency ω := 2π v̄/λ.
Given the definitions above, the suspension’s extension (positive extension means upward move-

ment) is given by (y(t) − u(t) − L). Newton’s 2nd law for the vehicle is then (ignoring gravity)

m ÿ(t) = − k
(
y(t)− u(t)− L

)
− c d

dt

(
y(t)− u(t)− L

)

= − k
(
y(t)− u(t)− L

)
− c

(
ẏ(t)− u̇(t)

)
.

(5.11)

To analyze the vehicle’s vibrations and in particular to asses their effects on passenger comfort, we
need the vehicle’s position in an inertial frame. If we define a new vertical position variable

ỹ(t) := y(t)− L,

then ỹ(t) is y(t) in a new inertial frame with a shifted origin. However, Equation (5.11) now simplifies
to

m ¨̃y(t) = − k
(
ỹ(t)− u(t)

)
− c

(
˙̃y(t)− u̇(t)

)

⇒ m¨̃y(t) + c ˙̃y(t) + kỹ(t) = cu̇(t) + ku(t)
(now divide by m and rewrite in terms of ζ and ωn)

⇒ ¨̃y(t) + 2ζωn
˙̃y(t) + ω2

n ỹ(t) = 2ζωn u̇(t) + ω2
n u(t) (5.12)

This equation represents a dynamical system whose input is the road undulation u(t), and the output
is the vehicle’s vertical displacement in an inertial frame ỹ(t). Observe that Equation (5.12) has
exactly the same form as Equation (5.8) encountered earlier in modeling floor vibration attenuation.
This is not surprising since both equations are modeling very similar physical settings, namely the
effect of a vibrating ground on the vibrations of a supported mass.

If u(t) is sinusoidal, then ỹ(t) is sinusoidal with the same frequency, and the amplitude ratio ỹ/u
is given by the amplitude frequency response, which we have already calculated (Equation (5.9)) in
the previous section as

ỹ

u
=

√
1 + 4ζ2 Ω2

√
(1− Ω2)2 + 4ζ2 Ω2

, Ω := ω/ωn. (5.13)

The frequency response is the same as that shown in Figure 5.4. If the road undulations and the
vehicle’s speed conspire so that the forcing frequency ω is at resonance ωn, then we expect large
amplitude of oscillation for ỹ. Let’s do a quick calculation. Assuming a suspension system with
damping ratio of ζ ≈ 0.25, the amplification near resonance (ω = ωn ⇔ Ω = 1) is

ỹ

u

∣∣∣∣
Ω=1

=

√
1 + 4ζ2√
4ζ2

=

√
1 + 4(0.25)2√
4(0.25)2

≈ 2.24. (if ζ ≈ 0.25)

To see what that means for a typical vehicle, we use the following parameters

v̄ = 65
miles

hr
× 1 hr

3600 s
× 1609 m

1 mile
≈ 30

m

s

k = 80, 000 N/m (assuming k = 20, 000 N/m at each of the 4 tires)

m = 2, 000 Kg (⇒ ωn =
√
k/m = 6.32 rad/s ≈ 1 Hz)

Now using the relation (5.10) ω = 2π v̄/λ we see that at a velocity of 65 miles/hr resonance will occur
when λ is approximately

λres ≈ 2π
v̄

ωn
= 2π

30 m/s

6.32 rad/s
≈ 30 m.
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Figure 5.6: The amplitude frequency responses from road undulations u to (top) vertical vibrations ỹ and (bottom)
vertical jerk z. In each figure, the bottom axis (in blue) shows the normalized frequency Ω = ω/ωn, while the top axis
(in red) shows the equivalent vehicle speed v̄ = λ

2π
ω = λ

2π
ωn Ω in miles/hour assuming road undulations wavelength

of λ = 30 m, which results in a “resonance velocity” of approximately 65 miles/hr. It is the jerk amplitude z, rather
than the vibrations amplitude ỹ that quantifies passenger comfort. The jerk plot demonstrates that the only way to
reduce passenger discomfort is to lower the vehicle’s velocity. The damping ratio ζ = 0.25 is used for these plots.

Thus if traveling at 65 miles/hr on a road whose undulations have wavelength of 30 m, the road
undulations will be amplified by a factor of two in the vibrations of the suspension system. A
road height variation of say 10 cm (which is relatively small) will cause the vehicle to oscillate
10cm × 2.24 ≈ 22cm vertically with a frequency of 1 Hz (i.e. up, down and up again in 1 second).
This can make for a rather uncomfortable ride.

When faced with such a road, the only way to reduce the vibrations is to move away from the
resonance condition. The only control the driver has over the parameters is the vehicle’s velocity v̄.
Should the vehicle go faster or slower to avoid resonance? Recall that the frequency of u(t) is given
by

ω = 2π v̄/λ.

Thus the faster the vehicle the higher the frequency and vice versa. Let’s set the road undulations
wavelength to 30 m, and vary the vehicle’s velocity instead. Figure 5.6 (top) shows the frequency
response with axes labeled by velocity v̄ as well as normalized frequency Ω. It shows that the
higher the frequency above resonance, the lower the vibration amplitude of ỹ would be, implying
that perhaps the vehicle should go faster. However, Figure 5.6 also shows that at low frequencies,
the amplitude frequency response ỹ/u is close to 1. This is similar to the static case; if the road
height moves up by a certain amount, then so does the vehicle’s vertical position in an inertial
frame. However, this would not be considered uncomfortable by any passenger. The reason for this
“apparent paradox” is that we are using the wrong criterion for passenger comfort as explained next.

In suspension system design, passenger comfort is most directly related not to the amplitude of
displacement, but rather to the jerk, which is the derivative of acceleration

vertical jerk: z(t) :=
d3

dt3
ỹ(t).

We therefore need to find the frequency response from road undulations u to the resulting vertical
jerk z. A differential equation for the jerk can be derived directly from the equation (5.12) for ỹ by
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differentiating both sides three times

¨̃y(t) + 2ζωn
˙̃y(t) + ω2

n ỹ(t) = 2ζωn u̇(t) + ω2
n u(t)

⇒ ỹ(5)(t) + 2ζωn ỹ
(4)(t) + ω2

n ỹ
(3)(t) = 2ζωn u

(4)(t) + ω2
n u

(3)(t)
(differentiating both sides 3 times)

⇒ z̈(t) + 2ζωn ż(t) + ω2
n z(t) = 2ζωn u

(4)(t) + ω2
n u

(3)(t) (5.14)

This is an input-output differential equation of the form to which Theorem 4.2 is applicable, and we
can therefore write down the complex frequency response directly as

ẑ

û
=

2ζωn (jω)4 + ω2
n (jω)3

(jω)2 + 2ζωn (jω) + ω2
n

= (jω)3
2ζωn (jω) + ω2

n

(jω)2 + 2ζωn (jω) + ω2
n

= − jω3 1 + j 2ζ ω/ωn

(ω2
n − ω2) + j 2ζωn ω

= − jω3 1 + j 2ζ ω/ωn

(1− ω2/ω2
n) + j 2ζ ω/ωn

(dividing by ω2
n)

= − jω3
n Ω3 1 + j 2ζ Ω

(1− Ω2) + j 2ζ Ω
(Ω := ω/ωn ⇒ ω = ωnΩ)

Taking the magnitude of this complex ratio gives the amplitude frequency response (the phase
response is not relevant here since we are only interested in the amplitude of the jerk)

z

u
=
|ẑ|
|û| = ω3

n Ω3

√
1 + 4ζ2 Ω2

√
(1− Ω2)2 + 4ζ2 Ω2

(5.15)

Observe that the fractional part of this frequency response is exactly the same as the response to ỹ
calculated earlier in (5.13). The response to jerk calculated above has an extra factor of Ω3, which
is not surprising since the jerk is the 3rd derivative of position. Note that the ratio z/u above has
dimensions of acceleration over distance 1/s2, as are the units of ω2

n.
The frequency response (5.15) is shown in Figure 5.6 (bottom). It is different from the frequency

response to position ỹ shown in the same figure. The extra factor of Ω3 keeps the response very low
at low frequencies as might be expected from physical intuition. Low vehicle velocities produce lower
jerks. Another notable difference is that the jerk response keeps increasing beyond the resonance
frequency Ω = 1, unlike the position response which decreases beyond resonance. This also makes
physical sense. Although the position response y/u decreases above resonance, the frequency is
also higher above resonance, and since the jerk is the 3rd derivative, its amplitude (relative to
displacement) is much higher due to differentiating a high frequency signal three times. The jerk
response shown in Figure 5.6 implies that the only way to reduce uncomfortable vibrations is to
lower the vehicle’s speed to below resonance.

5.3 Accelerometers and other Vibration Sensors

An accelerometer is a device that measures acceleration using the motion of a suspended proof mass
inside an enclosure. Imagine you are in a car or a plane that is accelerating at a constant rate (this
is of course only true for short times such as when the plane is taking off). Without looking outside,
you can estimate the acceleration by holding up a pendulum and observing the angle the pendulum
makes with the vertical axis. More sophisticated arrangements are required when measuring rapidly
time varying accelerations as is possible with modern MEMS accelerometers. We begin by using
basic vibration theory to examine the simplest possible accelerometer model, and then give a brief
introduction to high-performance accelerometer design using the the principle of “force balance”
feedback.

Consider the arrangement shown in Figure 5.7a. An enclosure (shown in blue) contains a “proof
mass” m connected to the enclosure through a spring and damper1. In our simple model we assume

1Often the connection is through some elastic element like a flexure, which has some small inherent damping, but
actual damping elements are typically not used.
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m

zp

x := p� z

(a) A mass m is suspended inside an enclosure
and the position x(t) := p(t) − z(t) of the mass
relative to an enclosure can be measured by some
type of sensor. This relative distance obeys the
dynamics (5.17) of an MSD system “forced” by
the inertial acceleration z̈(t). Over a certain fre-
quency range (called the bandwidth of the sen-
sor), the signal x(t) is proportional to the signal
z̈(t).

m

zp

x := p� z

f

(b) Much better performance is possible when the accelerometer is oper-
ated using the “force balance” principle. An actuator (shown in green)
exerts a force f(t) between the enclosure and the proof mass. The
force is generated by some feedback algorithm on the sensed distance
x(t) = p(t) − z(t) such that x(t) is kept as close to equilibrium as pos-
sible. The inertial acceleration can then be “read off” from the force
f(t) required to keep the mass motionless relative to the enclosure. This
scheme increases both the sensitivity and the bandwidth of the accelerom-
eter.

Figure 5.7: Simplified schematics of accelerometers which use the motion of a “proof mass” inside an enclosure to
estimate the acceleration z̈ of the enclosure in an inertial frame. The coordinate axis outside the enclosure represents
an inertial frame (inaccessible to direct measurements), and the coordinate inside the accelerometer is the position of
the proof mass relative to the enclosure, which is something that can be readily measured.

motion in only one dimension. The coordinate of the enclosure in an inertial frame is denoted by z.
The purpose of this device is to measure the inertial acceleration z̈(t) of the enclosure, even though
we don’t have access to an inertial position measurement like z(t). Inside the enclosure however, we
can measure the relative distance p(t) − z(t) between the two inertial coordinates p(t) of the proof
mass and z(t) of the enclosure. This can be implemented by a variety of schemes depending on the
type of device2.

Now since p(t) is the position of the mass in an inertial frame, Newton’s 2nd law says

m p̈(t) = − k (p(t)− z(t)) − c (ṗ(t)− ż(t)) , (5.16)

where we have assumed the origin of the coordinate system for measuring p− z inside the enclosure
is such that p − z = 0 corresponds to the spring’s equilibrium. The only thing we can directly
measure is the relative position p(t)− z(t), so let’s rewrite the equations in terms of this quantity

x(t) := p(t)− z(t) ⇔ p(t) = x(t) + z(t)

⇒ Equation (5.16) becomes m (ẍ(t) + z̈(t)) = − kx(t)− cẋ(t).

Rearranging this equation so that z̈(t) is the input and dividing my m so that the parameters are
expressed in terms of ζ and ωn

mẍ(t) + cẋ(t) + kx(t) = −mz̈(t)
⇒ ẍ(t) + 2ζωn ẋ(t) + ω2

n x(t) = − a(t), a(t) := z̈(t). (5.17)

The inertial acceleration z̈(t) has been relabeled as a(t) to emphasize that it is the quantity to be
estimated rather than z(t).

Equation (5.17) represents an MSD system where the inertial acceleration a(t) is the input and
the (measurable) relative distance is the output. The complex frequency response of this system is

x̂

â
=

−− 1

(jω)2 + 2ζωn(jω) + ω2
n

=
−1

(ω2
n − ω2) + j 2ζωn ω

=
−1/ω2

n

(1− ω2/ω2
n) + j 2ζ ω/ωn

The input to this system is the inertial acceleration a(t) that we want to estimate, but what is
directly measured is the output x of the system. In the low frequency region Ω≪ 1, this relation is

2For example, some MEMS accelerometers use “capacitive sensing” where the distance between two capacitor
plates is measured by measuring the capacitance electrically.
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(a) The frequency response from acceleration â to its es-

timate âe = ω2
nx̂ based on the proof mass displacement

x̂ (relative to enclosure). In the frequency range where
the response is “flat”, ae(t) is an “undistorted” estimate
of a(t). In this scheme, the flat region is primarily de-
termined by the system’s natural frequency ωn.

(b) With proportional force-balance feedback, the estimate of ac-
celeration ae(t) = f(t)/m is obtained from the force f(t) required
to keep the proof mass motionless. This scheme amounts to adding
“virtual stiffness” to the system and therefore increases the band-
width. It does however reduce the damping ratio, as can be seen
from the larger resonance peak. This may cause stability problems
inside the sensor.

Figure 5.8: Frequency responses from actual inertial acceleration a to its estimate ae for (a) an accelerometer without
force balance, and (b) an accelerometer with proportional force balance. The shaded areas represent the frequency
regions over which the response is “flat”, which is a requirement for the estimate of ae(t) to be an undistorted version
of a(t). The range of such frequencies is called the bandwidth of the sensor.

approximately a static gain, which can be inverted

for Ω≪ 1, x(t) ≈ −1
ω2
n

a(t) ⇒ ae(t) ≈ −ω2
n x(t), (5.18)

ae(t) := estimate of true acceleration a(t)

Now the frequency response from actual acceleration â to its estimate âe is

âe
â

= − ω2
n

x̂

â
= − ω2

n

−1/ω2
n

(1− ω2/ω2
n) + j 2ζ ω/ωn

=
1

(1− ω2/ω2
n) + j 2ζ ω/ωn

This frequency response is shown in Figure 5.8a. In the low frequency regime, this frequency response
is approximately 1, which means that the signal ae(t) will be similar to the signal a(t) with little
distortion. The frequency range over which this relationship is accurate is called the bandwidth of
this sensor. This is the region where the frequency response is almost “flat”, i.e. the gain is the same
for all frequencies in this region. To fully understand this point requires understanding of system
responses for more complex signals than just pure sinusoids. We will study this in Chapter 6 where
we will demonstrate a beautiful relationship between the frequency response of a system and the
Fourier transform of its input and output signals. For the time being, the point to keep in mind
is that for high fidelity sensing in a certain frequency range, the frequency response of the sensor
needs to be flat. For signals with frequency content beyond the flat region, the reconstruction of
ae(t) using (5.18) will result in a “distorted” version of a(t).

Figure 5.8a shows the flat region of the frequency response to be approximately Ω ≤ 0.4. Modern
day MEMS accelerometers have a nominal natural frequency in the low KHz, about 1-5 KHz, which
then restricts the bandwidth to approximately 0.4-2 KHz. One way to increase this bandwidth is
of course is to increase the system’s natural frequency ωn by stiffening the spring or decreasing the
mass. There is always a limit to how high ωn can be (even if its possible to fabricate such a device)
due to noise considerations which we now briefly discuss.

We can demonstrate the effect of noise on the reconstruction formula (5.18) as follows. Recall that
the relative distance x(t) is measured by some sort of sensing device which converts that quantity
to a voltage, e.g. capacitive sensing in MEMS accelerometers. There is always a certain amount of
electronic noise in any measurement, and we can model that as an additive noise signal

xm(t) = x(t) + n(t),

where x(t) is the true relative position, n(t) is unknown measurement noise (i.e it cannot be measured
directly), and xm(t) is the measured relative position. Since xm(t) is the only measurement we have,
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we can try to reconstruct a(t) using the formula (5.18) applied to it (instead of x(t), which we don’t
have). Thus the estimate aez(t) of the true acceleration a(t) is

aez(t) = ωn xm(t) = ωn

(
x(t) + n(t)

)
= ωn x(t) + ωn n(t) = a(t) + ωn n(t)

The term ωnn(t) is therefore the error in the estimate of a(t), which is the quantity of interest. If ωn

is chosen too high, then this reconstruction formula will significantly amplify the noise to produce
large errors in the estimate.

Remark 5.1. There are further issues with the reconstruction of acceleration just described which are
beyond the scope of the current discussion. We describe them briefly for a larger context.

1. The phase frequency response of the sensor’s frequency response has not been examined. The
phase response also plays a role in whether the estimate of acceleration is distorted or not. For the
flat regions shown in Figures 5.8, the phase response is rather minimal.

2. The reconstruction of acceleration can be further enhanced over a somewhat larger bandwidth
than described above by “deconvolution”. This is a signal processing technique which “inverts”
the frequency response over a slightly larger frequency bandwidth than those shown in Figures 5.8.
It uses a frequency dependent version of the inversion formula (5.18), but implemented in the time
domain. However, this comes at the expense of a time-delay in the estimate. Whether this delay is
acceptable or not depends on the application. For data gathering such as characterizing a structure
or other system identification applications, delays are tolerable. If the accelerometer is used as a
sensor in a feedback control system, delays may be very detrimental to the stability of the system
being controlled.

5.3.1 Accelerometers with Force Balance

The performance of the accelerometer can be greatly enhanced if operated with force-balance feed-
back. The force-balance principle is an ingenious idea that has been rediscovered many times over.
In the case of the accelerometer, it operates as illustrated in Figure 5.7b. An actuator applies an
additional force f(t) to the proof mass. This force is determined by a feedback algorithm that senses
the relative motion x(t) and applies the force necessary to keep it at zero. In other words, it tries to
keep the mass motionless relative to the enclosure, and the force required for this must be propor-
tional to the acceleration of the enclosure. In this scheme, the estimate of a(t) is actually obtained
from the force f(t) required to keep x(t) near zero. At first, this scheme might seem to be unneces-
sarily circuitous, as well as needing the expense of an additional component (the actuator), and the
design of the feedback algorithm. It does however have two very significant advantages; it improves
the sensitivity and accuracy of the sensor (see Appendix 5.A), and it can increase its bandwidth
by sometimes an order of magnitude. As already mentioned, many MEMS accelerometers have a
natural frequency ωn ≈ 1 − 5 KHz, which results in a usable bandwidth of ≈ 0.4 − 2 KHz when
operated without feedback. High performance MEMS accelerometer that use force-balance feedback
can easily achieve bandwidths in the 20-30 KHz range.

In this subsection, we will carry out the analysis to show how the accelerometer bandwidth can
be increased using two different feedback schemes. This will also serve as an introduction to the
analysis of composite dynamical systems that have more than one component. We will show how
various frequency responses of “subsystems” can be combined using “block diagrams” to obtain
descriptions of an overall composite system.

The proof mass subject to the additional force f(t) (Figure 5.7b) has the following dynamics

mẍ(t) + cẋ(t) + kx(t) = −mz̈(t) + f(t)

⇒ ẍ(t) + 2ζωnẋ(t) + ω2
nx(t) = − a(t) + 1

mf(t), a(t) := z̈(t). (5.19)

The task of this force is to “cancel” the effects of inertial acceleration, so if f(t)/m is equal to a(t),
then the mass will be motionless. Thus a read out of f(t)/m would give the inertial acceleration. As
already mentioned, the actuator force is determined by some feedback scheme on the displacement
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x(t). The simplest such scheme is to have it proportional to the mass’ motion as a “restoring force”

f(t) = − g x(t), (5.20)

where g is some constant called the feedback gain. This kind of scheme is called proportional feedback.
Note that x(t) is a position measurement typically obtained electronically, and the actuator force
f(t) is determined by an electronic signal (e.g. a voltage command to an actuator), and therefore the
constant g in (5.20) is typically the “gain” of some electronic amplifier (e.g. built with an Op-amp).
Note the similarity of the force law (5.20) to that of a spring (Hook’s law) where g is analogous to
a spring constant The feedback scheme (5.20) can therefore be thought of as a “virtual spring”, i.e.
an electronically simulated spring force.

Now we combine the proof mass dynamics (5.19) with the feedback scheme (5.20) to analyze the
overall dynamics

ẍ(t) + 2ζωnẋ(t) + ω2
nx(t) = − a(t) + 1

mf(t) = − a(t) + 1
m g x(t) (5.21)

⇒ ẍ(t) + 2ζωn ẋ(t) +
(
ω2
n + g

m

)
x(t) = − a(t)

⇒ ẍ(t) + 2
(
ζ ωn

ωg

)
ωg ẋ(t) + ω2

g x(t) = − a(t), ω2
g := ω2

n + g
m = k

m + g
m = k+g

m .

(5.22)

Note how the constant g enters the coefficients of this equation as “spring constant” equivalent to
an additional spring in parallel to k. Equation (5.22) is that of an MSD system forced by a(t) and
having a new natural frequency of ωg and a new damping ratio of ζ(ωn/ωg). Either g or ωg can be
considered a “design parameter” since specifying one determines the other

ω2
g := ω2

n + g
m ⇔ g = m

(
ω2
g − ω2

n

)
.

The estimate of a(t) is obtained from the feedback force f(t). If the actuator force insures the mass
is nearly motionless, then the terms on the right hand side of equation (5.22) must add up to nearly
zero, i.e. f(t)/m must be almost equal to a(t) to cancel it. Thus we define f(t)/m as the estimate
ae(t) of the actual acceleration a(t)

ae(t) := 1
mf(t) (estimate of inertial acceleration a(t) when using force-balance feedback f(t))

The next question is how should ωg (or equivalently the feedback gain g) be designed to improve
the performance of the accelerometer? To answer the question, we need to find the frequency response
from a(t) to ae(t) and see what role the constant g plays. First note that ae(t) is proportional to
the relative displacement x(t)

ae(t) = 1
m f(t) = − 1

m g x(t).

The frequency response from a(t) to x(t) can be read off from (5.22) and combined with this pro-
portionality relation to give

âe
â

=
âe
x̂

x̂

â
=
−g
m

−1
(jω)2 + 2

(
ζ(ωn

ωg

)
ωg (jω) + ω2

g

=
ω2
g − ω2

n

(jω)2 + 2
(
ζ(ωn

ωg

)
ωg (jω) + ω2

g

(5.23)

where the last equality g/m = ω2
g − ω2

n follows from the definition (5.22) of ωg. This is a frequency
response of MSD system with natural frequency ωg. Recall that the bandwidth of such a system is
largely determined by its natural frequency (refer to Figure 5.8a). This gives a design guideline; to
increase the sensor’s bandwidth by a factor of α, choose g such that ωg = αωn. Note however that
if the natural frequency is increased by a factor of α, then the damping ratio ζ(ωn/ωg) = ζ/α is
actually decreased by the same factor of α.

Figure 5.8b shows this frequency response when ωg is chosen to be a factor of 10 times ωn for an
attempt to increase the bandwidth by a factor of 10. Note that the bandwidth in indeed increased,
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but since the damping ratio has also been decreased by also a factor of 10, a higher resonance peak
is seen, which tends to reduce the range where the frequency response is flat. In this case the
bandwidth appears to have increased by about a factor of 7, which is still significant. Note also that
the “low frequency gain”

at ω ≈ 0,
(̂ff/m)

âz
≈ ω2

g − ω2
n

ω2
g

=
102ω2

n − ω2
n

102ω2
n

=
100− 1

100
ωn ≈ 1,

which also holds approximately in the flat frequency range. Thus over the usable bandwidth, the
estimate âe is almost identical to the actual acceleration â.

Analysis of Force-Balance Feedback Schemes Using Block Diagrams

It is now useful to “zoom out” to get a better idea of the system “architecture” to really understand
what we are doing. The “block diagram” illustrated in Figure 5.9 will be a useful guide. We will
repeat the derivation of the overall frequency response (5.23) using this block diagram, and this
analysis will be useful for any other more elaborate feedback scheme such as the Proportional-
Integral (PI) feedback presented later. Block diagram analysis is a very useful tool, so it is worth
spending some time on it using the accelerometer example as a motivation.

The proof mass dynamics (5.19) and its frequency response can be rewritten as follows (recall
that ae(t) =

1
mf(t))

u(t) := ae(t)− a(t)
ẍ(t) + 2ζωnẋ(t) + ω2

nx(t) = u(t)
⇔ û := âe − â

x̂
û = 1

(jω)2+2ζωn(jω)+ω2
n

=: M(ω)

The frequency response M(ω) is to be regarded as a system that takes the input û = âe − â to
produce the output x̂. The system M(ω) is represented in Figure 5.9 as the grey block. Its output
is labeled x̂, and note how the summing junction forces its input to be û = â − âe. The signal â
(the inertial acceleration) is provided externally, while the signal âe (the acceleration estimate) is fed
back from the output of the overall system. Each block in a block diagram represents an equation.
For example

û := âe − â (represented by the summing junction)

x̂

û
=

1

(jω)2 + 2ζωn(jω) + ω2
n

=: M(ω) ⇔ x̂ = M(ω) û (represented by the grey block)

The remaining blocks in Figure 5.9 are the force equation (5.20) and the estimate equation

f(t) = g x(t) ⇔ f̂ = F(ω) x̂ F(ω) := g (green block F(ω)) (5.24)

ae(t) =
1
m f(t) ⇔ âe =

1
m f̂ (green block 1

m
)

The phasor relations in this case are simple since force equation F(ω) := g is just a multiplication by
the the constant g (proportional feedback). However, we defined it here more generally as a possibly
ω-dependent multiplication to analyze more elaborate force feedbacks in the next scheme.

The feedback diagram 5.9 gives some intuition. The quantity âe− â is the estimation error since
it is the difference between the acceleration estimate âe and the true acceleration â. If âe is higher
than â, then the error âe− â positive. This positive error is then amplified in the “forward loop” first
by going through the mass dynamics M(ω), and then going through F (ω) = −g. Thus it becomes a
“negative feedback” that reduces âe as a corrective action. Let’s test this intuition mathematically
by calculating the frequency response from â to âe, which is the frequency response of the overall
system depicted as the dashed block in the figure. The following calculation will be done for a
general force law F(ω) which will be useful in analyzing more elaborate feedback schemes.
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F(!)

Proof mass dynamics
Force balance

feedback algorithm

M(!) =
1

(j!)2 + 2⇣!n(j!) + !2
n

1

m
x̂ âef̂â

âe � â

Figure 5.9: Any force-balance feedback scheme for the accelerometer can be represented using a block diagram.

Each block in this diagram represents the frequency response of an input-output system. Each of the labels â, x̂, f̂f ,
âe represent the phasors of the signals a(t), x(t), f(t), and ae(t) respectively. The summation junction (depicted as
the circle with the + sign) models the input to the proof mass dynamics which is “estimation error” â− âe between
the actual acceleration â and its estimate âe. The description of the overall system as a feedback between subsystem
blocks M(ω) and F(ω) guides the calculation of the overall “closed-loop” frequency response from a to âe depicted as
the blue dashed block.

To obtain the frequency response from â to âe, begin with the output signal âe and “work
backwards” through each of the blocks as follows

âe = 1
m f̂ = 1

m F(ω) x̂ = 1
m F(ω) M(ω)

(
âe − â

)
= 1

mF(ω)M(ω) âe − 1
mF(ω)M(ω) â

⇒
(
1− 1

mF(ω)M(ω)
)
âe = − 1

mF(ω)M(ω) â

⇒ âe
â

=
− 1
mF(ω)M(ω)

1− 1
mF(ω)M(ω)

(5.25)

This elegant and simple formula gives the frequency response of the overall feedback system from
the frequency responses of the subsystems’ blocks M(ω), F(ω) and 1

m . Note that the analysis leading
to this formula is quite general since it didn’t depend on the details of the systems M(ω) or F(ω).

Applying formula (5.25) to the proportional feedback scheme

âe
â

=
− 1
m (-g) 1

(jω)2+2ζωn(jω)+ω2
n

1− 1
m (-g) 1

(jω)2+2ζωn(jω)+ω2
n

=

g/m
(jω)2+2ζωn(jω)+ω2

n

1 + g/m
(jω)2+2ζωn(jω)+ω2

n

=
g/m

(jω)2 + 2ζωn(jω) + ω2
n + g/m

=
ω2
g − ω2

n

(jω)2 + 2ζωn(jω) + ω2
g

.
(
ω2
g := ω2

n + g
m

= k
m

+ g
m

= k+g
m

)

This is precisely the frequency response (5.23) obtained earlier. However the calculations used earlier
to arrive at (5.23) were only possible because of the simple nature of the proportional feedback
scheme. For more elaborate feedback laws (such as the PI feedback discussed next), it is necessary
to use the formula (5.25).

Force Balance with Proportional-Integral (PI) Feedback

The force-balance proportional feedback scheme presented earlier is not the best one. More elab-
orate schemes can actually do much better, and those are indeed employed in high-performance
accelerometers. One such scheme is described in this subsection.

A common feedback control scheme is the so-called Proportional-Integral (PI) control, which for
the force-balance feedback would be of the form

f(t) = −
(
gp x(t) + gi

∫ t

0

x(τ) dτ
)
, (5.26)

where the “proportional gain” gp and the “integral gain” gi are design parameters to be determined.
This feedback scheme has the following intuitive interpretation. The first term −gpx(t) is a restor-
ing force proportional to the instantaneous position deviation x(t). The second term represents a
restoring force that is proportional to the integral of position deviation, i.e. the “past history” of
this deviation. This gives better behavior of the feedback at slow frequencies. If the deviation x(t)
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Figure 5.10: A comparison of the frequency response of the accelerometer without force-balance feedback (blue
curve) and with Proportional-Integral (PI) force-balance feedback (green curve). The bandwidth is clearly increased
by more than an order of magnitude without increasing the resonance peak that the proportional-feedback scheme
of Figure 5.8b suffers from. The resonance peak of the PI scheme is in fact smaller than that without any feedback.
The useful bandwidth of the PI feedback accelerometer is about 1.5 orders of magnitude than without feedback.

is small, but lasts a long time without switching sign, then the integral term will be large (despite
x(t) being small) and therefore result in a larger overall restoring force.

To understand the performance of this scheme, we need to look at the overall frequency response.
For this we need the frequency response from measurement x to actuator forcing f . We know how
to compute frequency responses for input-output systems described by ODEs. The relation (5.26)
however involves an integral. This can be easily converted to a differential equation by differentiating
both sides of (5.26) once to arrive at

ḟ(t) = − gp ẋ(t) − gi x(t).

This is an input-output ODE to which Theorem 4.2 is applicable, and the (complex) frequency
response from x to f is readily obtained as

F(ω) :=
f̂

x̂
= − gp (jω) + gi

(jω)
. (5.27)

Note that in contrast to the case of proportional feedback (5.24), F(ω) is no longer constant in ω,
but it is frequency dependent. It is this additional design freedom that gives it superior properties.

To obtain the frequency response of this system, we simply use formula (5.25) using F(ω)
from (5.27) and M(ω) from the mass dynamics

âe
â

=
− 1
mF(ω)M(ω)

1− 1
mF(ω)M(ω)

=
− 1
m

(
− gp(jω)+gi

(jω)

)
1

(jω)2+2ζωn(jω)+ω2
n

1− 1
m

(
− gp(jω)+gi

(jω)

)
1

(jω)2+2ζωn(jω)+ω2
n

=
gp (jω) + gi

m(jω)
(
(jω)+2ζωn(jω) + ω2

n

)
+ gp(jω) + gi

=
gp (jω) + gi

m (jω)3 + 2mζωn (jω)2 + (mω2
n + gp) (jω) + gi

Note that the denominator of this response is 3rd order in ω. This is because the differential
equation for the mass is 2nd order, while the differential equation for the force feedback is 1st order.
It can be shown that in a composite system, the order of the overall differential equation is the sum
of the orders of the differential equations of all subsystems, which in this case is 2 + 1 = 3. This
results in a 3rd order frequency response.

The design parameters in this scheme are the proportional and integral gains gp and gi respec-
tively. This is a standard exercise in feedback control system design and is beyond the scope of the
current discussion. By way of illustration, Figure 5.10 shows an example design with gp = 100
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Figure 5.11: A force or pressure measurement device (e.g. load cell) operates on the principle of measuring the
deflection of an elastic element in response to an applied force. Deflection can be measured with a variety of sensors
such as strain gauges, interferometers, optical encoders, etc. (Left) A model of such a device is a (nonlinear spring)
whose deflection x can be related to the applied force using a calibrated (x, f) curve (right) describing the deflection as
a function of the applied force. The (x, f) curve has the typical characteristics of a “stiffening spring”. The sensitivity
of this force sensor is given by δx/δf , where it is highest in the “linear regime” where small deviations in f give the
largest possible deviation in x (since the accuracy of sensing is determined by the displacement sensors). For such
a sensor, good accuracy is in general not guaranteed when large forces are applied. The sensor thus has a limited
“dynamic range”.

and gi = 1000. The figure clearly shows a significant bandwidth increase of about 1.5 orders of
magnitude over the case of no feedback. Unlike the case of pure proportional feedback, the increase
in the resonance peak that occurs with that scheme is avoided here. In fact, the PI scheme reduces
the resonance peak as well as increases the bandwidth simultaneously.

Appendix

5.A The Force-Balance Principle

The force-balance principle is a method for enhancing the performance of sensors. It is an ingenious
technique that has been rediscovered repeatedly in many different types of sensors. The basic idea is
summarized here for force/acceleration sensors, but other instances of its use are briefly mentioned
towards the end to emphasize that this is a widely applicable method.

A common force sensor is the “load cell”. It is basically a relatively stiff elastic element which
deforms under the application of a force, its deformation is measured by a displacement sensors (e.g.
a strain gauge), which then gives an indirect measurement of the force. A schematic of such a sensor
is shown in Figure 5.11. The elastic element is modeled as a (nonlinear) spring. When a force f is
applied, it deforms by x amount. The applied force can then be obtained from the deformation x
using a calibrated (x, f) curve (shown on the right in the figure) for that particular elastic element.

The (x, f) curve shown in Figure 5.11 has the typical behavior of a “stiffening” spring, the larger
the displacement, the larger the incremental force δf required for an incremental displacement δx.
If this sensor is to be operated over a large range of possible forces, the entire (x, f) curve needs to
be known by some calibration procedure.

A key consideration in the design of any sensor is its sensitivity. Referring to the (x, f) curve, if
a force of value f̄ is applied, the spring will deform with displacement x̄ given by the (x, f) curve.
If the displacement sensor has an error of δx, then the error in determining the force is given by

δf ≈ f ′(x̄) δx,

where f ′(x̄) is the derivative of that curve at the displacement x̄. In regions (of displacement) where
f ′(x̄) is large, a larger error in determining the force is obtained compared to where f ′(x̄) is small.
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Figure 5.12: The force sensor operated using the force-balance principle. The deflection x is sensed, and is fed back
to produce the actuator force fa required to counteract the externally applied force f so displacement is kept at zero
x ≈ 0. This required actuator force is then the measurement of the externally applied force. In this manner, the
sensor is always operating in the linear regime shown in Figure 5.11, which is the regime of highest sensitivity. When
operated in this manner, the force-balance sensor has much higher sensitivity over a large dynamic range.

The sensitivity of the sensor at displacement x̄ is defined as the inverse of the error ratio

sensor’s sensitivity at x̄ :=
δx

δf

∣∣∣∣
at x̄

=
1

f ′(x̄)
.

If a small change in the force produces a large change in displacement, then the accuracy in deter-
mining the force is higher for a fixed displacement sensor’s accuracy. This is depicted in Figure 5.11
for two cases where the f ′(x̄) is low (high sensitivity) and f ′(x̄) is high (low sensitivity). For a typical
stiffening spring type sensor, the area of highest sensitivity is around zero displacement, sometimes
referred to as the “linear regime” of sensing. There two major difficulties with such a sensor.

1. The sensor requires extensive calibration. The (x, f) curve needs to be obtained accurately
through a collection of experiments where a calibrated force is applied and the resulting dis-
placement recorded. Each elastic element is likely to have an (x, f) curve that is slightly
different from another.

2. The behavior of many elastic elements is that of a “stiffening” spring, so that when larger
forces are applied, the derivative f ′ becomes larger (stiffer), and the sensitivity 1/f ′ becomes
lower. This limits the “dynamic range” of the sensor to a maximum force for which acceptable
sensitivity is required.

A force sensor that uses the force-balance principle resolves both of the two difficulties listed
above. Such a sensor is depicted in Figure 5.12. It requires an actuator capable of providing an
opposing force fa, as well as a feedback mechanism that works to keep the elastic element at close
to zero deformation. The externally applied force f then is equal to the required actuator force
fa, and therefore the force measurement is read off from fa. This means that the sensor is always
operating in the region around x̄ ≈ 0, which is the region of highest sensitivity. The dynamic range
of force measurements is thus determined by the largest force fa the actuator can provide rather
than the stiffening of the elastic element. Thus the sensor is always operating in the “linear regime”
regardless of the applied force. Furthermore, the only calibration required is the single number of
the stiffness f ′(0) around zero deflection rather than the entire (x, f) curve.

The scenarios described above are static ones, and they show that a force-balance sensor gives
the highest sensitivity over as large an applied force magnitudes as the actuator is able to provide.
There is also the very important dynamic property of significantly increasing the bandwidth of the
sensor as demonstrated for accelerometers in Section 5.3.1.

As mentioned, the force-balance principle is used in many other types of sensors. Below is another
notable example.

Hot-wire Anemometers in Constant-temperature Mode:
The Constant Temperature Anemometer (CTA)

A hot-wire anemometer is a local gas velocity sensor. A very thin wire placed in a gas flow is
resistively heated. Due to convective heat transfer to the flow, the faster the flow, the lower the
temperature of the wire when heated with constant power. The wire’s temperature can be read off
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from its resistance, which can be determined from its voltage and current. The bandwidth of this
sensor is related to its heat capacity, which determines how fast its temperature can react to changes
in gas velocity. Thin wires of diameters in the few microns have a bandwidth in the 100’s of Hz
when operated in this mode.

An alternative mode of operation is in “constant temperature mode”, and is more commonly
referred to as the Constant Temperature Anemometer (CTA). As mentioned, the wire’s temperature
can be sensed electronically by monitoring its voltage and current. A feedback circuit then alters
the power delivered to the wire so that its temperature stays constant regardless of flow velocity
fluctuations (and consequently convective heat transfer fluctuations to the gas). The power needed
to keep the temperature constant is then “read off” to compute the gas’ velocity. The force-balance
principle here is that the wire’s temperature is akin to the position of the spring in a load cell. The
variable power applied to keep that temperature constant is akin to the actuator force applied to
keep the load cell deflection constant. When hot wires are operated in this mode, their bandwidth
can be dramatically increased by 2 or 3 orders of magnitude to the range of 10’s of KHz. The
CTA was invented in the 1960’s, and remains as the state-of-the-art measurement technique for high
temporal resolution turbulence studies. The dynamic response of the anemometer can be analyzed
with similar frequency response techniques used earlier for force-balanced accelerometers.
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Chapter 6

General Forced Vibrations

The superposition property of linear systems enables response analysis for general and complicated-
looking input signals when they are written as a sum of simpler signals. A periodic forcing signal
can be expressed as a Fourier series sum, and the superposition property implies that the response to
the periodic input is the total sum of the responses to each of the individual harmonics in its Fourier
series. More generally, any not-necessarily periodic forcing signal can be written as an integral with
respect to its Fourier transform, also known as its “spectrum”. The systems we deal with have the
remarkable property that the spectrum of the output is simply the product of the input’s spectrum
with the system’s frequency response. This “frequency domain” analysis gives much insight into the
resulting vibrations with the “shape” of the system’s frequency response encoding all of its dynamical
properties. Transfer functions evaluated on the imaginary axis give the system’s frequency response,
and the poles and zeros of the transfer function give insight, as well as design guidelines, for the
system dynamics.

6.1 Introduction: Linearity and the Superposition Principle

In previous chapters we analyzed the steady-state response of constant-coefficient ODEs to a single
sinusoidal input. The main tools used were phasor analysis and the frequency response. These
same mathematical tools can be used in much greater generality to analyze the response to more
complex signals. The key property that enables this generalization is that of linearity, otherwise
known as the principle of superposition. This property implies that once we know the response to
some simple inputs like pure sinusoids, then we can obtain the response to inputs that are made up
of all possible linear combinations of such sinusoids. Most signals of interest can be represented as
linear combinations of a finite or infinite number of sinusoids, and when we combine the frequency
response with this linearity property, we obtain a powerful method for describing the response of a
system to very general types of inputs.

The differential equations we have encountered so far have this linearity property. This follows
from the following two observations.

1. The derivative operation (of any order) is a linear operation. Indeed, take any two signals
u1(t) and u2(t), and any linear combination of them

d
dt

(
a u1(t) + b u2(t)

)
= a d

dtu1(t) + b d
dtu2(t),

where a and b are arbitrary (scalar) coefficients. Applying this repeatedly, we see that differ-
entiation of any order k is also a linear operation

dk

dtk

(
a u1(t) + b u2(t)

)
= a dk

dtk
u1(t) + b dk(t)

dtk
u2(t).

2. Any linear combination of derivative operations (of any order) is also a linear operation. For
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example

(
βm

dm

dtm + · · ·+ β1
d
dt + β0

) (
a u1(t) + b u2(t)

)

= βm
dm

dtm

(
a u1(t) + b u2(t)

)
+ · · · + β1

d
dt

(
a u1(t) + b u2(t)

)
+ β0

(
a u1(t) + b u2(t)

)

= a
(
βm

dm

dtm + · · ·+ β1
d
dt + β0

)
u1(t) + b

(
βm

dm

dtm + · · ·+ β1
d
dt + β0

)
u2(t)

There are other operations on signals that also have the linearity property (integration for example),
but the above two facts are the ones we need for analysis system responses.

Consider now an input-output system described by and ODE of the form used earlier in Theo-
rem 4.2. The differential equation can be rewritten slightly to emphasize the linearity property as
follows

αny
(n)(t) + · · · + α1y

(1)(t) + α0y(t) = βmu
(m)(t) + · · ·+ β1u

(1)(t) + β0 u(t)

⇔
(
αn

dn

dtn + · · ·+ α1
d
dt + α0

)
y(t) =

(
βm

dm

dtm + · · ·+ β1
d
dt + α0

)
u(t) (6.1)

Thus the left hand side is a linear operation on the output y and similarly the right hand side is a
linear operation on the input u. This has a remarkable consequence: suppose we know the outputs y1
and y2 to the inputs u1 and u2 respectively. If a new input to the system is some linear combination
of u1 and u2, there is no need to re-solve the system to find the output to this new input. The
new output is simply the same linear combination of the respective outputs y1 and y2. This is a
fundamental principle that we state precisely next.

The Superposition (Linearity) Principle

Let u1 and u2 be two inputs to a system producing outputs y1 and y2 respectively, i.e.

(
αn

dn

dtn + · · ·+ α1
d
dt + α0

)
y1(t) =

(
βm

dm

dtm + · · ·+ β1
d
dt + α0

)
u1(t),

and
(
αn

dn

dtn + · · ·+ α1
d
dt + α0

)
y2(t) =

(
βm

dm

dtm + · · ·+ β1
d
dt + α0

)
u2(t).

Let a, b be scalars, then the output corresponding to the linear combination input a u1+ b u2
is the same linear combination of the respective outputs, i.e.

(
αn

dn

dtn + · · ·+ α1
d
dt + α0

) (
a y1(t) + b y2(t)

)
=
(
βm

dm

dtm + · · ·+ β1
d
dt + α0

) (
a u1(t) + b u2(t)

)
.

The proof of this principle is done by simply adding the top two equations to obtain the third
one. This also implies that the linearity principle applies not only to linear combinations of two
input, but any number of inputs. More precisely, if a1, . . . , an are any scalars, and u1, . . . , un are
input signals with corresponding outputs y1, . . . , yn, then the input a1 u1 + · · ·+ an un will produce
the output a1 y1 + · · · + an yn. We will see that this argument applies also to combinations of an
infinite number of signals as will be the case of Fourier series studied later in this chapter.

Example 6.1. Given a Mass-Spring-Damper system with a forcing that is made up of sinusoids of two
different frequencies

mẍ(t) + c ẋ(t) + k x(t) = f1 cos(ω1t+ θ1) + f2 cos(ω2t+ θ2), (6.2)

we can use the linearity property to find the steady-state response by finding the response to each of the
two forcing terms separately. Let x1 and x2 be the steady-state response to the following two inputs

mẍ1(t) + c ẋ1(t) + k x1(t) = f1 cos(ω1t+ θ1) ⇒ x1(t) = |x̂1| cos(ω1t+ ∠x̂1), (6.3)

mẍ2(t) + c ẋ2(t) + k x2(t) = f2 cos(ω2t+ θ2) ⇒ x2(t) = |x̂2| cos(ω2t+ ∠x̂2), (6.4)
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where the phasors x̂1 and x̂2 of x1(t) and x2(t) must be obtained from the frequency response at the
two different frequencies ω1 and ω2 as follows

x̂1 = H(ω1) f1e
jθ1

x̂2 = H(ω2) f2e
jθ2 , where H(ω) =

1

m(jω)2 + c(jω) + k
.

The linearity property then implies that the solution to (6.2) is simply the sum of the solutions to (6.3)
and (6.4)

x(t) = x1(t) + x2(t) = |x̂1| cos(ω1t+ ∠x̂1) + |x̂2| cos(ω2t+ ∠x̂2).

The example above is not restricted to inputs with two different frequencies. The same linearity
property is applied to an input with any number of sinusoids with different frequencies (we now use
complex exponentials rather than cosines for simpler expressions of amplitude and phase relations)

mẍ(t) + c ẋ(t) + k x(t) =

N∑

k=1

f̂k e
jωkt (6.5)

⇒ x(t) =

N∑

k=1

x̂k e
jωkt, where x̂k = H(ωk) f̂k. (6.6)

Therefore, provided we can evaluate the frequency response H(ω) at any desired frequency, the
formula (6.6) gives a simple method for determining the steady-state response. The linearity property
can be used in this manner for any system described by an input-output ODE of the form (6.1), and
the corresponding frequency response is readily obtained from Theorem 4.2.

The linearity property can be applied to even more general inputs than finite linear combinations
like (6.5). We will see in the next section that it can be applied to infinite series such as the Fourier
series decomposition of arbitrary periodic signals. We can go even further and think of a continuum
of linear combinations. We will also see in the next sections that if the input is a “linear combination”
of a “continuum” of components with different frequencies

u(t) =

∫ ∞

−∞
û(ω) ejωtdω,

(
û(ω) is the “component” of u(t) at frequency ω

)
, (6.7)

then the corresponding output can be expressed as a similar continuum linear combination in terms
of the frequency response

y(t) =

∫ ∞

−∞
ŷ(ω) ejωtdω, where ŷ(ω) = H(ω) û(ω). (6.8)

Note the similarity between the expression (6.6) and (6.8). The first is a sum over a finite set of
frequencies {ωk}Nk=1, while the second is an integral over all possible frequencies. The expression (6.8)
is the most general one since it allows for signals that contain all possible frequencies −∞ < ω <
∞. The reasoning behind (6.8) is again the superposition property. If we plug in the Fourier
representation (6.7) of the input in the system’s differential equation

(
αn

dn

dtn
+ · · ·+ α1

d

dt
+ α0

)
y(t) =

(
βm

dm

dtm
+ · · ·+ β1

d

dt
+ α0

)(∫ ∞

−∞
û(ω) ejωtdω

)
,

and observe that ŷ(ω) ejωt = H(ω) û(ω) ejωt is the response to each “component” û(ω) ejωt of the
input, then the total response y(t) is given by the integral (6.8).

We will see that the Fourier Transform provides the right mathematical tool to justify the above
arguments, to describe signals with rich “content”, and to characterize the response of dynamical
systems to such complex-looking signals.
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6.2 Response in Frequency Domain: Fourier Series & Transforms

We first treat periodic signals using their Fourier series and express a system’s response using Fourier
series and the frequency response. We then consider a system’s response to arbitrary signals using
the Fourier transform.

We will use the “complex form” of Fourier series where any T -periodic signal can be written as
the infinite sum

u(t) =

∞∑

k=−∞
ûk e

jkω̄t, ω̄ = 2π
T , (6.9)

where ω̄ is the fundamental frequency and the term ejkω̄t of frequency kω̄ is called the k’th harmonic
component of u(t). The complex coefficients {ûk} have the conjugacy property û-k = û∗k when u(t) is
a real function (which is always the case here). Appendix 6.A contains a more extensive background
on Fourier series and justifications of the previous statements.

Now consider the response of a general ODE input-output system to the periodic input (6.9). We
know from the frequency response Theorem 4.2 that the response to each term ûk e

jkω̄t is ŷk e
jkω̄t

where the relation between the phasors ûk and ŷk is given by the frequency response, i.e. for any k

(
αn

dn

dtn + · · ·+ α1
d
dt + α0

)
ŷk e

jkω̄t =
(
βm

dm

dtm + · · ·+ β1
d
dt + α0

)
ûk e

jkω̄t,

where ŷk = H(kω̄) ûk.

Combining this with the linearity property, we conclude that the response to the infinite sum (6.9)
is also an infinite sum of responses at the same respective frequencies kω̄, i.e.

(
αn

dn

dtn + · · ·+ α1
d
dt + α0

)
( ∞∑

k=−∞
ŷk e

jkω̄t

)
=
(
βm

dm

dtm + · · ·+ β1
d
dt + α0

)
( ∞∑

k=−∞
ûk e

jkω̄t

)
,

where ŷk = H(kω̄) ûk, k = . . . ,−2,−1, 0, 1, 2, . . . .

We summarize this conclusion next.

Theorem 6.2. Consider the input-output system

(
αn

dn

dtn + · · ·+ α1
d
dt + α0

)
y(t) =

(
βm

dm

dtm + · · ·+ β1
d
dt + α0

)
u(t),

where the input u(t) is a T -periodic signal with Fourier series

u(t) =
∑∞
k=−∞ ûk e

jkω̄t, ω̄ = 2π/T . (6.10)

The steady-state output y(t) is also T -periodic with Fourier series

y(t) =
∑∞
k=−∞ ŷk e

jkω̄t,

and its Fourier series coefficients {ŷk}∞k=−∞ are given by

ŷk = H(kω̄) ûk, H(ω) := βm(jω)m + ··· + β1(jω) + β0

αn(jω)n + ··· + α1(jω) + α0
, (6.11)

where H(ω) is the complex frequency response of the system.

Note that the theorem statement refers to the coefficients {ŷk}∞k=−∞ for both positive and neg-
ative k. However, the conjugacy relation ŷ−k = ŷ∗k holds, and therefore the products ŷk = H(kω̄) ûk
in (6.11) need only be computed for k ≥ 0. Then the coefficients ŷk for negative k are obtained from
the conjugacy relation.

Theorem 6.2 has a nice graphical interpretation illustrated in Figure 6.1. For each signal, say
u(t), the set of Fourier series coefficients {ûk}∞k=0 are depicted as a “bar graph” over the frequency
axis, with bars of size ûk at the harmonic frequencies kω̄ respectively. This bar graph is referred to
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Figure 6.1: A graphical depiction of Theorem 6.2 expressing the relation between the Fourier series coefficients
of the input and output, and the frequency response H(ω) of the system. The Fourier coefficients of a signal are
represented as a “bar graph” over the harmonic frequencies {kω̄}∞k=0. This bar graph is referred to as the spectrum
of the signal. The frequency response relation ŷk = H(kω̄) ûk is represented here as the k’th Fourier coefficient ûk of
the input multiplied by the frequency response H(kω̄) evaluated at the k’th harmonic frequency kω̄ to yield the k’th
Fourier coefficient ŷk of the output. Note that all quantities depicted above are complex numbers. Theorem 6.2 can
therefore be summarized by the simple statement: output spectrum = input spectrum × system’s frequency response.

as the spectrum of the signal. Note that since the coefficients are complex numbers, this bar graph is
somewhat of a cartoon since it does not show both magnitude and phase information. The point of
this diagram is to show the relation ŷk = H(kω̄) ûk, which states that the spectrum of the output is
obtained by multiplying the spectrum of the input by the values of the system’s frequency response
H(ω) evaluated at the harmonic frequencies {kω̄}∞k=0.

Example 6.3. The Fourier series of a square wave u is worked out in Example 6.20 as

u(t) =
∑
k ûk e

jkω̄t =
∑
k odd

−2j
π k e

jk 2π
T t, ω̄ = 2π

T .

Thus the spectrum of u has non-zero components at frequencies ω̄k for k = . . . ,−3,−1, 1, 3, . . .. The
amplitude of the k’th component is −2j

π k . Note that the amplitude decreases with increasing harmonic
index k.

Let this signal be the input to a MSD system with frequency response (4.14)

H(ω) = 1

/((
1−

( ω
ωn

)2)
+ j 2ζ

( ω
ωn

))
. (6.12)

If y is the steady-state output of this system to the square wave input, then y is a T -periodic signal with
Fourier series

y(t) =
∑
k odd H(kω̄) −2j

π k ejkω̄t,

where H(kω̄) is the frequency response function (6.12) evaluated at the input’s harmonics frequencies
{ω̄k}. Thus the Fourier series coefficients of y are the product of the numbers H(kω̄) and the Fourier
series coefficients of u. Depending on where the resonances of H are, different harmonics of the square
wave will be prominent in the output. Figure 6.2 shows two different possibilities depending on how the
natural frequency of the system ωn is related to the fundamental frequency ω̄ of the square wave.

6.2.1 The Fourier Transform

The Fourier series is only applicable to signals that are periodic. The Fourier transform is a gener-
alization of Fourier series that gives a “frequency decomposition” of non-periodic signals that have
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ŷ!2
-67! -57! -47! -37! -27! -7! 0 7! 27! 37! 47! 57! 67!

ŷk
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û!2
-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6

ûk
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Figure 6.2: Fourier series analysis of a square wave and corresponding system responses. A square wave is the input
to two different MSD systems with the natural frequencies and damping ratios shown (ωn shown in terms of the square
wave fundamental frequency ω̄). The Fourier spectrum of the square wave input (top) is shown along with the two
different systems frequency responses (second from top), and the resulting Fourier spectra of the two corresponding
outputs (third from top). Only the magnitudes (and not phases) are shown. The input and steady-state outputs are
shown (bottom) versus time. Note the significant 3rd harmonic content in the second case since the system’s resonance
amplifies this harmonic.

“frequency content” which is not necessarily harmonic. To motivate the definitions, recall that a
Fourier series of the form

u(t) =

∞∑

k=−∞
ûk e

jkω̄t,

is necessarily a periodic signal of period T = 2π/ω̄. Only harmonics kω̄ of the fundamental frequency
ω̄ are present in this sum. A more general expression that gives a much larger variety of signals
is to take linear combinations over “all frequencies” possible. One way to do this is to replace the
summation with an integral and range over all possible frequencies

u(t) =
∫ ∞

−∞
û(ω) ejωt dω. (6.13)

Note that now instead of Fourier coefficients ûk, we now have a whole function of “coefficients” û(ω)
defined over all frequencies −∞ < ω < ∞. There is no such thing as a fundamental frequency or
harmonics in this expression any more since all possible frequencies are allowed. The function û(ω)
can be given the interpretation of the “frequency content” of the signal u(t).

If a signal can be represented in terms of the integral (6.13), how should the “coefficient function”
û(ω) be found from the signal u(t)? The answer is given by the Fourier transform which we define
together with its relation to the representation (6.13) in the following lemma.

Lemma 6.4. Given a signal u(t) defined for all −∞ < t <∞, its Fourier transform is a (complex-
valued) function defined for all frequencies −∞ < ω <∞ by

û(ω) := 1
2π

∫ ∞

−∞
u(t) e−jωt dt. (6.14)

The signal u(t) can be reconstructed from its Fourier transform û(ω) using the inverse Fourier trans-
form (6.13).
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(a) A non-periodic signal u(t) and the magnitude |û(ω)| of its Fourier transform (its spectrum). The spectrum
shows that the signal has frequency content mostly between 0 and 15-20 Hz. It also has two prominent peaks
around 2 and 10 Hz. None of these features are obvious from observing the time signal u(t), but they are clearly
seen in its spectrum |û(ω)|.
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(b) A periodic signal u(t) and the magnitude |û(ω)| of its Fourier transform (its spectrum). By visual inspection
of u(t), it may be possible to ascertain that this signal is periodic with period 1. However, the spectrum |û(ω)|
has very “sharp” lines, indicating that this signal is a sum of five pure sinusoids. In addition, those sinusoids are
all at frequencies which are integer multiples of 1 Hz, thus the fundamental frequency is 1 Hz. Here we see the
fundamental frequency, as well as the 4’th, 7’th, 10’th and 13’th harmonic.

Figure 6.3: Examples of, and contrasts between the Fourier transform of a non-periodic (a) and a periodic (b)
signal.

The proof of this lemma is not difficult, but is given in Appendix ?? so as not to distract from
the main point here which is the interpretation of the Fourier transform and its uses.

The Fourier transform is an incredibly useful tool in Engineering and Science. It is the basis of
what is termed “frequency domain” analysis, which is the suite of methods for analysis of a wide
variety of oscillatory phenomena including mechanical vibrations, electrical and electromagnetic
oscillations, and acoustics amongst many others. The Fourier transform has many properties whose
study would take much more space than what is presented here. For the current topic, we are mainly
interested in the relationship between Fourier transforms of signals and the frequency response of
systems described by ODEs, which is the subject of the next section.

Example 6.5. An example of non-periodic signal and its numerically computed Fourier transform is
shown in Figure 6.3a. Note that the mathematical definition (6.14) of the Fourier transform requires
knowing the signal over all time −∞ < t < ∞ (the range of integration in that formula). For any real
signal, only a finite duration of a signal can be recorded. To compute a reasonable approximation of
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Figure 6.4: A graphical depiction of Theorem 6.7. The spectrum (the Fourier transform) û(ω) of the input signal gets
multiplied (complex number multiplication) by the frequency response H(ω) of the system to produce the spectrum
ŷ(ω) of the output signal. The diagram above is a cartoon since each of the three functions û(ω), H(ω) and ŷ(ω) are
complex-valued, and full graphical depiction would require separating into magnitude and phase graphs.

the integral (6.14), a signal needs to be recorded over a long time interval1. The signal in Figure 6.3
is collected over a time span of length 1000 seconds, and sampled at the rate of 1 millisecond. The
integral (6.14) is then approximated by a truncated Riemann sum. The Riemann sum can be calculated
in the usual way, but is more commonly done with an algorithm called the Fast Fourier Transform (FFT),
which exploits certain symmetries in the sum to substantially speed up the computation.

Figure 6.3 shows a small section of the signal for clarity, as well as its Fourier transform. Unlike a
periodic signal, this signal has no obvious repeating pattern. This is because its spectrum (its Fourier
transform) is “broad”, i.e. it has no clear sharp peaks at evenly spaced harmonics as a periodic signal
would. The spectrum shows that it has significant frequency content roughly between 0 and 15 Hz. Note
that while it is difficult to say something quantitative about the signal by looking at its time traces, more
insight into its frequency content is obtained from looking at the spectrum.

Example 6.6. An example of periodic signal and its numerically computed Fourier transform is shown
in Figure 6.3b. The spectrum of periodic signals always has sharp well-defined lines at (some of the)
harmonics of a fundamental frequency. It is almost zero at all other frequencies.

6.2.2 Steady-State Response to Arbitrary Inputs

Theorem 6.2 describes the response of an input-output system to periodic signals in terms of their
spectrums and the frequency response of the system. The next theorem gives a similar statement
for the response to arbitrary inputs (not just periodic ones) in terms of the Fourier transforms of
the input and output signals, and the frequency response of the system. The main difference is that
now we have responses at all frequencies.

Theorem 6.7. Consider the input-output system
(
αn

dn

dtn + · · ·+ α1
d
dt + α0

)
y(t) =

(
βm

dm

dtm + · · ·+ β1
d
dt + α0

)
u(t). (6.15)

Denote the Fourier transforms of the input and output respectively by

û(ω) = 1
2π

∫ ∞

−∞
u(t) e−jωt dt, ŷ(ω) = 1

2π

∫ ∞

−∞
y(t) e−jωt dt. (6.16)

Those Fourier transforms are related by the (complex) multiplicative relation

for all ω, ŷ(ω) = H(ω) û(ω), H(ω) := βm(jω)m + ··· + β1(jω) + β0

αn(jω)n + ··· + α1(jω) + α0
, (6.17)

where H(ω) is the complex frequency response of the system (6.15).

1To make this more precise one needs to consider the “frequency content” of the signal. We do not address these
approximation issues here.

Draft: Vibrations, March 2, 2025 © 2024, Bassam Bamieh



Chapter 6. General Forced Vibrations 135
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frequency-domain description:

↵py
(p)(t) + · · · + ↵1y
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Figure 6.5: The contrast between the “time-domain” description of a system and its “frequency domain” description.
In the time domain (top), the input u(t) is a non-homogenous term in an ODE, while the output y(t) is the steady-state
solution to this ODE. Thus the ODE is a system (can also be thought of as an algorithm) which takes a signal u(t)
to a signal y(t) by solving a differential equation. The frequency domain description is much simpler. The relation
between the Fourier transforms û(ω) and ŷ(ω) of the input and output respectively is simply given by the complex
multiplication ŷ(ω) = H(ω)û(ω) with the system’s frequency response H(ω). The system’s frequency response is a
complex, rational function of ω whose coefficients can be immediately read-off from the ODE.

The boxed formula in (6.17) has a simple interpretation. It should be read as follows

spectrum of output signal = frequency response of system × spectrum of input signal.

This statement is illustrated graphically in Figure 6.4. Note the contrast between this and Figure 6.1,
where only a discrete set of frequencies are involved. In the general case here, the spectra of the
input and output could be non-zero at all frequencies.

Proof. Starting from the differential equation (6.15) and substituting Fourier representations (inverse
F.T.) (6.13) for both u(t) and y(t)

(
αn

dn

dtn + · · ·+ α0

) ∫ ∞

−∞
ŷ(ω) ejωt dω =

(
βm

dm

dtm + · · ·+ β0

) ∫ ∞

−∞
û(ω) ejωt dω

⇒
∫ ∞

−∞
ŷ(ω)

(
αn

dn

dtn + · · ·+ α0

)
ejωt dω =

∫ ∞

−∞
û(ω)

(
βm

dm

dtm + · · ·+ β0

)
ejωt dω

⇒
∫ ∞

−∞
ŷ(ω)

(
αn(jω)

n + · · ·+ α0

)

︸ ︷︷ ︸
=: â(ω)

ejωt dω =
∫ ∞

−∞
û(ω)

(
βm(jω)m + · · ·+ β0

)

︸ ︷︷ ︸
=: b̂(ω)

ejωt dω

⇒ for all t, a(t) = b(t),

where the time functions a(t), b(t) are the inverse Fourier transforms of â(ω), b̂(ω) respectively. Since
the two functions are equal a(t) = b(t) for all time, this means that their Fourier transforms are
equal for all frequencies ω, and therefore

for all ω, â(ω) = b̂(ω) ⇒ ŷ(ω)
(
αn(jω)

n + · · ·+ α0

)
= û(ω)

(
βm(jω)m + · · ·+ β0

)

⇒ ŷ(ω) = βm(jω)m+···+β0

αn(jω)n+···+α0
û(ω),

which is the statement (6.17).

To appreciate the utility of this theorem, and the contrast between time-domain analysis and
frequency-domain analysis, the reader should examine Figure 6.5. The time-domain description (6.15)
is an input-output relation that involves solving an ODE. Given any input u(t), the right hand side
of the ODE is specified, and by solving the ODE and waiting until steady state is reached, the output
is obtained. The frequency domain description however is much simpler. The Fourier transforms
of the input and output are related by a simple multiplication of complex functions, without any
differentiation operations. This is another manifestation of frequency response and phasor analysis,
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Figure 6.6: (Example 6.8): Time-domain (left) and frequency-domain (right) descriptions of non-periodic input and
output signals. It’s difficult to get much insight into the signals and the system dynamics in the time domain. On the
other hand, the frequency-domain picture is much clearer. The spectrum of the input gets multiplied by the system’s
frequency response to produce the spectrum of the output. This gives insight into how the frequency content of the
input, and the system’s resonances contribute to the frequency content of the output.

where differential equations in the time domain are converted to algebraic equations in the frequency
domain.

Example 6.8. Figure 6.6 illustrates an example of the utility of frequency domain analysis. A particular
system (whose ODE is not shown, but it is a 2nd order input-output ODE) is fed the input u(t) shown.
This input is not periodic, but a more complex-looking signal. The ODE is solved (numerically), and the
resulting output is shown as y(t). This output signal is also not periodic and complex-looking. From
looking at the time traces of the input and the output signals, it is difficult to get either a qualitative or
a quantitative understanding of the signals and the system’s action on them.

The figure also shows the Fourier transforms of the input and output signals, as well as the frequency
response of the system. The frequency content of both signals, as well as the simple multiplicative
relation between the signal’s spectrum and the system’s frequency response is now clearly visible. In
particular it is clear how the output spectrum magnitude |ŷ(ω)| is the product of the magnitude |û(ω)| of
the input’s spectrum and |H(ω)|, the magnitude of the frequency response of the system. Note also how
the input spectrum has only small magnitudes around 1 Hz, while the system has a strong resonance at
1 Hz, resulting in the output spectrum having high frequency content near both the system’s resonance
as well as where the input has the bulk of its frequency content.

6.3 Impulse (Shock) Response and Convolutions

As seen in the previous section, the frequency response provides a much simpler analysis tool (com-
pared to the original ODE) of a system whose inputs are signals that persist over “long times”.
Long times are mathematically idealized as −∞ < t < ∞, and the signals were either periodic as
represented with Fourier series, or more general as represented using the Fourier transform. In this
section, we want to study a system’s response to signals that “start” at a given time rather than
signals that have been entering the system for long times in the past. In other words, we want to
now study the transient response. The mathematical idealization is therefore to study signals and
system responses over the time interval 0 ≤ t <∞. It is particularly useful for studying stability of
systems where responses may grow unboundedly with time and therefore the setting −∞ < t < ∞
would not be appropriate.

One particularly important type of input is the so-called shock or impulsive input. A typical
“shock response” experiment is depicted in Figure 6.7. An impulsive force is applied to the system,
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Figure 6.7: (Left) A typical shock response experiment depicted as “hammering” on the system. The hammering force
is modeled as a pulse of duration ϵ and height f/ϵ so that the total impulse (integral of force in time) is f. The duration ϵ
should be as short as possible. (Right) The response is then recorded and the system’s parameters can be identified from
this response.

and its responses (e.g. displacements or velocities or any other quantity of interest) are recorded
as signals over time. It turns out that if the applied impulse is of very short duration, then this
“impulse response” will actually allow us to characterize the system response to any other input u
starting at a particular time. We will show that the response of the system to any other input is a
“convolution” operation of its impulse response with that input. First let’s define impulsive inputs
more precisely.

A very short duration impulse is depicted in Figure 6.7 (middle) with duration ϵ and magnitude
f/ϵ. The unit approximate impulse δϵ is such an impulse with f = 1

δϵ(t) :=

{
1/ϵ, 0 ≤ t ≤ ϵ,
0, t > ϵ.

Note that no matter what ϵ is, the total impulse of δϵ (the integral of force over time) is 1, so we
refer to δϵ has an impulse of “strength” 1 (note that the total integral is independent of ϵ). We
are interested in very short impulses, and ideally we want ϵ → 0. We can now define the impulse
response of the system.

Definition 6.9. Let hϵ be the response of the following system when the input is the approximate
unit impulse δϵ, i.e.

(
αn

dn

dtn + · · ·+ α1
d
dt + α0

)
hϵ(t) =

(
βm

dm

dtm + · · ·+ β1
d
dt + α0

)
δϵ(t), (6.18)

with zero initial conditions hϵ(0) = 0, . . ., h
(n-1)
ϵ (0) = 0.

The (unit) impulse response of the system is defined as the limit h(t) := limϵ→0 hϵ(t).

The unit impulse response h(t) can be thought of as the response to an impulse of infinitesimally
short duration, but of strength 1. Since such an infinitesimally short duration pulse is non-physical
(it is an idealization), we have to obtain its response as the limit of responses to shorter and shorter
duration impulses. Mathematically we should point out that the limit of the input limϵ→0 δϵ(t) is
not well defined, but the limit of the responses limϵ→0 hϵ(t) is usually well defined.

Note that the above is just a definition, and we have not yet described how this differential
equation can be solved. This will be done in the next subsection after introducing partial fraction
expansions. For now, we assume that the unit impulse response can be found (perhaps even by
an experiment), and show how we can use it to obtain the (zero initial conditions) response to an
arbitrary input.

Figure 6.8 illustrates how an arbitrary function u(t) can be approximated using a “modulated
train” of approximate impulses δϵ(t) as

u(t) ≈
∞∑

k=0

u(kϵ)
(
ϵ δϵ(t− kϵ)

)
, t ≥ 0. (6.19)

Here u(kϵ) are the values of the signal u at grid points spaced ϵ apart, and ϵ δ(t− kϵ) are pulses of
width ϵ, total area ϵ, and starting at the grid point kϵ. As the figure indicates, the approximation
gets better as ϵ → 0. This should remind the reader of approximations to integrals using Riemann
sums.
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<latexit sha1_base64="6tRzWruiCjTyTK/BoCgip1Ny7PU=">AAACMnicfVBbSwJBGJ3tanbTevRlSIQgkHW99ib00qNCXkAXmR0/dXD2wsxsJIu/oNf6J/2Zeote+xHNqoFJdWDgcM53m+MEnEllmq/G1vbO7t5+4iB5eHR8cppKn7WlHwoKLepzX3QdIoEzD1qKKQ7dQABxHQ4dZ3oT+517EJL53p2aBWC7ZOyxEaNEaal5NUhlzfx1rWKVLWzmTbNqFSsxsaolq4gLWomRRSs0Bmkj0x/6NHTBU5QTKXsFM1B2RIRilMM82Q8lBIROyRh6mnrEBWlHi0vnOKeVIR75Qj9P4YW63hERV8qZ6+hKl6iJ3PRi8VfPcTc2q1HNjpgXhAo8ulw8CjlWPo5jwEMmgCo+04RQwfTtmE6IIFTpsP6bHIXBWABM58ncuvqw/KCO8zsz/DdpW/lCJV9ulrL10irYBMqgC3SJCqiK6ugWNVALUQToET2hZ+PFeDPejY9l6Zax6jlHP2B8fgHzAqrL</latexit>

+

<latexit sha1_base64="U9BxMOdbAW8m5z12GEdJ+VRrWJI=">AAACMnicfVBLS0JBGJ1rL7OX1tLNkAit5Hp9tgiEWrRUyAeoyNzxUwfnPpiZG8nFX9C2/kl/pnbRth/RXDUwqQ4MHM75XnNsnzOpTPPViG1t7+zuxfcTB4dHxyfJ1GlLeoGg0KQe90THJhI4c6GpmOLQ8QUQx+bQtqfXkd++ByGZ596pmQ99h4xdNmKUKC01rgbJjJm7rJatkoXNnGlWrEI5IlalaBVwXisRMmiF+iBlpHtDjwYOuIpyImU3b/qqHxKhGOUwT/QCCT6hUzKGrqYucUD2w8Wlc5zVyhCPPKGfq/BCXe8IiSPlzLF1pUPURG56kfirZzsbm9Wo2g+Z6wcKXLpcPAo4Vh6OYsBDJoAqPtOEUMH07ZhOiCBU6bD+mxwG/lgATOeJ7Lr6sPygjvM7M/w3aVm5fDlXahQztZtVsHGURufoAuVRBdXQLaqjJqII0CN6Qs/Gi/FmvBsfy9KYseo5Qz9gfH4BGF2q7Q==</latexit>=

<latexit sha1_base64="TFCyYRyycn9Ggmt90J7Uifxf4cI="></latexit>

ωω(t) u(0)

<latexit sha1_base64="mgP7c/FAb5vystaSXivv62mIqUQ="></latexit>

ωω(t→ ε) u(ε)

<latexit sha1_base64="Jm/6aT5CL1dd4w77wrOKAfMXmA8="></latexit>

ωω(t→ 2ε) u(2ε)

(b) The piecewise-constant signal can be written as a sum of delayed im-
pulses δϵ(t−kϵ) each with height given by the samples u(kϵ) of the original
signal u(t).

Figure 6.8: Illustration of the approximation formula (6.19) where a signal is approximated by a piece-wise constant
signal, which in turn can be written as a sum of delayed pulses with varying heights.
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t

<latexit sha1_base64="IYIIdfmBSjcdGxu+rRD33tn16cg=">AAACInicdVDJSgNBEO2JW0xcEj16aQwBT8OMjsZjwIvHBMwCyRB6OpWkSffM0N0jhiFf4FX/wK/xJp4EP8bOIiQuDwoer6qoei+IOVPacT6szMbm1vZOdjeX39s/OCwUj5oqSiSFBo14JNsBUcBZCA3NNId2LIGIgEMrGN/M+q17kIpF4Z2exOALMgzZgFGijVTXvULJsT3Xuah4+DdxbWeOElqi1ita+W4/oomAUFNOlOq4Tqz9lEjNKIdprpsoiAkdkyF0DA2JAOWn80+nuGyUPh5E0lSo8Vxd3UiJUGoiAjMpiB6pn72Z+Fevk+jBtZ+yME40hHRxaJBwrCM8s437TALVfGIIoZKZXzEdEUmoNuGsXQnEmoc0iYcSYDzNlVfVh4UhE993Rvh/0jy33Sv7su6Vqt4yyCw6QafoDLmogqroFtVQA1EE6BE9oWfrxXq13qz3xWjGWu4cozVYn1/Kq6Rj</latexit>

t

<latexit sha1_base64="qoPyvlQ5wY412fhAJGeaIfnk1rA="></latexit>

ωω(t)
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t
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<latexit sha1_base64="ff+EuJ8mH33gWGsLKVfwNFF9TC0="></latexit>

ωω(t→ d)

<latexit sha1_base64="F64AeTuvOmaIc0qpuQ8ftmA1LnU=">AAACMnicfVBJSwMxGM3Urdat1WMvwVLwNMzoaD0WvHhswS5Qh5LJfNOGZhaSjFiG/gKv+k/8M3oTr/4I00WodXkQeLz3bXlewplUlvVi5NbWNza38tuFnd29/YNi6bAt41RQaNGYx6LrEQmcRdBSTHHoJgJI6HHoeKOrqd+5AyFZHN2ocQJuSAYRCxglSktNv1+sWKZjW2c1B/8ktmnNUEELNPolo3zrxzQNIVKUEyl7tpUoNyNCMcphUrhNJSSEjsgAeppGJATpZrNLJ7iqFR8HsdAvUnimLndkJJRyHHq6MiRqKFe9qfir54Urm1Vw6WYsSlIFEZ0vDlKOVYynMWCfCaCKjzUhVDB9O6ZDIghVOqz/JmdpMhAAo0mhuqzezz+o4/zKDP9N2qemfWGeN51K3VkEm0dldIxOkI1qqI6uUQO1EEWAHtAjejKejVfjzXifl+aMRc8R+gbj4xNGN6r5</latexit>

d

<latexit sha1_base64="XqHX6dHiRdc6yMBHsmSBGTbIELc=">AAACQnicfVDLTsJAFJ36RHwAumTTSEhwIWkNPpYkblxiIo8EmmY6vYUJ02kzMzWShi9xq3/iT/gL7oxbFw7QBYLxJJOcnHNfc7yYUaks693Y2Nza3tnN7eX3Dw6PCsXScUdGiSDQJhGLRM/DEhjl0FZUMejFAnDoMeh649uZ330EIWnEH9QkBifEQ04DSrDSklssjNwBxJKyiNfUuX/mFitW3ZrDXCd2RiooQ8stGeWBH5EkBK4Iw1L2bStWToqFooTBND9IJMSYjPEQ+ppyHIJ00vnlU7OqFd8MIqEfV+ZcXe5IcSjlJPR0ZYjVSK56M/FPzwtXNqvgxkkpjxMFnCwWBwkzVWTOYjF9KoAoNtEEE0H17SYZYYGJ0uH9NzlN4qEAGE/z1WX1afFBHae9Gt466VzU7av65X2j0mxkweZQGZ2iGrLRNWqiO9RCbURQgp7RC3o13owP49P4WpRuGFnPCfoF4/sHuEWwjA==</latexit>

hω(t→ d)
<latexit sha1_base64="bB+QRC1xjfYaJsRwKf9QSJk+/YA=">AAACPnicfVDLTgIxFO3gC/EFumQzkZDghswYfCxJ3LjERB4JTEin3IGGTqe2HSOZ8B1u9U/8DX/AnXHr0gKzQDCepMnJOffV4wtGlXacdyuzsbm1vZPdze3tHxwe5QvHLRXFkkCTRCySHR8rYJRDU1PNoCMk4NBn0PbHNzO//QhS0Yjf64kAL8RDTgNKsDaSN+r3QCjKIl7RZ/18yak6c9jrxE1JCaVo9AtWsTeISBwC14RhpbquI7SXYKkpYTDN9WIFApMxHkLXUI5DUF4yv3pql40ysINImse1PVeXOxIcKjUJfVMZYj1Sq95M/NPzw5XNOrj2EspFrIGTxeIgZraO7Fkk9oBKIJpNDMFEUnO7TUZYYqJNcP9NTmIxlADjaa68rD4tPmjidFfDWyet86p7Wb24q5XqtTTYLCqiU1RBLrpCdXSLGqiJCHpAz+gFvVpv1of1aX0tSjNW2nOCfsH6/gHdEK+2</latexit>

hω(t)

<latexit sha1_base64="F64AeTuvOmaIc0qpuQ8ftmA1LnU=">AAACMnicfVBJSwMxGM3Urdat1WMvwVLwNMzoaD0WvHhswS5Qh5LJfNOGZhaSjFiG/gKv+k/8M3oTr/4I00WodXkQeLz3bXlewplUlvVi5NbWNza38tuFnd29/YNi6bAt41RQaNGYx6LrEQmcRdBSTHHoJgJI6HHoeKOrqd+5AyFZHN2ocQJuSAYRCxglSktNv1+sWKZjW2c1B/8ktmnNUEELNPolo3zrxzQNIVKUEyl7tpUoNyNCMcphUrhNJSSEjsgAeppGJATpZrNLJ7iqFR8HsdAvUnimLndkJJRyHHq6MiRqKFe9qfir54Urm1Vw6WYsSlIFEZ0vDlKOVYynMWCfCaCKjzUhVDB9O6ZDIghVOqz/JmdpMhAAo0mhuqzezz+o4/zKDP9N2qemfWGeN51K3VkEm0dldIxOkI1qqI6uUQO1EEWAHtAjejKejVfjzXifl+aMRc8R+gbj4xNGN6r5</latexit>

d

Figure 6.9: Illustration of the time invariance property shown here when the input is the approximate impulse δϵ.
(Left) hϵ(t) is the response to the impulse δϵ(t). (Right) If the input is a now delayed by d time units, then the output
is exactly the same as hϵ but also delayed by exactly d time units, i.e. the response to the input δϵ(t− d) is hϵ(t− d).

Now to compute the response to an input like (6.19), we can use linearity and decompose it
as the sum of responses to each delayed impulse δϵ(t − kϵ). Note that because of linearity, the
response to the scaled impulse ϵ δϵ(t) is simply ϵ hϵ(t), i.e. the response hϵ(t) scaled by ϵ. It remains
to characterize the response to a delayed impulse. This is done using an additional property that
ODEs with constant coefficients poses, which is time invariance.

Definition 6.10. Let u and y be the input and output signal respsectively of a system. The system
is called time invariant if the response to a delayed version of the input u is the same output delayed
by exactly the same amount. More precisely

if the input u produces the output y, i.e. u −→ y,

then for any d > 0, the delayed input ud produces yd ud −→ yd,
ud(t) := u(t− d),
yd(t) := y(t− d).

This property is illustrated in Figure 6.9. In particular, when the input is the delayed impulse
δϵ(t−kϵ), then the response is simply the delayed approximate impulse response hϵ(t−kϵ). Now we
can combine the linearity and the time-invariance properties to find the general form of a system’s
response using convolutions. There are two steps to this.

1. Write an arbitrary input u in terms of its approximation (6.19)

u(t) ≈
∞∑

k=0

ϵ u(kϵ) δϵ(t− kϵ), t ≥ 0. (6.20)

2. We know that the response to each δϵ(t−kϵ) is hϵ(t−kϵ), the system’s impulse response delayed
by kϵ. This together with the linearity property give the total output to be

y(t) ≈
∞∑

k=0

ϵ u(kϵ) hϵ(t− kϵ). (6.21)
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u(t)

<latexit sha1_base64="VJ3ed9pCyz3/vJ+eORbqDtTj9Ag=">AAACNXicfVBLS0JBGJ1rL7OX1tLNkAi2kev12SaENi0N8gEqMnf81MG5D2bmRnLxL7Stf9JvadEu2vYXmqsGJtWBgcM532uO7XMmlWm+GrGt7Z3dvfh+4uDw6PgkmTptSS8QFJrU457o2EQCZy40FVMcOr4A4tgc2vb0OvLb9yAk89w7NfOh75Cxy0aMEhVJk5y6GCQzZv6yVrHKFjbzplm1ipWIWNWSVcQFrUTIoBUag5SR7g09GjjgKsqJlN2C6at+SIRilMM80Qsk+IROyRi6mrrEAdkPF8fOcVYrQzzyhH6uwgt1vSMkjpQzx9aVDlETuelF4q+e7WxsVqNaP2SuHyhw6XLxKOBYeThKAg+ZAKr4TBNCBdO3YzohglCl8/pvchj4YwEwnSey6+rD8oM6zu/M8N+kZeULlXz5tpSpX62CjaM0Okc5VEBVVEc3qIGaiKIJekRP6Nl4Md6Md+NjWRozVj1n6AeMzy85Wav1</latexit>

h(t)
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0
<latexit sha1_base64="VSUfPBvBmePCwmTLNQgRGQn0JTc=">AAACMnicfVBJTwIxGO3ghriBHrk0EhJPkxkcxSOJF4+QyJLAhHTKN9DQWdJ2jGTCL/Cq/8Q/ozfj1R9hWUwQl5c0eXnv2/q8mDOpLOvFyGxsbm3vZHdze/sHh0f5wnFLRomg0KQRj0THIxI4C6GpmOLQiQWQwOPQ9sbXM799B0KyKLxVkxjcgAxD5jNKlJYalX6+ZJmObZ1XHfyT2KY1RwktUe8XjGJvENEkgFBRTqTs2las3JQIxSiHaa6XSIgJHZMhdDUNSQDSTeeXTnFZKwPsR0K/UOG5utqRkkDKSeDpyoCokVz3ZuKvnhesbVb+lZuyME4UhHSx2E84VhGexYAHTABVfKIJoYLp2zEdEUGo0mH9NzlN4qEAGE9z5VX1fvFBHedXZvhv0qqY9qV50XBKNWcZbBYV0Sk6Qzaqohq6QXXURBQBekCP6Ml4Nl6NN+N9UZoxlj0n6BuMj0/r7KrH</latexit>

2 <latexit sha1_base64="7MbtX8N5ctSf52LoEV3Hc7WkZzc=">AAACMnicfVDLTgIxFO3gC/EFumTTSEhcTWYUxZUhceMSEnkkMCGdcoGGTmfSdoxkwhe41T/xZ3Rn3PoRlocJ4uMkTU7Oua8eP+JMacd5sVJr6xubW+ntzM7u3v5BNnfYUGEsKdRpyEPZ8okCzgTUNdMcWpEEEvgcmv7oeuo370AqFopbPY7AC8hAsD6jRBupprvZgmOXXOesXMI/iWs7MxTQAtVuzsp3eiGNAxCacqJU23Ui7SVEakY5TDKdWEFE6IgMoG2oIAEoL5ldOsFFo/RwP5TmCY1n6nJHQgKlxoFvKgOih2rVm4q/en6wsln3L72EiSjWIOh8cT/mWId4GgPuMQlU87EhhEpmbsd0SCSh2oT13+QkjgYSYDTJFJfV+/kHTZxfmeG/SePUdi/s81qpULlaBJtGeXSMTpCLyqiCblAV1RFFgB7QI3qynq1X6816n5emrEXPEfoG6+MTZhmrEw==</latexit>

t

<latexit sha1_base64="+j0ItcePOcpTMaZe+VAwM3d9mGc=">AAACNnicfVDLTgIxFO3gC/EFumTTSEhwQ2aMr42GxI1LTBwggQnplDvQ0Hmk7RgnE77Brf6Jv+LGnXHrJ1hgFgjGkzQ5Oee+etyIM6lM893Ira1vbG7ltws7u3v7B8XSYUuGsaBg05CHouMSCZwFYCumOHQiAcR3ObTd8e3Ubz+CkCwMHlQSgeOTYcA8RonSkp3U1Ml1v1gx6+YMeJVYGamgDM1+ySj3BiGNfQgU5UTKrmVGykmJUIxymBR6sYSI0DEZQlfTgPggnXR27QRXtTLAXij0CxSeqYsdKfGlTHxXV/pEjeSyNxX/9Fx/abPyrpyUBVGsIKDzxV7MsQrxNAo8YAKo4okmhAqmb8d0RAShSgf23+Q0joYCYDwpVBfVp/kHdZzWcnirpHVaty7q5/dnlcZNFmweldExqiELXaIGukNNZCOKGHpGL+jVeDM+jE/ja16aM7KeI/QLxvcPdjGsCQ==</latexit>

y(t) =
<latexit sha1_base64="dz5jk/Hb20P3jQDTQwQCy0TKcFU=">AAACPnicfVDLTgIxFO3gC/EFumTTSEgwJmQGUVwZEjcuMZFHAhPSKRdo6DxsO8bJhO9wq3/ib/gD7oxbl5aHCeLjJE1Pzrm39/Y4AWdSmeaLkVhZXVvfSG6mtrZ3dvfSmf2G9ENBoU597ouWQyRw5kFdMcWhFQggrsOh6YwuJ37zDoRkvnejogBslww81meUKC3ZUdcqqKPjqFvSVzedM4tlyzyplPFPYhXNKXJojlo3Y2Q7PZ+GLniKciJl2zIDZcdEKEY5jFOdUEJA6IgMoK2pR1yQdjzdeozzWunhvi/08RSeqosdMXGljFxHV7pEDeWyNxF/9Rx3abLqn9sx84JQgUdng/shx8rHk0hwjwmgikeaECqY3h3TIRGEKh3cfy/HYTAQAKNxKr+o3s8+qOP8ygz/TRqlonVWPL0u56oX82CTKIsOUQFZqIKq6ArVUB1RdIse0CN6Mp6NV+PNeJ+VJox5zwH6BuPjEz7crt8=</latexit>

y1(t) + y2(t)

<latexit sha1_base64="FLLNedNiEVMLVjjGCRiesjROkpY=">AAACN3icfVBJTwIxGO3ghriBHrk0EhK8TGYUxZMh8eIRE1kSmJBO+QYqnSVtx0gm/Aev+k/8KZ68Ga/+A8tigri8pMnLe9/W50acSWVZL0ZqZXVtfSO9mdna3tndy+b2GzKMBYU6DXkoWi6RwFkAdcUUh1YkgPguh6Y7vJz4zTsQkoXBjRpF4PikHzCPUaK01Bh17ZI66mYLllm2rZNKGf8ktmlNUUBz1Lo5I9/phTT2IVCUEynbthUpJyFCMcphnOnEEiJCh6QPbU0D4oN0kum5Y1zUSg97odAvUHiqLnYkxJdy5Lu60idqIJe9ifir5/pLm5V37iQsiGIFAZ0t9mKOVYgnWeAeE0AVH2lCqGD6dkwHRBCqdGL/TU7iqC8AhuNMcVG9n31Qx/mVGf6bNI5N+8w8vS4XqhfzYNMojw5RCdmogqroCtVQHVF0ix7QI3oyno1X4814n5WmjHnPAfoG4+MTldysnw==</latexit>

y1(t)
<latexit sha1_base64="NlE+mZg0qBtn5Saay1mCLT2ZBOk=">AAACN3icfVBJTwIxGO24Im6gRy6NhAQvkxlE8WRIvHjERJYEJqRTvoFKZ0nbMZIJ/8Gr/hN/iidvxqv/wLKYIC4vafLy3rf1uRFnUlnWi7Gyura+sZnaSm/v7O7tZ7IHDRnGgkKdhjwULZdI4CyAumKKQysSQHyXQ9MdXk785h0IycLgRo0icHzSD5jHKFFaaoy6paI67mbyllm2rZNKGf8ktmlNkUdz1LpZI9fphTT2IVCUEynbthUpJyFCMcphnO7EEiJCh6QPbU0D4oN0kum5Y1zQSg97odAvUHiqLnYkxJdy5Lu60idqIJe9ifir5/pLm5V37iQsiGIFAZ0t9mKOVYgnWeAeE0AVH2lCqGD6dkwHRBCqdGL/TU7iqC8AhuN0YVG9n31Qx/mVGf6bNEqmfWaeXpfz1Yt5sCmUQ0eoiGxUQVV0hWqojii6RQ/oET0Zz8ar8Wa8z0pXjHnPIfoG4+MTl62soA==</latexit>

y2(t)
<latexit sha1_base64="VSUfPBvBmePCwmTLNQgRGQn0JTc=">AAACMnicfVBJTwIxGO3ghriBHrk0EhJPkxkcxSOJF4+QyJLAhHTKN9DQWdJ2jGTCL/Cq/8Q/ozfj1R9hWUwQl5c0eXnv2/q8mDOpLOvFyGxsbm3vZHdze/sHh0f5wnFLRomg0KQRj0THIxI4C6GpmOLQiQWQwOPQ9sbXM799B0KyKLxVkxjcgAxD5jNKlJYalX6+ZJmObZ1XHfyT2KY1RwktUe8XjGJvENEkgFBRTqTs2las3JQIxSiHaa6XSIgJHZMhdDUNSQDSTeeXTnFZKwPsR0K/UOG5utqRkkDKSeDpyoCokVz3ZuKvnhesbVb+lZuyME4UhHSx2E84VhGexYAHTABVfKIJoYLp2zEdEUGo0mH9NzlN4qEAGE9z5VX1fvFBHedXZvhv0qqY9qV50XBKNWcZbBYV0Sk6Qzaqohq6QXXURBQBekCP6Ml4Nl6NN+N9UZoxlj0n6BuMj0/r7KrH</latexit>

2
<latexit sha1_base64="WgQohtTDVOc+5noWffK+McIQqzU=">AAACMnicfVDLSgMxFM3UV62vVpfdBEvB1TCjo3VZcOOyBfuAOpRMetuGZjJDkhHL0C9wq3/iz+hO3PoRpg+h1seBwOGc+8oJYs6UdpwXK7O2vrG5ld3O7ezu7R/kC4dNFSWSQoNGPJLtgCjgTEBDM82hHUsgYcChFYyupn7rDqRikbjR4xj8kAwE6zNKtJHqTjdfcmzPdc4qHv5JXNuZoYQWqHULVvG2F9EkBKEpJ0p1XCfWfkqkZpTDJHebKIgJHZEBdAwVJATlp7NLJ7hslB7uR9I8ofFMXe5ISajUOAxMZUj0UK16U/FXLwhXNuv+pZ8yEScaBJ0v7icc6whPY8A9JoFqPjaEUMnM7ZgOiSRUm7D+m5wm8UACjCa58rJ6P/+gifMrM/w3aZ7a7oV9XvdKVW8RbBYV0TE6QS6qoCq6RjXUQBQBekCP6Ml6tl6tN+t9XpqxFj1H6Busj0/oUKrF</latexit>

0

<latexit sha1_base64="opSYF2WO201IPTRLysnLBK2+k4A=">AAACMnicfVDLTgIxFO3gC/EFumTTSEhckRmCCDsSNy4hkUcCE9Ipd6ChnZm0HSOZ8AVu9U/8Gd0Zt36E5WGCRj1Jk5Nz7qvHizhT2rZfrNTW9s7uXno/c3B4dHySzZ12VBhLCm0a8lD2PKKAswDammkOvUgCER6Hrje9XvjdO5CKhcGtnkXgCjIOmM8o0UZqOcNswS7ZBtUqXhCnZjuG1Ou1crmOnaVl2wW0RnOYs/KDUUhjAYGmnCjVd+xIuwmRmlEO88wgVhAROiVj6BsaEAHKTZaXznHRKCPsh9K8QOOlutmREKHUTHimUhA9UT+9hfir54kfm7VfcxMWRLGGgK4W+zHHOsSLGPCISaCazwwhVDJzO6YTIgnVJqz/JidxNJYA03mmuKnerz5o4vzKDP9NOuWSUy1dtiqFRmUdbBrl0Tm6QA66Qg10g5qojSgC9IAe0ZP1bL1ab9b7qjRlrXvO0DdYH5/wLKrK</latexit>

1
<latexit sha1_base64="KFcVGlLJInro7XIKJeRtS4oUy7Y=">AAACNHicfVBLS0JBGJ1rL7OX1tLNkAitZK6o6U5o09IoH6Aic8dPHZz7YGZuJBd/Qtv6J/2XoF207Tc0Vw1MqgMDh3O+1xwnEFxpQl6txNb2zu5ecj91cHh0fJLOnLaUH0oGTeYLX3YcqkBwD5qaawGdQAJ1HQFtZ3oV++17kIr73p2eBdB36djjI86oNtItKZQH6RwpEINKBcfErhLbkFqtWizWsL2wCMmhFRqDjJXtDX0WuuBpJqhSXZsEuh9RqTkTME/1QgUBZVM6hq6hHnVB9aPFrXOcN8oQj3xpnqfxQl3viKir1Mx1TKVL9URterH4q+e4G5v1qNqPuBeEGjy2XDwKBdY+joPAQy6BaTEzhDLJze2YTaikTJu4/pschcFYAkznqfy6+rD8oInzOzP8N2kVC3alUL4p5eqlVbBJlEXn6ALZ6BLV0TVqoCZiaIwe0RN6tl6sN+vd+liWJqxVzxn6AevzC+wDq0A=</latexit>

0.5

Figure 6.10: When the input u(t) is a collection of impulses of different strengths arriving at different times, the
systems response is the sum of all the corresponding scaled and delayed copies of the impulse response h(t). Here
y1 is the response to the first impulse in u, and since that impulse has strength 1, y1 is just a copy of the systems
impulse response h(t). y2 is the response to the second impulse in u, and it is just h(t) scaled by 0.5 and delayed by
2 time units. The total response y(t) is the sum of y1 and y2.

This expression has the following interpretation. At time kϵ, the system receives an impulse
of strength ϵ u(kϵ). Its response to this input is ϵ u(kϵ) hϵ(t − kϵ), i.e. the impulse response
hϵ(t) scaled by ϵ u(kϵ) and delayed according to the time kϵ when that impulse arrives. At the
next time (k + 1)ϵ, another impulse arrives, and the corresponding scaled and delayed impulse
response is added to the previous response, and so on. Thus the expression (6.21) represents
the accumulated response to all the delayed and modulated impulses arriving at the input at
different times and with different strengths. This idea is illustrated in Figure 6.10.

Now observe that (6.21) is the Riemann sum approximation to an integral. Taking the limit
ϵ→ 0 gives the integral

lim
ϵ→0

ϵ

∞∑

k=0

u(kϵ) hϵ(t− kϵ) =
∫ ∞

0

u(τ) h(t− τ) dτ

⇒ y(t) =
∫ ∞

0

u(τ) h(t− τ) dτ =
∫ t

0

u(τ) h(t− τ) dτ, (6.22)

where the second equality follows from the fact that h(t − τ) = 0 for t − τ < 0, i.e. for τ > t.
This is because the impulse response is zero for t < 0, i.e. there is no response until the time the
impulse is applied.

Note that the impulse response h(.) used in (6.22) is the unit impulse response of Definition 6.9,
i.e. it is the limit of the approximate impulse responses hϵ(.) as ϵ → 0. This is the response to
an infinitesimally short duration impulse.

We now summarize all the above formally.

Theorem 6.11. Let h(t) be the unit impulse response of a linear time-invariant system. Then the
zero-initial conditions response y(t) to an arbitrary input u(t), t ≥ 0, is given by the convolution

y(t) =

∫ t

0

h(t− τ) u(τ) dτ. (6.23)

Figure 6.11 gives a graphical illustration of the convolution formula (6.23). However, the best
visualization of convolutions is by observing animation of the process. A good tool to experiment
with such animations is found here: https://lpsa.swarthmore.edu/Convolution/CI.html.

6.4 The Transfer Function

In this section, we introduce anther analysis tool called the transfer function which is based on
the unilateral Laplace transform. Like the impulse response analysis of the previous section, It is
particularly suited for analysis of system response to signals that “start” at a given time rather than
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<latexit sha1_base64="AP5Z2y3xVmWtm94DlCQmuCfTYFs=">AAACNHicfVBJSwMxGM3Urdat1WMvwVLwNMzoaD14KHjxWNEu0A4lk37ThmYWkoxYhv4Er/pP/C+CN/HqbzBdhFqXB4HHe9+W58WcSWVZL0ZmZXVtfSO7mdva3tndyxf2GzJKBIU6jXgkWh6RwFkIdcUUh1YsgAQeh6Y3vJz4zTsQkkXhrRrF4AakHzKfUaK0dKMurG6+ZJmObZ1UHPyT2KY1RQnNUesWjGKnF9EkgFBRTqRs21as3JQIxSiHca6TSIgJHZI+tDUNSQDSTae3jnFZKz3sR0K/UOGputiRkkDKUeDpyoCogVz2JuKvnhcsbVb+uZuyME4UhHS22E84VhGeBIF7TABVfKQJoYLp2zEdEEGo0nH9NzlN4r4AGI5z5UX1fvZBHedXZvhv0jg27TPz9NopVZ15sFlURIfoCNmogqroCtVQHVHURw/oET0Zz8ar8Wa8z0ozxrznAH2D8fEJcZCriQ==</latexit>

t < 0

<latexit sha1_base64="tEDZRPgjVAsd2MM8GCCncx+PAvc=">AAACNXicfVDLTgIxFG3xhfgCXbJpJCSuJjOK4sqQuHGJiTwSmZBOuUBD55G2YyQTfsGt/onf4sKdcesv2AFMEB8naXJyzn31eJHgStv2C86srK6tb2Q3c1vbO7t7+cJ+U4WxZNBgoQhl26MKBA+gobkW0I4kUN8T0PJGl6nfugOpeBjc6HEErk8HAe9zRnUqdTSNu/mSbVUc+6RaIT+JY9lTlNAc9W4BFzu9kMU+BJoJqtStY0faTajUnAmY5DqxgoiyER3AraEB9UG5yfTYCSkbpUf6oTQv0GSqLnYk1Fdq7Hum0qd6qJa9VPzV8/ylzbp/7iY8iGINAZst7seC6JCkSZAel8C0GBtCmeTmdsKGVFKmTV7/TU7iaCABRpNceVG9n33QxPmVGfmbNI8t58w6va6UahfzYLOoiA7REXJQFdXQFaqjBmJoiB7QI3rCz/gVv+H3WWkGz3sO0Dfgj08Ab6xj</latexit>ω

<latexit sha1_base64="7MbtX8N5ctSf52LoEV3Hc7WkZzc=">AAACMnicfVDLTgIxFO3gC/EFumTTSEhcTWYUxZUhceMSEnkkMCGdcoGGTmfSdoxkwhe41T/xZ3Rn3PoRlocJ4uMkTU7Oua8eP+JMacd5sVJr6xubW+ntzM7u3v5BNnfYUGEsKdRpyEPZ8okCzgTUNdMcWpEEEvgcmv7oeuo370AqFopbPY7AC8hAsD6jRBupprvZgmOXXOesXMI/iWs7MxTQAtVuzsp3eiGNAxCacqJU23Ui7SVEakY5TDKdWEFE6IgMoG2oIAEoL5ldOsFFo/RwP5TmCY1n6nJHQgKlxoFvKgOih2rVm4q/en6wsln3L72EiSjWIOh8cT/mWId4GgPuMQlU87EhhEpmbsd0SCSh2oT13+QkjgYSYDTJFJfV+/kHTZxfmeG/SePUdi/s81qpULlaBJtGeXSMTpCLyqiCblAV1RFFgB7QI3qynq1X6816n5emrEXPEfoG6+MTZhmrEw==</latexit>

t

<latexit sha1_base64="tEDZRPgjVAsd2MM8GCCncx+PAvc=">AAACNXicfVDLTgIxFG3xhfgCXbJpJCSuJjOK4sqQuHGJiTwSmZBOuUBD55G2YyQTfsGt/onf4sKdcesv2AFMEB8naXJyzn31eJHgStv2C86srK6tb2Q3c1vbO7t7+cJ+U4WxZNBgoQhl26MKBA+gobkW0I4kUN8T0PJGl6nfugOpeBjc6HEErk8HAe9zRnUqdTSNu/mSbVUc+6RaIT+JY9lTlNAc9W4BFzu9kMU+BJoJqtStY0faTajUnAmY5DqxgoiyER3AraEB9UG5yfTYCSkbpUf6oTQv0GSqLnYk1Fdq7Hum0qd6qJa9VPzV8/ylzbp/7iY8iGINAZst7seC6JCkSZAel8C0GBtCmeTmdsKGVFKmTV7/TU7iaCABRpNceVG9n33QxPmVGfmbNI8t58w6va6UahfzYLOoiA7REXJQFdXQFaqjBmJoiB7QI3rCz/gVv+H3WWkGz3sO0Dfgj08Ab6xj</latexit>ω

<latexit sha1_base64="tEDZRPgjVAsd2MM8GCCncx+PAvc=">AAACNXicfVDLTgIxFG3xhfgCXbJpJCSuJjOK4sqQuHGJiTwSmZBOuUBD55G2YyQTfsGt/onf4sKdcesv2AFMEB8naXJyzn31eJHgStv2C86srK6tb2Q3c1vbO7t7+cJ+U4WxZNBgoQhl26MKBA+gobkW0I4kUN8T0PJGl6nfugOpeBjc6HEErk8HAe9zRnUqdTSNu/mSbVUc+6RaIT+JY9lTlNAc9W4BFzu9kMU+BJoJqtStY0faTajUnAmY5DqxgoiyER3AraEB9UG5yfTYCSkbpUf6oTQv0GSqLnYk1Fdq7Hum0qd6qJa9VPzV8/ylzbp/7iY8iGINAZst7seC6JCkSZAel8C0GBtCmeTmdsKGVFKmTV7/TU7iaCABRpNceVG9n33QxPmVGfmbNI8t58w6va6UahfzYLOoiA7REXJQFdXQFaqjBmJoiB7QI3rCz/gVv+H3WWkGz3sO0Dfgj08Ab6xj</latexit>ω<latexit sha1_base64="tEDZRPgjVAsd2MM8GCCncx+PAvc=">AAACNXicfVDLTgIxFG3xhfgCXbJpJCSuJjOK4sqQuHGJiTwSmZBOuUBD55G2YyQTfsGt/onf4sKdcesv2AFMEB8naXJyzn31eJHgStv2C86srK6tb2Q3c1vbO7t7+cJ+U4WxZNBgoQhl26MKBA+gobkW0I4kUN8T0PJGl6nfugOpeBjc6HEErk8HAe9zRnUqdTSNu/mSbVUc+6RaIT+JY9lTlNAc9W4BFzu9kMU+BJoJqtStY0faTajUnAmY5DqxgoiyER3AraEB9UG5yfTYCSkbpUf6oTQv0GSqLnYk1Fdq7Hum0qd6qJa9VPzV8/ylzbp/7iY8iGINAZst7seC6JCkSZAel8C0GBtCmeTmdsKGVFKmTV7/TU7iaCABRpNceVG9n33QxPmVGfmbNI8t58w6va6UahfzYLOoiA7REXJQFdXQFaqjBmJoiB7QI3rCz/gVv+H3WWkGz3sO0Dfgj08Ab6xj</latexit>ω<latexit sha1_base64="tEDZRPgjVAsd2MM8GCCncx+PAvc=">AAACNXicfVDLTgIxFG3xhfgCXbJpJCSuJjOK4sqQuHGJiTwSmZBOuUBD55G2YyQTfsGt/onf4sKdcesv2AFMEB8naXJyzn31eJHgStv2C86srK6tb2Q3c1vbO7t7+cJ+U4WxZNBgoQhl26MKBA+gobkW0I4kUN8T0PJGl6nfugOpeBjc6HEErk8HAe9zRnUqdTSNu/mSbVUc+6RaIT+JY9lTlNAc9W4BFzu9kMU+BJoJqtStY0faTajUnAmY5DqxgoiyER3AraEB9UG5yfTYCSkbpUf6oTQv0GSqLnYk1Fdq7Hum0qd6qJa9VPzV8/ylzbp/7iY8iGINAZst7seC6JCkSZAel8C0GBtCmeTmdsKGVFKmTV7/TU7iaCABRpNceVG9n33QxPmVGfmbNI8t58w6va6UahfzYLOoiA7REXJQFdXQFaqjBmJoiB7QI3rCz/gVv+H3WWkGz3sO0Dfgj08Ab6xj</latexit>ω

<latexit sha1_base64="tEDZRPgjVAsd2MM8GCCncx+PAvc=">AAACNXicfVDLTgIxFG3xhfgCXbJpJCSuJjOK4sqQuHGJiTwSmZBOuUBD55G2YyQTfsGt/onf4sKdcesv2AFMEB8naXJyzn31eJHgStv2C86srK6tb2Q3c1vbO7t7+cJ+U4WxZNBgoQhl26MKBA+gobkW0I4kUN8T0PJGl6nfugOpeBjc6HEErk8HAe9zRnUqdTSNu/mSbVUc+6RaIT+JY9lTlNAc9W4BFzu9kMU+BJoJqtStY0faTajUnAmY5DqxgoiyER3AraEB9UG5yfTYCSkbpUf6oTQv0GSqLnYk1Fdq7Hum0qd6qJa9VPzV8/ylzbp/7iY8iGINAZst7seC6JCkSZAel8C0GBtCmeTmdsKGVFKmTV7/TU7iaCABRpNceVG9n33QxPmVGfmbNI8t58w6va6UahfzYLOoiA7REXJQFdXQFaqjBmJoiB7QI3rCz/gVv+H3WWkGz3sO0Dfgj08Ab6xj</latexit>ω

<latexit sha1_base64="7MbtX8N5ctSf52LoEV3Hc7WkZzc=">AAACMnicfVDLTgIxFO3gC/EFumTTSEhcTWYUxZUhceMSEnkkMCGdcoGGTmfSdoxkwhe41T/xZ3Rn3PoRlocJ4uMkTU7Oua8eP+JMacd5sVJr6xubW+ntzM7u3v5BNnfYUGEsKdRpyEPZ8okCzgTUNdMcWpEEEvgcmv7oeuo370AqFopbPY7AC8hAsD6jRBupprvZgmOXXOesXMI/iWs7MxTQAtVuzsp3eiGNAxCacqJU23Ui7SVEakY5TDKdWEFE6IgMoG2oIAEoL5ldOsFFo/RwP5TmCY1n6nJHQgKlxoFvKgOih2rVm4q/en6wsln3L72EiSjWIOh8cT/mWId4GgPuMQlU87EhhEpmbsd0SCSh2oT13+QkjgYSYDTJFJfV+/kHTZxfmeG/SePUdi/s81qpULlaBJtGeXSMTpCLyqiCblAV1RFFgB7QI3qynq1X6816n5emrEXPEfoG6+MTZhmrEw==</latexit>

t

<latexit sha1_base64="7MbtX8N5ctSf52LoEV3Hc7WkZzc=">AAACMnicfVDLTgIxFO3gC/EFumTTSEhcTWYUxZUhceMSEnkkMCGdcoGGTmfSdoxkwhe41T/xZ3Rn3PoRlocJ4uMkTU7Oua8eP+JMacd5sVJr6xubW+ntzM7u3v5BNnfYUGEsKdRpyEPZ8okCzgTUNdMcWpEEEvgcmv7oeuo370AqFopbPY7AC8hAsD6jRBupprvZgmOXXOesXMI/iWs7MxTQAtVuzsp3eiGNAxCacqJU23Ui7SVEakY5TDKdWEFE6IgMoG2oIAEoL5ldOsFFo/RwP5TmCY1n6nJHQgKlxoFvKgOih2rVm4q/en6wsln3L72EiSjWIOh8cT/mWId4GgPuMQlU87EhhEpmbsd0SCSh2oT13+QkjgYSYDTJFJfV+/kHTZxfmeG/SePUdi/s81qpULlaBJtGeXSMTpCLyqiCblAV1RFFgB7QI3qynq1X6816n5emrEXPEfoG6+MTZhmrEw==</latexit>

t
<latexit sha1_base64="7MbtX8N5ctSf52LoEV3Hc7WkZzc=">AAACMnicfVDLTgIxFO3gC/EFumTTSEhcTWYUxZUhceMSEnkkMCGdcoGGTmfSdoxkwhe41T/xZ3Rn3PoRlocJ4uMkTU7Oua8eP+JMacd5sVJr6xubW+ntzM7u3v5BNnfYUGEsKdRpyEPZ8okCzgTUNdMcWpEEEvgcmv7oeuo370AqFopbPY7AC8hAsD6jRBupprvZgmOXXOesXMI/iWs7MxTQAtVuzsp3eiGNAxCacqJU23Ui7SVEakY5TDKdWEFE6IgMoG2oIAEoL5ldOsFFo/RwP5TmCY1n6nJHQgKlxoFvKgOih2rVm4q/en6wsln3L72EiSjWIOh8cT/mWId4GgPuMQlU87EhhEpmbsd0SCSh2oT13+QkjgYSYDTJFJfV+/kHTZxfmeG/SePUdi/s81qpULlaBJtGeXSMTpCLyqiCblAV1RFFgB7QI3qynq1X6816n5emrEXPEfoG6+MTZhmrEw==</latexit>

t
<latexit sha1_base64="7MbtX8N5ctSf52LoEV3Hc7WkZzc=">AAACMnicfVDLTgIxFO3gC/EFumTTSEhcTWYUxZUhceMSEnkkMCGdcoGGTmfSdoxkwhe41T/xZ3Rn3PoRlocJ4uMkTU7Oua8eP+JMacd5sVJr6xubW+ntzM7u3v5BNnfYUGEsKdRpyEPZ8okCzgTUNdMcWpEEEvgcmv7oeuo370AqFopbPY7AC8hAsD6jRBupprvZgmOXXOesXMI/iWs7MxTQAtVuzsp3eiGNAxCacqJU23Ui7SVEakY5TDKdWEFE6IgMoG2oIAEoL5ldOsFFo/RwP5TmCY1n6nJHQgKlxoFvKgOih2rVm4q/en6wsln3L72EiSjWIOh8cT/mWId4GgPuMQlU87EhhEpmbsd0SCSh2oT13+QkjgYSYDTJFJfV+/kHTZxfmeG/SePUdi/s81qpULlaBJtGeXSMTpCLyqiCblAV1RFFgB7QI3qynq1X6816n5emrEXPEfoG6+MTZhmrEw==</latexit>

t

<latexit sha1_base64="t2n3QKAyedFlqMMtQ2LOP3p2uec=">AAACOnicfVDLSgMxFM34tr5aXboJFkEXlun0pRsR3LhUsK1ii2TS2zY0mRmSO2IZ+hVu9U/8EbfuxK0fYMZWUFEPBA7n3FeOH0lh0HWfnKnpmdm5+YXFzNLyyupaNrfeMGGsOdR5KEN94TMDUgRQR4ESLiINTPkSmv7gOPWbN6CNCINzHEbQVqwXiK7gDK102d/BvRayePc6m3cLB/tVr+JRt+C6Na9UTYlXK3slWrRKijyZ4PQ652y2OiGPFQTIJTPmquhG2E6YRsEljDKt2EDE+ID14MrSgCkw7eTj4hHdtkqHdkNtX4D0Q/3akTBlzFD5tlIx7JufXir+6vnqx2bs7rcTEUQxQsDHi7uxpBjSNA7aERo4yqEljGthb6e8zzTjaEP7b3ISRz0NMBhltr+qt+MP2jg/M6N/k4ZXKFYLlbNy/uhwEuwC2SRbZIcUSY0ckRNySuqEE0XuyD15cB6dZ+fFeR2XTjmTng3yDc7bO0hvrfo=</latexit>

h(t→ ω) <latexit sha1_base64="0Pu68C5Ya2OWWi/u9mHdX0dcNbc=">AAACOHicfVBLS0JBGJ1rL7OX1tLNkAi2kXulTDchtGlpkA/Qi8wdv6uDcx/MzI3k4o9oW/+kf9KuXbTtFzRXDUyqAwOHc77XHCfkTCrTfDVSG5tb2zvp3cze/sHhUTZ33JZBJCi0aMAD0XWIBM58aCmmOHRDAcRzOHScyXXid+5BSBb4d2oagu2Rkc9cRonSUicq9RWJzgbZglk2NapVnBCrZlqa1Ou1SqWOrbllmgW0RHOQM/L9YUAjD3xFOZGyZ5mhsmMiFKMcZpl+JCEkdEJG0NPUJx5IO57fO8NFrQyxGwj9fIXn6mpHTDwpp56jKz2ixnLdS8RfPcdb26zcmh0zP4wU+HSx2I04VgFOwsBDJoAqPtWEUMH07ZiOiSBU6cj+mxxH4UgATGaZ4qr6sPigjvM7M/w3aVfKVrV8cXteaFwtg02jPDpFJWShS9RAN6iJWoiiCXpET+jZeDHejHfjY1GaMpY9J+gHjM8v4K6tSw==</latexit>

u(ω)

<latexit sha1_base64="lFdTqjqSdXqD3rbRnum+TLn+KOA=">AAACNXicfVDLSgMxFM34rPXV6rKbYCnUTZkRXyspuHFZwT6gHUomvdOGZjJDkhHL0F9wq3/it7hwJ279BTPtLGorHggczrmvHC/iTGnbfrfW1jc2t7ZzO/ndvf2Dw0LxqKXCWFJo0pCHsuMRBZwJaGqmOXQiCSTwOLS98W3qtx9BKhaKBz2JwA3IUDCfUaJTaVLVp/1C2a7ZM+BV4mSkjDI0+kWr1BuENA5AaMqJUl3HjrSbEKkZ5TDN92IFEaFjMoSuoYIEoNxkduwUV4wywH4ozRMaz9TFjoQESk0Cz1QGRI/UspeKf3pesLRZ+9duwkQUaxB0vtiPOdYhTpPAAyaBaj4xhFDJzO2YjogkVJu8/pucxNFQAoyn+cqi+jT/oInTWQ5vlbTOas5l7eL+vFy/yYLNoRI6QVXkoCtUR3eogZqIohF6Ri/o1XqzPqxP62teumZlPcfoF6zvH+Gaq8I=</latexit>

y(t)

<latexit sha1_base64="0Pu68C5Ya2OWWi/u9mHdX0dcNbc=">AAACOHicfVBLS0JBGJ1rL7OX1tLNkAi2kXulTDchtGlpkA/Qi8wdv6uDcx/MzI3k4o9oW/+kf9KuXbTtFzRXDUyqAwOHc77XHCfkTCrTfDVSG5tb2zvp3cze/sHhUTZ33JZBJCi0aMAD0XWIBM58aCmmOHRDAcRzOHScyXXid+5BSBb4d2oagu2Rkc9cRonSUicq9RWJzgbZglk2NapVnBCrZlqa1Ou1SqWOrbllmgW0RHOQM/L9YUAjD3xFOZGyZ5mhsmMiFKMcZpl+JCEkdEJG0NPUJx5IO57fO8NFrQyxGwj9fIXn6mpHTDwpp56jKz2ixnLdS8RfPcdb26zcmh0zP4wU+HSx2I04VgFOwsBDJoAqPtWEUMH07ZiOiSBU6cj+mxxH4UgATGaZ4qr6sPigjvM7M/w3aVfKVrV8cXteaFwtg02jPDpFJWShS9RAN6iJWoiiCXpET+jZeDHejHfjY1GaMpY9J+gHjM8v4K6tSw==</latexit>

u(ω)
<latexit sha1_base64="t2n3QKAyedFlqMMtQ2LOP3p2uec=">AAACOnicfVDLSgMxFM34tr5aXboJFkEXlun0pRsR3LhUsK1ii2TS2zY0mRmSO2IZ+hVu9U/8EbfuxK0fYMZWUFEPBA7n3FeOH0lh0HWfnKnpmdm5+YXFzNLyyupaNrfeMGGsOdR5KEN94TMDUgRQR4ESLiINTPkSmv7gOPWbN6CNCINzHEbQVqwXiK7gDK102d/BvRayePc6m3cLB/tVr+JRt+C6Na9UTYlXK3slWrRKijyZ4PQ652y2OiGPFQTIJTPmquhG2E6YRsEljDKt2EDE+ID14MrSgCkw7eTj4hHdtkqHdkNtX4D0Q/3akTBlzFD5tlIx7JufXir+6vnqx2bs7rcTEUQxQsDHi7uxpBjSNA7aERo4yqEljGthb6e8zzTjaEP7b3ISRz0NMBhltr+qt+MP2jg/M6N/k4ZXKFYLlbNy/uhwEuwC2SRbZIcUSY0ckRNySuqEE0XuyD15cB6dZ+fFeR2XTjmTng3yDc7bO0hvrfo=</latexit>

h(t→ ω)

<latexit sha1_base64="lFdTqjqSdXqD3rbRnum+TLn+KOA=">AAACNXicfVDLSgMxFM34rPXV6rKbYCnUTZkRXyspuHFZwT6gHUomvdOGZjJDkhHL0F9wq3/it7hwJ279BTPtLGorHggczrmvHC/iTGnbfrfW1jc2t7ZzO/ndvf2Dw0LxqKXCWFJo0pCHsuMRBZwJaGqmOXQiCSTwOLS98W3qtx9BKhaKBz2JwA3IUDCfUaJTaVLVp/1C2a7ZM+BV4mSkjDI0+kWr1BuENA5AaMqJUl3HjrSbEKkZ5TDN92IFEaFjMoSuoYIEoNxkduwUV4wywH4ozRMaz9TFjoQESk0Cz1QGRI/UspeKf3pesLRZ+9duwkQUaxB0vtiPOdYhTpPAAyaBaj4xhFDJzO2YjogkVJu8/pucxNFQAoyn+cqi+jT/oInTWQ5vlbTOas5l7eL+vFy/yYLNoRI6QVXkoCtUR3eogZqIohF6Ri/o1XqzPqxP62teumZlPcfoF6zvH+Gaq8I=</latexit>

y(t)

Figure 6.11: A graphical illustration of convolution where one of the signals is “flipped” in time and slides rightwards
as t increases. The value of y at time t is given by the integral of the product of the flipped h(t − τ) with u(τ).
Animations of this process: https://lpsa.swarthmore.edu/Convolution/CI.html help clarify it.

signals that have been entering the system for long times in the past. The mathematical idealization
is therefore to study signals and system response over the time interval 0 ≤ t <∞. It also turns out
that the frequency response of a system forms part of the transfer function (i.e. it can be obtained
from the transfer function), and therefore the transfer function is a more general analysis tool than
the frequency response. We will also see that the Laplace transform of the impulse response of a
system (studied in the previous section) is the same as the transfer function.

Given the importance of the concept of transfer functions, we will introduce them using two
equivalent, but different ways. The first is a simple technique sometimes known2 as the “operational
calculus”, and avoids the direct use of the Laplace transform. The second approach uses the Laplace
transform and requires setting up a little bit of mathematical machinery.

6.4.1 The Transfer Function via Operational Calculus

The basic idea of the operational calculus is to replace the derivative operator d
dt in any ODE

with the “symbol” s, use the linearity property, and algebraically manipulate expressions with the
operation s in them. For example, the simplest differential equation stating that the input is the
derivative of the output implies

d
dty(t) = u(t) ⇒ y(t) =

∫ t

0

u(τ) dτ,

i.e. that the output is the integral of the input (assuming zero initial conditions on y). In the
operational calculus, the equivalent statement would be

s y = u ⇒ y =
1

s
u.

In other words, if s denotes the operation of differentiation, then 1/s is its inverse, which is integra-
tion. Note that we write s y rather than s y(t) to indicate that s operates on the whole function y
rather than on its value y(t) at time t.

2In the mathematics literature, this is also known as a “functional calculus”. The operational calculus and transform
analysis was introduced into Engineering by Oliver Heaviside (1850-1925), a brilliant Engineer/Mathematician who
invented much of the analysis methods used in this chapter. Unfortunately for him, he is much more appreciated
today than he was during his lifetime.
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Similarly, the operation dk

dtk
of repeated differentiation is expressed as sk, and integration k times

as 1/sk. We can go further and say that an operation like
(
d
dt + 1

)
, which is represented as (s+ 1),

has as its inverse the operation 1/ (s+ 1). But how should we interpret 1/ (s+ 1)? What kind of
an operation on signals is it? The clarification is obtained using the Laplace transform, but for now
we will proceed formally with algebraic manipulations.

Consider the following input-output ODE, and rearrange each side as a “polynomial” in the
operation d

dt

αn
dn

dtn y(t) + · · · + α1
d
dty(t) + α0y(t) = βm

dm

dtmu(t) + · · ·+ β1
d
dtu(t) + β0 u(t) (6.24)

⇔
(
αn

dn

dtn + · · ·+ α1
d
dt + α0

)
y(t) =

(
βm

dm

dtm + · · ·+ β1
d
dt + β0

)
u(t). (6.25)

Now replace each dk

dtk
with its representation sk to obtain polynomials in s acting on y and u

respectively

(αns
n + · · ·+ α1s+ α0) y = (βmsm + · · ·+ β1s+ β0)u. (6.26)

So far this equation is simply another notation for the original ODE (6.24). However, now we
proceed (bravely) with algebraic manipulations to find y in terms of some operation on y

y =
βmsm + · · ·+ β1s+ β0
αnsn + · · ·+ α1s+ α0

u =: H(s) u, (6.27)

where H(s) is the rational function3 of s defined above. If we can make sense of this operation H(s),
then we have in effect “solved” the ODE, i.e. obtained the output y explicitly as the operation H(s)
on the input u.

The expression H(s) in (6.27) is called the transfer function of the system (6.25). How should
we interpret this rational function of s as an operation on signals? There are several interpretations
possible, which we examine next.

Solutions through Decompositions

Any rational function of a complex number s has a Partial Fraction Expansion (PFE, see Ap-
pendix ??) of the following form

βms
m + · · ·+ β1s+ β0

αnsn + · · ·+ α1s+ α0
=

b1
s− p1

+ · · ·+ bn
s− pn

, (6.28)

where p1, . . . , pn are the roots of the denominator polynomial αns
n+ · · ·+α1s+α0 (assumed here to

have distinct roots), and b1, . . . , bn are coefficients that can be calculated from the rational function,
i.e. they can be calculated from the coefficients αn, . . . , α0, βm, . . . , β0 (See Appendix ?? for the
calculation procedure).

Since this is purely algebraic expression, we can apply it to the operation H(s) to decompose it
into simpler operations like

y =
βmsm + · · ·+ β1s+ β0
αnsn + · · ·+ α1s+ α0

u =

(
b1

s− p1
+ · · ·+ bn

s− pn

)
u =

b1
s− p1

u+ · · ·+ bn
s− pn

u

=: y1 + · · ·+ yn. (6.29)

Thus if we can explicitly compute what the function bk
s−pk u is in terms of u, then we can obtain

the full solution y = y1 + · · · + yn in terms of a decomposition into simpler problems for each
yk, k = 1, . . . , n. Now to find out what yk := bk

s−pk u is, convert this expression back to a simple 1st
order differential equation

yk =
bk

s− pk
u ⇔ (s− pk) yk = bk u ⇔ ẏk(t)− pk yk(t) = bk u(t).

3A function is called “rational” if it is the ratio of two polynomials.
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Recall from Section 6.3 that the impulse response of this system was found to be bk e
pkt, and therefore

the general response to any input u is given by the convolution

yk(t) = bk

∫ t

0

epk(t−τ) u(τ) dτ. (6.30)

This is the answer to the question asked earlier about what kind of operation is 1/(s + 1) on
signals. From (6.30) we see that it is the following convolution operation (again assuming zero
initial conditions)

y =
1

s+ 1
u ⇔ y(t) =

∫ t

0

e-(t−τ) u(τ) dτ.

For the more general case of (6.29), the solution is the sum of n terms like (6.30) and is therefore

y(t) = y1(t) + · · ·+ yn(t) = b1

∫ t

0

ep1(t−τ)u(τ) dτ + · · ·+ bn

∫ t

0

epn(t−τ)u(τ) dτ

=

∫ t

0

(
b1e

p1(t−τ) + · · ·+ bne
pn(t−τ)

)
u(τ) dτ.

Note that this last expression is the convolution of the input u with the function

h(t) := b1e
p1t + · · ·+ bne

pnt,

which is the impulse response of the system.
We summarize the above as a the following procedure.

Impulse Response from Partial Fraction Expansion

1. Given the input-output ODE

αn
dn

dtn y(t) + · · · + α1
d
dty(t) + α0y(t) = βm

dm

dtmu(t) + · · ·+ β1
d
dtu(t) + β0 u(t),

form the transfer function H(s) =
βms

m + · · ·+ β1s+ β0
αnsn + · · ·+ α1s+ α0

.

2. Find the coefficients p1, . . . , pn (the roots of the denominator polynomial) and b1, . . . , bn

of the partial fraction expansion H(s) =
b1

s− p1
+ · · · +

bn
s− pn

.

3. The general solution y for any input u (and zero initial conditions on y) is given by the
convolution of u with the system’s impulse response h

y(t) =

∫ t

0

h(t− τ) u(τ) dτ, h(t) := b1 e
p1t + · · ·+ bn e

pnt. (6.31)

Remark 6.12. Observe the following about the procedure outlined above.

1. The partial fraction expansion in 2. shows that the transfer function H(s) is the Laplace trans-
form of the impulse response h(t) in (6.31). The Laplace transform pair ept ←→ 1

s−p is a standard
one from the tables.

2. The fact that h(t) is the response to an impulse is clear from the convolution expression in (6.31).
If the input is an impulse u(t) = δ(t), then the response to this input is

y(t) =

∫ t

0

h(t− τ) δ(τ) dτ = h(t− τ)
∣∣∣
τ=0

= h(t).

The partial fraction expansion shown above is valid for denominator polynomials with no repeated
roots. The case of repeated roots requires a slightly different treatment and more bookkeeping, and
is therefore relegated to Appendix ??.
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The Frequency Response from the Transfer Function

The observant reader will have noticed the similarity between the expression for H(s) above and the
frequency response expression (6.17). In fact, the frequency response is exactly H(s) with the term
s replaced by the complex number jω. Indeed

H(s)|s=jω =
βmsm + · · ·+ β1s+ β0
αnsn + · · ·+ α1s+ α0

∣∣∣∣
s=jω

= H(jω) =
βm(jω)m + · · ·+ β1(jω) + β0
αn(jω)n + · · · + α1(jω) + α0

= H(ω).

6.4.2 The Transfer Function via the Laplace Transform

To being with we recall the definition and some important properties of the Laplace transform.

Definition 6.13. Let u(t) be a one-sided signal (i.e. defined over the time interval 0 ≤ t < ∞).
The unilateral Laplace transform4 U of u is a complex-valued function of a complex variable s defined
by

U(s) :=

∫ ∞

0

u(t) e−stdt. (6.32)

We will adopt the notational convention of lower-case letters for signals and upper-case letters for
their Laplace transforms, e.g. the Laplace transform of a signal y will be denoted by Y . Notice
the similarity of the Laplace transform definition (6.32) to that of the Fourier transform (6.14),
the difference being that instead of integrating the signal against the function ejωt, we integrate it
against e−st where s is now allowed to be any complex number rather than only imaginary numbers
jω. We will return to this important observation shortly.

The Laplace transform (6.32) takes a function of a real variable (namely time t) and converts it
to a function of a complex variable s. Just like the Fourier transform, its utility for analyzing ODEs
is that it converts differentiations of time signals to algebraic operations on their Laplace transforms,
but first let’s see some examples.

The canonical one-sided signal is the constant, or “unit-step” Heaviside5 function h(t)

h(t) :=

{
1 t ≥ 0
0 t < 0

<latexit sha1_base64="wxOsAjpsuY+LkDu6Q5q5m3+zzwI=">AAACDHicdVDJSgNBEO2JW4xb1KOXxiB4GmZ0NB4DXjwmYBZIhtDTqSRNunuG7h4hDPkCwZP+iTfx6j/4I57tLIJxeVDweK+KqnpRwpk2nvfu5FZW19Y38puFre2d3b3i/kFDx6miUKcxj1UrIho4k1A3zHBoJQqIiDg0o9H11G/egdIslrdmnEAoyECyPqPEWKlmusWS5wa+d14O8G/iu94MJbRAtVv86PRimgqQhnKiddv3EhNmRBlGOUwKnVRDQuiIDKBtqSQCdJjNDp3gE6v0cD9WtqTBM/X7REaE1mMR2U5BzFD/9KbiX147Nf2rMGMySQ1IOl/UTzk2MZ5+jXtMATV8bAmhitlbMR0SRaix2SxticTSD1maDBTAaGKD+koD/08aZ65/6V7UglIlWESWR0foGJ0iH5VRBd2gKqojigDdo0f05Dw4z86L8zpvzTmLmUO0BOftEzZInKs=</latexit>

t

<latexit sha1_base64="Xhz6yCxrm5nDAuNLahQgTHPBM9U=">AAACHHicdVDLSgMxFM3UV62Pjrp0EyxC3ZSZUmu7K7hxWcE+oB1KJr3ThmYeJBmhDPMlgiv9E3fiVvBHXJtpK1jRA4HDOfdyT44bcSaVZX0YuY3Nre2d/G5hb//gsGgeHXdlGAsKHRryUPRdIoGzADqKKQ79SADxXQ49d3ad+b17EJKFwZ2aR+D4ZBIwj1GitDQyi0OfqKknyCyZpmV1MTJLVsXSqNdxRuyGZWvSbDaq1Sa2F5ZlldAK7ZH5ORyHNPYhUJQTKQe2FSknIUIxyiEtDGMJEaEzMoGBpgHxQTrJIniKz7Uyxl4o9AsUXqg/NxLiSzn3XT2ZxZS/vUz8yxvEyms4CQuiWEFAl4e8mGMV4qwFPGYCqOJzTQgVTGfFdEoEoUp3tXbF9df+kMTRRADMUl3Udxv4f9KtVux65fK2VmrVVpXl0Sk6Q2VkoyvUQjeojTqIohg9oCf0bDwaL8ar8bYczRmrnRO0BuP9C8kMosc=</latexit>

h(t)
<latexit sha1_base64="y4UBR+4dPicWW0/GufVvWf4b11M=">AAACDHicdVDJSgNBEO2JW4xb1KOXxiB4GmZ0NB4DXjwmYBZIhtDTqSRNunuG7h4hDPkCwZP+iTfx6j/4I57tLIJxeVDweK+KqnpRwpk2nvfu5FZW19Y38puFre2d3b3i/kFDx6miUKcxj1UrIho4k1A3zHBoJQqIiDg0o9H11G/egdIslrdmnEAoyECyPqPEWKnmd4slzw1877wc4N/Ed70ZSmiBarf40enFNBUgDeVE67bvJSbMiDKMcpgUOqmGhNARGUDbUkkE6DCbHTrBJ1bp4X6sbEmDZ+r3iYwIrccisp2CmKH+6U3Fv7x2avpXYcZkkhqQdL6on3JsYjz9GveYAmr42BJCFbO3YjokilBjs1naEomlH7I0GSiA0cQG9ZUG/p80zlz/0r2oBaVKsIgsj47QMTpFPiqjCrpBVVRHFAG6R4/oyXlwnp0X53XemnMWM4doCc7bJ8dBnGg=</latexit>

1

<latexit sha1_base64="so0dj5xuR1Ke2Gc7bboVHdUge4o=">AAACDHicdVDJSgNBEO2JW4xb1KOXxiB4GmZ0NB4DXjwmYBZIhtDTqSRNunuG7h4hDPkCwZP+iTfx6j/4I57tLIJxeVDweK+KqnpRwpk2nvfu5FZW19Y38puFre2d3b3i/kFDx6miUKcxj1UrIho4k1A3zHBoJQqIiDg0o9H11G/egdIslrdmnEAoyECyPqPEWKnmdYslzw1877wc4N/Ed70ZSmiBarf40enFNBUgDeVE67bvJSbMiDKMcpgUOqmGhNARGUDbUkkE6DCbHTrBJ1bp4X6sbEmDZ+r3iYwIrccisp2CmKH+6U3Fv7x2avpXYcZkkhqQdL6on3JsYjz9GveYAmr42BJCFbO3YjokilBjs1naEomlH7I0GSiA0cQG9ZUG/p80zlz/0r2oBaVKsIgsj47QMTpFPiqjCrpBVVRHFAG6R4/oyXlwnp0X53XemnMWM4doCc7bJ8WZnGc=</latexit>

0

Its Laplace transform is easily computed to be

H(s) =

∫ ∞

0

h(t) e−stdt =

∫ ∞

0

e−stdt (since h(t) = 1 for t ≥ 0)

=
−1
s
e−st

∣∣∣∣
∞

0

=
−1
s

(0− 1) =
1

s
. (6.33)

Note that the integral is finite only if s is such that R(s) > 0, and in that case limt→∞ e−st = 0
as shown above. Thus the Laplace transform H(s) is only defined over the subset of the complex
plane where R(s) > 0. This is called the region of convergence of the Laplace transform of the
signal h(t). We will largely ignore issues of regions of convergence here since we will be interested
in the Laplace transform primarily to encode differentiation operations in ODEs. Another easily
computable Laplace transform is for the exponential function that “starts” at time t = 0

u(t) := h(t) eat ⇒ U(s) =
∫ ∞

0

eat e−stdt =
∫ ∞

0

e(a−s)tdt = 1
a−s e

(a−s)t
∣∣∣
∞

0
= 1

a−s (0− 1)

=
1

s− a.

4Also called the “one-sided” Laplace transform to distinguish it from the “two-sided” Laplace transform used for
signals defined over −∞ < t <∞.

5named after Oliver Heaviside (1850-1925), a brilliant Engineer/Mathematician who invented much of the transform
analysis methods used in this chapter. He is much more appreciated today than he was during his lifetime.
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144 6.4. The Transfer Function

Note that for a = 0, the exponential function eat is just he unit step function, and in that case the
Laplace transform 1/(s− a) is simply 1/s as derived earlier in (6.33). Further important examples
are shown in the table of Laplace transforms is included in Appendix ??

The most important property of Laplace transforms is the differentiation property. Let u be any
one-sided signal and denote its Laplace transform as usual by U . What is the Laplace transform of
its derivative y(t) := du

dt (t)? This important relation can be calculated as follows

U(s) =
∫ ∞

0

u(t) e−stdt,

y(t) = du
dt (t) ⇒ Y (s) =

∫ ∞

0

du
dt (t) e

−stdt = u(t)e−st
∣∣∣
∞

0
+ s

∫ ∞

0

u(t) e−stdt (integration by parts)

= −u(0) + s Y (s)

If you’re familiar with the Laplace transform, then you see that if we take the Laplace transform
of both sides of the ODE (6.24) (and assuming zero initial conditions) we get the following relations
between the Laplace transforms Y and U of the functions y and u respectively

αn
dn

dtn y(t) + · · ·+ α1
d
dty(t) + α0 y(t) = βm

dm

dtmu(t) + · · ·+ β1
d
dtu(t) + β0 u(t) (6.34)

⇒ αn s
nY (s) + · · ·+ α1 sY (s) + α0 Y (s) = βm s

mU(s) + · · ·+ β1 sU(s) + β0 U(s)

⇒
(
αns

n + · · ·+ α1s+ α0

)
Y (s) =

(
βms

m + · · ·+ β1s+ β0
)
U(s)

⇒ Y (s)

U(s)
=

βms
m + · · ·+ β1s+ β0

αnsn + · · ·+ α1s+ α0
=: H(s). (6.35)

The complex function H(s) is called the transfer function of the system (6.34), and it is defined
as the ratio of the Laplace transform Y of the output to the Laplace transform U of the input.
By the simple calculation above, we see that it is completely determined by the coefficients of the
differential equation. A comparison of (6.35) and (4.27) shows that the frequency response is the
transfer function evaluated on the imaginary axis, i.e. evaluated at s = jω.

Theorem 6.14. Consider the system described by the following constant-coefficient ODE

αp y
(p)(t) + αp-1 y

(p-1)(t) + · · · + α1 y
(1)(t) + α0 y(t)

= βq u
(q)(t) + βq-1 u

(q-1)(t) + · · · + β1 u
(1)(t) + β0 u(t), (6.36)

where the signal u is an input and y is an output. With zero initial conditions on y, the relation
between the Laplace transform U of the input and the Laplace transform Y of the output is given by

Y (s) = H(s) U(s), H(s) :=
βms

m + · · ·+ β1s+ β0
αnsn + · · ·+ α1s+ α0

, (6.37)

where H(s) is called the transfer function of the system. The frequency response H(ω) of this system
is the transfer function evaluated on the imaginary axis s = jω

frequency response = H(ω) = H(jω) = transfer function evaluated on the imaginary axis.

6.4.3 Poles and Zeros: Visualizing the Transfer Function

The transfer function H(s) of a system is a complex-valued function of a complex variable s, and
therefore it is a mapH : C→ C from a complex plane C to a complex plane C. Since a complex plane
has two real dimensions, a full visualization of the “graph” of the function H(s) requires visualizing
a graph in four real dimensions, which is very difficult. However, the magnitude |H| : C → R is
a real-valued function of a complex variable s, and this can be visualized as a graph (a surface)
over a two-dimensional plane. The so-called “rubber sheet” analogy provides an intuitive geometric
description of this graph in terms of the transfer function’s poles and zeros. This in turn helps
explain resonances that appear in the system’s frequency response.
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A complex function of the form (6.37) is a ratio of two polynomials (in the complex variable
s), i.e. it is a rational function of the variable s. Recall that any polynomial can be factored using
its roots. For example, the denominator polynomial in (6.37) has n roots (since it’s an n’th order
polynomial)

αns
n + · · ·+ α1s+ α0 = αn

(
sn + · · ·+ α1

αn
s+ α0

αn

)
= αn (s− p1) · · · (s− pn) ,

where p1, . . . , pn are the roots of the polynomial. Similarly, the numerator polynomial can also be
factored in terms of its roots. The roots of both the numerator and the denominator polynomials
have special significance, so they deserve their own names as described next.

Definition 6.15. Consider a rational transfer function H(s) where its numerator and denominator
polynomials are factored as follows

H(s) =
βms

m + · · ·+ β1s+ β0
αnsn + · · ·+ α1s+ α0

=
βm
αn

(s− z1) · · · (s− zm)

(s− p1) · · · (s− pn)
. (6.38)

The (possibly complex) roots z1, . . . , zm of the numerator are the zeros of the transfer function since

H(zi) = 0, i = 1, . . . ,m.

The (possibly complex) roots p1, . . . , pn of the denominator are the poles of the transfer function

lim
s→pi

H(s) = ∞, i = 1, . . . , n.

In other words, the transfer function magnitude is zero when evaluated at the zeros z1, . . . , zm (thus
the name “zeros”), and it is infinite when evaluated at the poles p1, . . . , pn.

We have already encountered the roots of the denominator (the poles) when studying solutions of
homogenous ODEs. They are exactly the characteristic roots of the ODE. Recall that those give the
form of the general solution of the homogenous ODE. On the other hand, the roots of the numerator
(the zeros of the transfer function) are something new. They are a property of input-output ODEs
and do not occur if the ODE is homogenous (note that the denominator polynomial comes from
the right hand side of the ODE (6.36), which would be zero if there were no inputs). We will see
in Chapter 8 that zeros of a transfer function have an important dynamical interpretation in terms
of a phenomenon called vibration absorption. Thus, both poles and the zeros of a transfer function
have significance for the dynamic behavior of the system. In addition, they also provide a geometric
visualization of the transfer function and the frequency response as discussed next.

A real-valued function of a real variable is easy to visualize in terms of its graph, which is normally
plotted as a curve in a two-dimensional plane with one axis representing the independent variable,
and the other axis representing the value of the function. Similarly, a real-valued function of two
real variables can also be visualized in terms of its graph in three dimensions, which is a surface over
the two-dimensional plane of the two variables. On the other hand, the graph of a complex-valued
function H(s) of a complex variable s requires four real dimensions to visualize, which is beyond the
imagination of most people. However, the magnitude |H(s)| of a transfer function is a real-valued
function of a complex variable s, and can therefore be visualized as a surface drawn over the complex
plane.

This visualization of the magnitude |H(s)| of a transfer function is depicted in Figure 6.12a. Note
that the magnitude is always non-negative, so the surface of the graph is always above the complex
plane. A very useful intuition is given by the so-called “rubber sheet” analogy. Imagine the surface
first as a “flat” rubber sheet stretched over the complex plane. Mark the pole locations p1, . . . , pn
as points in the complex plane where “poles” (like the poles of a tent) are placed vertically, and the
rubber sheet is forced to go to infinity at those locations. Similarly, the zero locations z1, . . . , zm are
points in the complex plane where the rubber sheet is “pinned to the ground” (the “ground” is the
complex plane, and the zeros are like the ground pins of a tent). The rubber sheet then interpolates
between poles and zeros throughout the rest of the complex plane. Finally, if the order of the
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146 6.4. The Transfer Function

(a) The “rubber sheet” or “tent” analogy visualizing the
magnitude |H(s)| as a surface over the the whole of the
complex plane s = σ + jω. The poles of the transfer func-
tion (the two red crosses) act like “poles of a tent” (where
|H(s)| goes to ∞), and the zeros (the blue disk at s = 0)
act like “pins to the ground”.

(b) The frequency response H(ω) is the transfer function
H(s) evaluated on the imaginary axis s = jω. This is
visualized as taking a “slice” of the graph of H(s) over
the imaginary axis. In particular, this gives a geometric
visualization of how poles of H(s) near the imaginary axis
(the so-called lightly-damped poles) produce resonances in
the frequency response H(ω).

Figure 6.12: The “rubber sheet” visualization of a rational transfer function H(s) =
(s−z1)···(s−zm)
(s−p1)···(s−pn)

, where

z1, . . . , zm and p1, . . . , pn are its zeros and poles respectively. This analogy demonstrates how poles and zeros near
the imaginary axis influence the resonances of the system’s frequency response H(ω).

numerator m < n is less than the order of the denominator (a typical case), then |H(s)| s→∞−→ 0, and
therefore the surface stretches down to the ground for large values of s in all directions.

The justification for the rubber sheet analogy follows from the product and ratio rules of complex
numbers. Recall that for any two complex numbers z1, z2, the magnitudes of their products and
ratios are given by

|z1z2| = |z1| |z2| ,
∣∣∣∣
z1
z2

∣∣∣∣ =
|z1|
|z2|

.

Applying these two rules repeatedly to the products and ratios in the rational function (6.38)

|H(s)| =

∣∣∣∣
βm
αn

(s− z1) · · · (s− zm)

(s− p1) · · · (s− pn)

∣∣∣∣ =
|βm|
|αn|

|s− z1| · · · |s− zm|
|s− p1| · · · |s− pn|

.

Recall also that for any two complex numbers s and zk for example, the quantity |s− zk| is the
distance in the complex plane between s and zk. Therefore as the variable s varies in the complex
plane, the ratio above can be interpreted as

|H(s)| =
|βm|
|αn|

|s− z1| · · · |s− zm|
|s− p1| · · · |s− pn|

=
|βm|
|αn|

product of distances from s to the zeros

product of distances from s to the poles
.

As s gets close to a zero zk of H(s), the numerator of |H(s)| goes to zero, i.e. |H(s)| gets “pinned”
to the ground. Similarly as s gets close to a pole pk of H(s), the denominator of |H(s)| goes to zero,
which means that |H(s)| goes to infinity.

The rubber sheet analogy also gives a very useful geometric intuition for the frequency response
H(ω) of the system. Since H(ω) = H(jω), the frequency response magnitude |H(ω)| is just the
magnitude |H(jω)| of the transfer function evaluated on the imaginary axis. Thus if we take a
“vertical slice” of the surface of |H(s)| over the imaginary axis s = jω (see Figure 6.12b), we obtain
the frequency response. Note how in Figure 6.12b the two poles close to the imaginary axis6 “induce”
peaks in the frequency response (i.e. resonances) at nearby frequencies. Similarly zeros near or on
the imaginary axis will force the frequency response to be close to zero at nearby frequencies. For
example, the transfer function in Figure 6.12 has a zero at s = 0, which forces the frequency response
to be exactly zero at ω = 0.

6Poles close to the imaginary axis are called underdamped poles since those arise for example in a Mass-Spring-
Damper system with very low damping ratio ζ.
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t

T
2T

3T

Figure 6.13: A signal that is T -periodic is also 2T -periodic. It is also kT -periodic for any k = 1, 2, 3, . . .. The
fundamental period is the smallest number T such that the signal is T -periodic.

Appendix

6.A Background on Fourier Series

Let u(t) be any T -periodic signal. This means that starting at any time t, the value of the signal at
time t+ T is the same as its value at time t

for all t u(t) = u(t+ T),

i.e. the signal “repeats” after T time units. There is some ambiguity in defining the period because
it is also true that this signal is 2T -periodic as well since

u(t) = u(t+ T) = u((t+ T) + T) = u(t+ 2T).

Repeating this argument, we see that a T -periodic signal is actually kT -periodic where k is any
integer

for all t, u(t) = u(t+ T) ⇒ for all t, u(t) = u(t± kT), k = 0, 1, 2, . . .

This fact is illustrated in Figure 6.13. Thus a periodic signal has many periods. If it is periodic
with period T , then it is periodic with period kT where k is any integer. The smallest such period
is however special and has a definition.

Definition 6.16. For a periodic signal u(t), the fundamental period is the smallest number T such
that

for all t, u(t) = u(t+ T),

i.e. the smallest possible period. The fundamental frequency is obtained from the fundamental period
T as 2π/T in rad/s or 1/T in Hz.

A pure sinusoid like

cos(ω̄t), ω̄ = 2π/T ,

is periodic with fundamental period T = 2π/ω̄. A sinusoid of twice the frequency has fundamental
period of T/2, but is also T -periodic as well

cos(2ω̄t) = cos
(
2 2π
T t
)

⇒ cos
(
2 2π
T (t+T)

)
= cos

(
2 2π
T t+2 2π

T T)
)
= cos

(
2 2π
T t+4π

)
= cos

(
2 2π
T t
)
.

Similarly, the signal cos(kω̄t) has fundamental period 2π/kω̄, but it is also periodic with period
2π/ω̄, which is the fundamental period of cos(ω̄t), i.e. they are both T -periodic.

Definition 6.17. Consider a sinusoidal signal u(t) with fundamental frequency ω̄

u(t) = u cos(ω̄t+ θ).

A sinusoid with k times (k an integer) that frequency, i.e.

y(t) = y cos(kω̄t+ ϕ)

is called a k’th harmonic of the signal u(t). While y(t) has fundamental period 2π/(kω̄), it is also
periodic with period 2π/ω̄, the fundamental period of u(t). Therefore u(t) and any of its harmonics
share the common period 2π/ω̄, the fundamental period of u(t).
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Figure 6.14: A “randomly constructed” periodic signal (bottom panel in blue) as the sum of of five signals all of
which have a common period. The top panel shows u1(t) which has frequency 1 Hz and therefore a period of 1 second.
u4(t) (second panel) has 4 times the frequency of u1(t) and therefore 1/4th of the period. Thus u2(t) has a period
of 1/4 seconds, but it is also periodic with period 1 second. Similarly all other signals are harmonics of u1(t), and
therefore are also periodic with period 1 second, but their amplitudes and phases are chosen randomly. The bottom
panel shows the sum of all those signals, which must also be periodic with period of 1 second, but does not have any
smaller period.

Figure 6.14 shows a signal and some of its harmonics. Note that while its harmonics have higher
frequencies, and thus smaller periods, they all have the common period of the first signal. A key
observation is that the sum of any number of T -periodic signals is another T -periodic signal. In
particular, a signal of the form

∞∑

k=0

uk cos(kω̄t+ θk) (6.39)

for any set of amplitudes uk and phases θk is periodic with the fundamental period T = 2π/ω̄.
Figure 6.14 shows an example of such a sum of a sinusoid and some of its harmonics where the
amplitudes and phases are chosen randomly. The sum is clearly a periodic signal with the same
period as the fundamental. We therefore arrive at the conclusion that any sum of sinusoids with a
common period T is a T -periodic signal. The idea of Fourier Series is the “converse” of this; given
any T -periodic signal, write it as a linear combination of harmonics like (6.39)!

There are several different forms of Fourier series. The most convenient form is in terms of
complex exponentials. Fix a fundamental frequency ω̄, and consider an infinite sum of the form

u(t) =

∞∑

k=−∞
ûk e

jkω̄t, (6.40)

where the coefficients {ûk}∞k=−∞ are possibly complex numbers. The complex-valued signal ejkω̄t

has frequency kω̄, and note that k can be either positive or negative. A “negative frequency” term
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is the complex conjugate of the corresponding positive frequency term as can be seen by applying
Euler’s formula

(
ejkω̄t

)∗
=
(
cos(kω̄t) + j sin(kω̄t)

)∗
= cos(kω̄t)− j sin(kω̄t) = e−jkω̄t = ej(−k)ω̄t.

We are only interested in real-valued signals u(t) in (6.40). If we take the two k’th harmonic terms
in (6.40) corresponding to k and −k, their sum must be real, and therefore must equal its own
complex conjugate

requirement:
(
ûk e

jkω̄t + û−k e
−jkω̄t)∗ = ûk e

jkω̄t + û−k e
−jkω̄t

⇒ û∗k e
−jkω̄t + û∗−k e

jkω̄t = ûk e
jkω̄t + û−k e

−jkω̄t ⇒ û−k = û∗k.
(6.41)

Thus the coefficient û−k at the negative frequency −kω̄ must be the complex conjugate of the
coefficient ûk at the positive frequency kω̄. In other words, the set of coefficients {ûk}−1

k=−∞ are
completely determined by the set of coefficients {ûk}∞k=1. The former are the complex conjugates
of the latter. Finally, since the “zeroth frequency” û0 multiplies the constant function ej0ω̄t = 1, it
must be a real number. We summarize the above in the following definition.

Definition 6.18. A complex Fourier series of a real-valued signal u(t) is

u(t) =

∞∑

k=−∞
ûk e

jkω̄t, (6.42)

where the complex coefficients {ûk}∞k=−∞ satisfy the conjugacy relations û−k = û∗k. The signal u(t)
is periodic with period 2π/ω̄.

It is not difficult to find the other forms of the Fourier series from the complex form. The key is
to use the conjugacy relations. We first find the relation between the complex form and what might
be called the “phased-cosine” form as follows

∞∑

k=−∞
ûk e

jkω̄t = û0 +
∞∑

k=1

ûk e
jkω̄t +

−1∑

k=−∞
ûk e

jkω̄t = û0 +
∞∑

k=1

(
ûk e

jkω̄t + û−k e
−jkω̄t)

= û0 +
∞∑

k=1

(
ûk e

jkω̄t + û∗k
(
ejkω̄t

)∗) (
since û−k = û∗k and e−jkω̄t =

(
ejkω̄t

)∗)

= û0 +
∞∑

k=1

2 R
(
ûk e

jkω̄t
) (

recall z + z∗ = 2 R(z)
)

⇒
∞∑

k=−∞
ûk e

jkω̄t = û0 +
∞∑

k=1

2 |ûk| cos
(
kω̄t+ ∠ûk

)
(6.43)

Observe that the magnitude and phase of the coefficient ûk in the complex series gives the magnitude
and phase of the k’th harmonic in the phased-cosine series (with the factor of 2 taken into account).
The remaining Fourier series forms can now be easily derived from (6.43) as follows

c0 +

∞∑

k=1

ck cos
(
kω̄t+ θk

)
= c0 +

∞∑

k=1

ck sin(kω̄t+ ϕk),
(
ϕk = θk + π/2 since cos(ψ) = sin(ψ + π/2)

)

= c0 +

∞∑

k=1

αk cos(kω̄t) + βk sin(kω̄t),
αk = ck cos(θk),
βk = −ck sin(θk).(

using cos(x+ y) = cos(x) cos(y)− sin(x) sin(y) on cos(kω̄t+ θk)
)

These relations are summarized and their simple geometrical relations are illustrated in Figure 6.15.
We will be primarily using the complex exponential form as it is the most convenient for algebraic
manipulations and differentiation.
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∞∑
k=−∞

ûk e
jkω̄t = c0 +

∞∑
k=1

ck cos
(
kω̄t+ θk

)
,

c0 = û0, ck = 2 |ûk| ,
θk = ∠ûk

= c0 +

∞∑
k=1

ck sin(kω̄t+ ϕk), ϕk = θk + π
2

= c0 +

∞∑
k=1

αk cos(kω̄t) + βk sin(kω̄t)

2ûk

↵kck

-�k

✓k

Figure 6.15: The four different forms of Fourier series: the complex-exponential, phased-cosine, phased-sine, and
the cosine-sine forms respectively, and the relations between them. The diagram on the right illustrates the relations
geometrically for k ̸= 0. For the constant terms k = 0, we simply have û0 = c0.

6.A.1 Obtaining Fourier Series Coefficients for any Periodic Signal

The previous discussion described how a series expression like (6.42) produces a periodic signal. The
converse question is: given a periodic signal, how to obtain its Fourier series coefficients? This is
given by the next statement.

Lemma 6.19. Let u(t) be a T -periodic signal. Then its Fourier series coefficients are given by the
following integral

ûk = 1
T

∫ τ+T

τ

u(t) e−jkω̄tdt = 1
T

∫ τ+T

τ

u(t) e−jk
2π
T tdt, (6.44)

where ω̄ = 2π/T is the fundamental frequency, and τ is any starting point of the integral. From
these coefficients, the signal can be reconstructed by the (possibly infinite) sum

u(t) =

∞∑

k=−∞
ûk e

jkω̄t.

The proof of this statement is not difficult, but is relegated to Appendix ?? where a beautiful
geometric interpretation of Fourier series as an “expansion in an orthogonal” basis of functions is
presented. Finally, note that once the complex Fourier series coefficients ûk are found, the coefficients
of any of the other three forms can be found using the relations summarized in Figure 6.15.

Example 6.20. A square wave of unit amplitude and period T is depicted in Figure 6.16. Its Fourier
series can be calculated from the formula (6.44) as

ûk = 1
T

∫ T

0

u(t) e−jk
2π
T t dt = 1

T

(∫ T
2

0

e−jk
2π
T t dt−

∫ T

T
2

e−jk
2π
T t dt

)

= 1
T

1

−jk 2π
T

(
e−jk

2π
T t
∣∣∣
T
2

0
− e−jk

2π
T t
∣∣∣
T

T
2

)
= j

2π k

(
e−jπ k − e0 − e−j2π k + e−jπ k

)

= j
π k

(
(−1)k − 1

)
=

{
0 k even,

− 2
π k j k odd.

First note that the coefficients ûk are purely imaginary, thus by the diagram in Figure 6.15 the Fourier
series of this square wave has only sine terms7. This is to be expected since this particular square wave
is an odd function of t, and therefore can only have sine terms in its expansion. The Fourier series of
this square wave is then written in both complex and cosine-sine form as

u(t) =
∑

k odd

−2j
π k

ejk
2π
T t =

∑

k≥1, odd

4

π k
sin
(
k 2π

T
t
)
. (6.45)

7A periodic signal which is an even function of time (i.e. u(t) = u(−t) has only cosine terms in its Fourier series.
If it is an odd function (i.e. u(−t) = −u(t), then it only has sine terms in its Fourier series.
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0 T/2 T 3T/2 2T

-1

0

1
Square Wave
n = 1
n = 5
n = 50

Figure 6.16: A square wave and its Fourier series u(t) =
∑

−n≤k≤n ûk e
jk 2π

T
t reconstructions with various series

sizes n. The larger n is, the more accurate the reconstruction is. The only exception is the “Gibbs” phenomenon of
peaked oscillations at the point of discontinuity of the square wave.

Although the Fourier series has an infinite number of terms, a “truncation” where the summation in (6.45)
is taken for |k| ≤ n gives an approximation of the original square wave. Examples of such truncated series
approximations are shown in Figure 6.16. As n increases, we see that the approximation becomes better
and closer to the original square wave at every point in time, with the exception of the isolated times
when the square wave has a discontinuity (the jump points) where the so-called “Gibbs phenomenon”
appears.
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Higher-Order Systems
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Higher-Order Systems

Vibrational analysis of complex systems with many degrees of freedom is best done using vector and
matrix notation and methods. These “matrix methods” uses concepts from linear algebra, such as
change of bases, eigenvalues and eigenvectors, and diagonalization to encode the dynamical properties
of higher-order systems. In contrast to single degree of freedom systems, a higher-order system has
more than one natural frequency, as well as specific vibration shapes associated with each natural
frequency. These are called the normal modes of vibration. The frequencies are found as eigenvalues
of certain matrices, while the “shape of vibrations” are obtained from the corresponding eigenvectors.
Externally forced systems admit a frequency response analysis, in which the frequency response is a
matrix of individual frequency responses from each forcing input to each mechanical degree of freedom.
This frequency domain analysis complements the normal mode analysis, and direct correspondences
between external resonances and internal normal modes are established.

f x

The limit of an infinite number of degrees of freedom are continuum systems, such as with the
vibrations of strings, beams, plates and acoustic waves. Those can be treated with similar linear
algebra methods as finite number of degrees of freedom systems.
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Chapter 7

Normal Modes of Free Vibrations: Matrix
Methods

Systems with several mechanical degrees of freedom are best analyzed with matrix methods. The
coupled differential equations describing the dynamics are reorganized using matrix-vector products
into input-output systems where both the input and output signals are vector valued. Mass and
stiffness and other parameters now become matrices rather than scalars. With these matrix meth-
ods, complicated-looking coupled differential equations can be reorganized in a unified form for which
analysis techniques are developed. The main tool for analysis is based on matrix diagonalizations,
which in turn is based on eigenvalues and eigenvectors of matrices. An N-DOF system has n pos-
sibly different natural frequencies, and each of those frequencies correspond to a particular mode of
vibration which describes how the N coordinates move relative to each other. Eigenvalues give the
natural frequencies and eigenvectors give the “shape” of the corresponding motion, which are also
called the modal shapes.

Introduction with a 2-DOF Example: Sprung Beam

We begin with a brief introduction to the methods of this chapter using the 2-DOF example of
the (rigid) Sprung Beam, or equivalently the “half car” model introduced in an earlier chapter in
Figure 1.15c. This will serve as a preview of the matrix methods developed further in this chapter
for vibrations analysis of N-Degree Of Freedom (N-DOF) systems.

Figure 7.1 shows a diagram of the sprung beam. Let x be the vertical displacement of the center
of mass, and x1 and x2 be the vertical displacements of the support points. Assume the origin of
the coordinate systems for x1, x2 and θ are chosen so that x1 = 0, x2 = 0 and θ = 0 correspond to
the two springs being at equilibrium. Let m be the mass of the rigid body, then Newton’s second
law for vertical and rotational motions are

m ẍ = − k1x1 − k2x2,
J θ̈ = l k1x1 − l k2x2,

(7.1)

where J is the moment of inertia about the center of mass, and we have assumed l1 = l2 = l for
simplicity. Note the signs on the torques l k1x1 and l k2x2 which are due to the sign convention on
θ being measured positively in the counter-clockwise direction. For example, when x1 is positive,
spring k1 exerts a downwards force on its support point, which is a positive torque on the mass. On
the other hand, when x2 is positive, spring k2 exerts a downwards force, which results in a clockwise
(negative) torque on the mass.

We need to rewrite the equations above in terms of only one set of coordinates, either (x, θ)
or (x1, x2), but not both. The first option is to use the kinematics to express (x1, x2) in terms of
(x, θ). To do this, we make the simplifying assumption (reasonable for small oscillations in θ) that
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✓l1
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Figure 7.1: (Left) Schematic of the sprung-beam model, which has two degrees of freedom. The coordinates are
either (x1, x2), the vertical displacements of the support points, or equivalently (x, θ) the vertical displacement of
the center of mass and the rotation angle of the mass respectively. (Right) The kinematics used to relate the two
coordinate systems (x, θ) and (x1, x2).

the springs and dampers move only vertically1 (see Figure 7.1 (Right) )

x1 ≈ x− l sin θ ≈ x− lθ
x2 ≈ x+ l sin θ ≈ x+ lθ

}
⇒





m ẍ = −k1x1 − k2x2
= −(k1 + k2) x+ l(k1 − k2) θ

J θ̈ = l k1x1 − l k2x2
= l(k1 − k2) x− l2(k1 + k2) θ

(7.2)

Note an important feature of these two equations. The first one is for the derivative ẍ, but it depends
on both x and θ and their derivatives. Similarly, the second equation is for θ̈, but it also depends
on both x and θ and their derivatives. The equations are therefore coupled. Each equation cannot
be solved separately, they have to be solved together. In the language of dynamics, the equations
for ẍ and θ̈ describe vertical and rotational dynamics respectively. The fact that their equations
are coupled means that vertical vibrations effect rotational vibrations and vice versa. A very useful
technique that helps reveal the underlying structure of complex equations like (7.2) is to rewrite
them as a single matrix differential equation as follows.

[
m ẍ+ (k1 + k2) x− l(k1 − k2) θ
J θ̈ − l(k1 − k2) x+ l2(k1 + k2) θ

]
=

[
0
0

]
(7.3)

⇔
[
m 0
0 J

] [
ẍ

θ̈

]
+

[
k1 + k2 l(k2 − k1)
l(k2 − k1) l2(k1 + k2)

] [
x
θ

]
=

[
0
0

]
. (7.4)

The equation (7.3) is exactly the two equations (7.2) written as the two components of a vector.
This vector equation can be further rearranged into the matrix-vector equation (7.4) in which each
term represents all derivatives of a given order. Here the two terms collect derivatives of second and
zeroth orders respectively.

An alternate model is to rewrite equations (7.1) using the coordinates (x1, x2) by substituting
for (x, θ) in terms of (x1, x2). First note that the mapping (x, θ) 7→ (x1, x2) in (7.2) can be written
in matrix-vector form and inverted as follows

[
x1
x2

]
=

[
1 −l
1 l

] [
x
θ

]
⇒

[
x
θ

]
=

1

2l

[
l l
−1 1

] [
x1
x2

]
=

[
(x1 + x2)/2
(x2 − x1)/2l

]

Substituting these expressions for (x, θ) in (7.1) gives

m (ẍ1 + ẍ2)/2 = −k1x1 − k2x2
J (−ẍ1 + ẍ2)/2l = l k1x1 − l k2x2

These equations can be reorganized into a matrix-vector form similar to (7.4) as follows
[
m m
−J J

] [
ẍ1
ẍ2

]
+ 2

[
k1 k2
l2k1 −l2k2

] [
x1
x2

]
= 0. (7.5)

1This is clearly not the case if the beam is assumed to be a rigid body. If x1 ̸= x2, then the support points will
have to move laterally. This motion can be assumed negligible for small oscillations θ. An alternative way to view
this is that if we write the full two dimensional model that allows for lateral motion, then linearizing around θ ≈ 0
will give the model above that ignores lateral motion.
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N-DOF Mass-Spring-Damper System in Matrix Form

Note the similarity in the structures of the equations (7.4) and (7.5). They are both of the following
form


 M




ẍ(t)


+


 K




x(t)


 =


0


 ⇔ M ẍ(t) + Kx(t) = 0, (7.6)

where x(t) is a vector of coordinates, and M,K are matrices of system’s coefficients. Such equations
are the N-DOF generalizations of the single DOF equation for a Mass-Spring matrix. M is referred
to as the “mass matrix”, and similarly K is called the stiffness matrix. The two equations in (7.6)
are exactly the same. The first equation graphically emphasizes the dimensions of the matrices and
vectors for illustration. The second equation is written in the much more compact matrix-vector
form, but the reader should always keep in mind that despite the simplicity of writing it in that
form, a lot of information is “coded into” the entries of the matrices M and K as can be seen by
examining (7.4) and (7.2).

Decoupling and Normal Modes

When analyzing N-DOF systems written in a matrix form, certain coordinates are much better than
others. Take for example the equations (7.4) written in (x, θ) coordinates, and assume a special case
where k1 = k2 = k and l1 = l2 = l. The equations then simplify to

[
m 0
0 J

] [
ẍ

θ̈

]
+

[
2k 0
0 2kl2

] [
x
θ

]
= 0. (7.7)

Note that the matrices M and K are now diagonal (i.e. all off-diagonal entries are zero). This
matrix equation is therefore decoupled into two scalar equations

m ẍ(t) + 2k x(t) = 0, (7.8)

J θ̈(t) + 2kl2 θ(t) = 0. (7.9)

Note that the differential equation for x(t) does not involve θ(t), and similarly, the differential equa-
tion for θ(t) does not involve x(t). This means each differential equation can be solved independently
of the other. In this case we say that the dynamics of x and θ are decoupled in the sense that they
do not influence each other. We call the motion of x(t) the vertical (or heaving) mode, and that
of θ the rotational mode of vibration respectively. Those are the normal modes of vibration of this
2-DOF system. In general, an n-DOF system will have n different normal modes of vibration.

Let’s make more simplifying assumptions to get some intuition for the distinction between vertical
and rotational vibrations. Assume that the support points of the sprung beam in Figure 7.1 are at
each end. Additionally, assume the beam is slender so that its moment of inertia (about the center
of mass) is that of a bar of uniform length 2l

J = m(2l)2/12 = ml2/3

With these assumptions, the rotational motion equation (7.9) becomes

ml2/3 θ̈ + 2kl2 θ = 0 ⇒ θ̈ +
6k

m
θ = 0. (7.10)

Now comparing the vertical motion equation (7.8) and the rotational motion equation (7.10), we see
that they are both of the Mass-Spring type, but with two different natural frequencies

vertical vibrations: ωn =
√

2k/m

rotational vibrations: ωn =
√

6k/m =
√
3
√
2k/m.

(7.11)
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Figure 7.2: Vibrations of the sprung beam model in the special case where vertical and rotational dynamics (7.8)-
(7.9) are decoupled. (Top) Both rotational θ(t) and vertical x(t) vibrations are pure sinusoids, but with different
frequencies. The frequency of rotational vibrations θ(t) is higher than that of vertical vibrations x(t) as predicted by
the formulas (7.11) for their respective natural frequencies. (Bottom) The vibration of the support point x1(t) is a
superposition of the two modes (vertical and rotational) of vibrations.

Thus rotational vibrations have a natural frequency that is
√
3 times higher than that of vertical

vibrations.
Any free vibrations of this 2-DOF system will be a superposition of those two modes of vibrations

with those two different frequencies. For example, the motion of one of the support points, say x1(t)
is linear combination of both x(t) and θ(t) since (recall (7.2))

x1(t) = x(t) − l θ(t).

Figure 7.2 shows an example of the vibration of such a system. Note how vertical motion x(t) and
rotational motion θ(t) are both pure sinusoids, but with different natural frequencies. The vibration
of x1(t) appears to be some superposition (a linear combination) of the two motions.

The fact that the matrix equation (7.7) involved only diagonal matrices is what led to the de-
coupling of the dynamics of x and θ as described by the two mutually-independent equations (7.8)
and (7.9). Although this looks like a “lucky accident” due to the symmetry of the problem, there is
a general method to take any coupled matrix problem representing an n-DOF system, and find the
fundamental normal modes of vibration in a similar manner to what was done above. The mathe-
matical technique is based on matrix diagonalization, which in turn is based on finding eigenvalues
of eigenvectors of matrices. In Section 7.2 we will see how to do this in general without having a
“lucky guess” of what the right coordinates should be for each problem.

7.1 Modeling with Vector Differential Equations

The dynamics of any N-degree of freedom mechanical systems with either linear or linearized dy-
namics can be expressed as a vector differential equation of the form

M ẍ(t) + C ẋ(t) + Kx(t) = B2 ü(t) + B1 u̇(t) + B0 u(t) (7.12)

⇔


 M





ẍ1(t)
...

ẍN(t)


+


 C





ẋ1(t)
...

ẋN(t)


+


 K





x1(t)
...

xN(t)




=


 B2





ü1(t)
...

üq(t)


+


 B1





u̇1(t)
...

u̇q(t)


+


 B0





u1(t)
...

uq(t)


 ,

where u1(t), . . . , uq(t) are q “input signals”, which might be externally applied forces, displacements
of other externally applied variables. All the inputs are combined into the vector signal u(t).

Let’s parse through the notation above carefully. Matrix-vector notation allows for very compact
expressions, but it hides details! If you’re not too familiar with it, you may not notice the details
at first. The expressions above are written in compact matrix notation on the first line, and this
notation is expressed more explicitly on the second line. Capital letters M, C, K and Bk are used
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for matrices, bold small letters are used to express vectors (which may be functions of time as well)
such as

x(t) =



x1(t)
...

xn(t)


 , ẋ(t) =



ẋ1(t)
...

ẋn(t)


 , etc.

Thus when we write a matrix-vector equation like (7.12), a lot of detail is contained in the matrix
entries of M, C, K and {Bk}. In fact, all the dynamical properties of this system are “encoded” in
those matrices.

The equation (7.12) is the most general form for the dynamics of an N-degree of freedom mechan-
ical system with linear dynamics. If a system has k masses where each can move in l coordinates,
then N = kl. Those masses can be connected by any arrangement of springs and dampers and possi-
bly kinematic constraints. It is also the form of the linearization of multi-link systems that arise from
e.g. modeling robotic manipulators. Since equation (7.12) is a generalization of the single degree of
freedom (Mass-Spring-Damper) system, we therefore refer to M, C and K as the “generalized” mass,
damping and spring constant matrices respectively. The matrix K is also more commonly referred
to as the “stiffness” matrix.

The advantage of expressing all mechanical systems in the matrix-vector form (7.12) cannot
be overstated. It allows us to develop convenient formulas for solutions and frequency responses
using compact matrix algebra, which can also be easily programmed in software like MATLAB. In
addition, normal mode analysis which we will see in the next section is best expressed in linear
algebra language in terms of eigenvalues and eigenvectors of matrices.

As already mentioned, the vector u(t) contains all the external “inputs” that may be acting on
the system, which may be external forces, or kinematic quantities like displacements or velocities.
Figure 7.3 shows three examples with the corresponding matrix-vector form of their dynamics. Note
that in the first two examples, the external inputs are forces, while in the third example, the external
input is actually a displacement. This variety of types of inputs is why we denote them generally by
u rather than f in (7.12), the latter being notation for forces. The size q of the vector u in (7.12)
is the number of inputs, which is not usually the same as the number N of mechanical degrees of
freedom. When q < N, we call the system underactuated, and when q = N, it is fully actuated.

We now detail the derivations of the differential equations for each of the examples in that figure.

Example 7.1. (Example I, Figure 7.3) A convenient coordinate system to choose is where x1 = 0 and
x2 = 0 when all three springs are in equilibrium. The equations of motion for the two masses are then

m1 ẍ1(t) = − k1x1(t) − kc
(
x1(t)− x2(t)

)
+ f1(t),

m2 ẍ2(t) = − k2x2(t) + kc
(
x1(t)− x2(t)

)
+ f2(t).

These two equations can be rewritten as a single matrix-vector equation as follows
[
m1ẍ1(t)
m2ẍ2(t)

]
= −

[
k1x1(t) + kc

(
x1(t)− x2(t)

)

k2x2(t)− kc
(
x1(t)− x2(t)

)
]

+

[
f1(t)
f2(t)

]

⇒
[
m1 0
0 m2

] [
ẍ1(t)
ẍ2(t)

]
= −

[
k1 + kc −kc
−kc k2 + kc

] [
x1(t)
x2(t)

]
+

[
f1(t)
f2(t)

]

⇒
[
m1 0
0 m2

] [
ẍ1(t)
ẍ2(t)

]
+

[
k1 + kc −kc
−kc k2 + kc

] [
x1(t)
x2(t)

]
=

[
f1(t)
f2(t)

]
.

This last equation is of the general form (7.12)

M ẍ(t) + K x(t) = f(t),

where M :=

[
m1 0
0 m2

]
, K :=

[
k1 + kc −kc
−kc k2 + kc

]
, x(t) :=

[
x1(t)
x2(t)

]
, f(t) :=

[
f1(t)
f2(t)

]
.

Comparing this equation with the general form (7.12), we see that in this case the damping matrix
C = 0 (since there is no damping in this problem), the input u(t) = f(t) vector of forces enters with no
differentiation, thus B2 = 0, B1 = 0 and B0 = I, the identity matrix.
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k1 k2

m1 m2

f1(t) f2(t)

kc

(I):
[
m1 0

0 m2

][
ẍ1(t)
ẍ2(t)

]
+
[
k1+kc -kc

-kc k2+kc

][
x1(t)
x2(t)

]
=
[
f1(t)
f2(t)

]

k1 k2
m1 m2

f(t)

c2c1

(II):
[
m1 0

0 m2

][
ẍ1(t)
ẍ2(t)

]
+
[ c1 -c1

-c1 c1+c2

][
ẋ1(t)
ẋ2(t)

]
+
[
k1 -k1

-k1 k1+k2

][
x1(t)
x2(t)

]
=
[
0

1

]
f(t)

k1 k2

m1 m2

<latexit sha1_base64="uIjnPDBVEkmGKuYNRgbzICUkXL4=">AAAB+3icdVDLSgMxFM3UV62vqks3wSLUTcmUWttdwY3LCvYB7VAymbQNTTJDkhHKML/gVvfuxK0f49YvMdNWsKIHLhzOuZd77/EjzrRB6MPJbWxube/kdwt7+weHR8Xjk64OY0Voh4Q8VH0fa8qZpB3DDKf9SFEsfE57/uwm83sPVGkWynszj6gn8ESyMSPYZFJQNpejYglVkEW9DjPiNpBrSbPZqFab0F1YCJXACu1R8XMYhCQWVBrCsdYDF0XGS7AyjHCaFoaxphEmMzyhA0slFlR7yeLWFF5YJYDjUNmSBi7UnxMJFlrPhW87BTZT/dvLxL+8QWzGDS9hMooNlWS5aBxzaEKYPQ4DpigxfG4JJorZWyGZYoWJsfGsbfFFWrChfH8O/yfdasWtV67uaqVWbRVPHpyBc1AGLrgGLXAL2qADCJiCR/AEnp3UeXFenbdla85ZzZyCNTjvX/bolKo=</latexit>

d(t)

c1 c2

(III):
[
m1 0

0 m2

][
ẍ1(t)
ẍ2(t)

]
+
[ c1 -c1

-c1 c1+c2

][
ẋ1(t)
ẋ2(t)

]
+
[
k1 -k1

-k1 k1+k2

][
x1(t)
x2(t)

]
=
[

0

c2

]
ḋ(t) +

[
0

k2

]
d(t)

Figure 7.3: Three examples of mechanical systems with their dynamics written in the matrix-vector form (7.12).
Note that in Systems (i) and (II), the “external inputs” are forces, while in System (III) the external input is a
displacement.

Example 7.2. (Example II, Figure 7.3) The most convenient choice of coordinates here is again where
x1 = 0 and x2 = 0 when both springs are in equilibrium. The equations of motion are

m1 ẍ1(t) = − k1
(
x1(t)− x2(t)

)
− c1

(
ẋ1(t)− ẋ2(t)

)

m2 ẍ2(t) = k1
(
x1(t)− x2(t)

)
+ c1

(
ẋ1(t)− ẋ2(t)

)
− k2 x2(t) − c2 ẋ2(t) + f(t),

(7.13)

which can be rewritten in matrix-vector form as

[
m1 0
0 m2

] [
ẍ1(t)
ẍ2(t)

]
+

[
c1 −c1
−c1 c2 + c1

] [
ẋ1(t)
ẋ2(t)

]
+

[
k1 −k1
−k1 k2 + k1

] [
x1(t)
x2(t)

]
=

[
0
1

]
f(t).

This equation is again of the form (7.12) with

M ẍ(t) + C ẋ(t) + K x(t) = B0 f(t).

The input f(t) is a scalar-valued function, but it enters the matrix equation through multiplication by
the matrix

B0 :=

[
0
1

]

since it only enters the second equation in (7.13). This is an example of when the Bi matrices are
non-square because the number of inputs is not equal to the number of mechanical degrees of freedom.

Note that even though the external forcing f(t) enters only in the dynamics of x2, it does have
(indirect) effects on the dynamics of x1, since the latter are influenced by x2 through the coupling in the
equations. This point will be emphasized when we analyze this example later as a prototype of a certain
vibration isolation technique termed “tuned mass dampers”.
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Example 7.3. (Example III, Figure 7.3) In this example, the input is a displacement rather than a force.
In such problems, the choice of convenient coordinates requires a little care. Consider measuring x1, x2
and u with one coordinate system, then the equations of motion are

m1ẍ1(t) = −k1
(
x1(t)− x2(t)− L1

)
− c1

(
ẋ1(t)− ẋ2(t)

)

m2ẍ2(t) = k1
(
x1(t)− x2(t)− L1

)
+ c1

(
ẋ1(t)− ẋ2(t)

)
− k2

(
x2(t)− d(t)− L2

)
− c2

(
ẋ2(t)− ḋ(t)

)
,

where L1 and L2 are constants such that when x1 − x2 − L1 = 0, spring k1 is in equilibrium, and when
x2 − u = 0, spring k2 is in equilibrium. Now redefining x1 as x1 − L1 and x2 as x2 − L2, the new
equations of motion are written more nicely (without the constant terms) as

m1ẍ1(t) = −k1
(
x1(t)− x2(t)

)
− c1

(
ẋ1(t)− ẋ2(t)

)

m2ẍ2(t) = k1

(
x1(t)− x2(t)

)
+ c1

(
ẋ1(t)− ẋ2(t)

)
− k2

(
x2(t)− d(t)

)
− c2

(
ẋ2(t)− ḋ(t)

)
.

Those two equations can now be rewritten as a single matrix equation

[
m1 0
0 m2

] [
ẍ1(t)
ẍ2(t)

]
+

[
k1 −k1
−k1 k2 + k1

] [
x1(t)
x2(t)

]
+

[
c1 −c1
−c1 c1 + c2

] [
ẋ1(t)
ẋ2(t)

]
=

[
0
c2

]
ḋ(t)+

[
0
k2

]
d(t)

This equation is again of the form (7.12) with

M ẍ(t) + C ẋ(t) + K x(t) = B1 ḋ(t) + B0 d(t),

where the matrices B0 and B1 are

B0 :=

[
0
k2

]
, B1 :=

[
0
c2

]
.

Note again that the input in this case (which was denoted as a general signal u in (7.12)) is a displacement
d rather than a force.

This system has a single-input d(t) and 2 mechanical degrees of freedom, thus the matrices B0 and
B1 are 2× 1, while the matrices M,C,K are 2× 2.

In many systems (though not all, see e.g. the next example), the “mass matrix” M will typ-
ically be diagonal as is the case in the three examples just described. In this case, every “row”
in equation (7.12) represents a scalar equation of the form miẍi =

∑
j fij for the i’th mass, with∑

j fij being the sum of forces on the i’th mass. Note that we have as many equations as masses,
and therefore the reader should check that this implies that M, C and K must be square (N × N)
matrices. The “B matrices” however can be non-square, i.e. N×q, where q is the number of external
forces (or inputs) acting on the system, which may not be the same as the number of masses.

In general, the mass matrix need not be a diagonal matrix as the following example of the
combined mass and pendulum of Figure 7.4 illustrates.

Example 7.4. (Example V: Linear Mass Motion with Pendulum) Consider the system of a block M
with linear motion coupled to a pendulum as shown in Figure 7.4.

The equations of motion of this system are best derived using the Lagrangian formulation of me-
chanics. The total kinetic and potential energies of this system (see diagrams in Figure 7.4) and the
Lagrangian are

KE = 1
2

(
M ẋ2 +m

((
ẋ+ lθ̇ cos θ

)2
+ (lθ̇ sin θ)2

))
= 1

2

(
(M +m) ẋ2 + 2ml ẋθ̇ cos θ +ml2θ̇2

)

PE = 1
2k x

2 +mgl (1− cos(θ))

L(x, θ, ẋ, θ̇) = KE− PE = 1
2

(
(M +m) ẋ2 + 2ml ẋθ̇ cos θ +ml2θ̇2 − k x2

)
−mgl (1− cos(θ))
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Figure 7.4: (Left) The system of Example 7.4 consisting of a mass constrained to move laterally, and an attached
pendulum swinging freely from a frictionless pivot. (Right) The velocity of m relative to M is Vm/M = lθ̇ eθ. Thus

the velocity of m in the inertial frame is Vm = VM + Vm/M = ẋ ex + lθ̇ eθ has the lateral and vertical components
shown.

The first EL equation and its linearization is

−f =
∂L
∂x
− d

dt

∂L
∂ẋ

= −k x− d
dt

(
(M +m)ẋ+ml θ̇ cos θ

)

= −k x− (M +m)ẍ−ml
(
θ̈ cos θ − θ̇2 sin θ

)

≈ −k x− (M +m)ẍ−ml θ̈.
The second EL equation and its linearization is similarly derived

0 =
∂L
∂θ
− d

dt

∂L
∂θ̇

= −ml ẋ θ̇ sin θ −mgl sin θ − d
dt

(
ml ẋ cos θ +ml2θ̇

)

= −ml ẋ θ̇ sin θ −mgl sin θ −ml ẍ cos θ +ml ẋ θ̇ sin θ −ml2θ̈
≈ −mgl θ −ml ẍ−ml2θ̈

The linearized equations can be written in a matrix-vector form as
[
M +m ml

1 l

] [
ẍ(t)

θ̈(t)

]
+

[
k 0
0 g

] [
x(t)
θ(t)

]
=

[
1
0

]
f(t). (7.14)

Here we see that while the stiffness matrix is diagonal, the mass matrix is not, thus providing the
coupling between the two equations. Note that it is possible to rewrite those equations in an equivalent
form with a diagonal mass matrix (in fact a mass matrix which is the identity) by multiplying both sides
of the equation by the inverse of the mass matrix

[
M +m ml

1 l

]−1

=
1

Ml

[
l −ml
−1 M +m

]
,

which then renders Equation (7.14) as
[
ẍ(t)

θ̈(t)

]
+

1

Ml

[
lk −mlg
−k (M +m)g

] [
x(t)
θ(t)

]
=

1

Ml

[
l
−1

]
f(t). (7.15)

The mass matrix is now the identity matrix, which is not explicitly written out.

We note that in the previous example, Equations (7.14) and (7.15) represent the same exact
system. Which set of equations we use for analysis is a matter of convenience. In fact, since any N-
DOF system involves N coupled differential equations, by taking linear combinations of these linear
equations, we can generate a second set of equivalent differential equations. This is precisely what
was done by the matrix multiplication that converted (7.14) to (7.15). There is an infinite number of
ways one can take linear combinations of coupled equations and rewrite equivalent equations. There
is however one special way of doing this that renders the equations very simple to analyze, and in
fact renders them decoupled. This is the subject of normal mode analysis to which we now turn.
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7.2 Free Vibrations via Normal Mode Analysis

Recall the motivating example (7.7) in the introduction where the matrices were diagonal due to
some very special assumptions on the system. Any system with interesting dynamics will typically
not be uncoupled like that in (7.7). However, it turns out that it is always possible to rewrite the
equations in a different coordinate system such that the equations become decoupled in the new
coordinates. There are two diagonalization procedures depending on whether C = 0 (no damping),
or otherwise. In this section we present the simpler case of no damping. The most general case with
damping requires the use of state-space methods described in Section ??.

Consider now a system of the general form (7.12) but with no damping (C = 0), and no external
inputs u(t) = 0. Equation (7.12) can then be manipulated as follows

M ẍ(t)+Kx(t) = 0 ⇔ M ẍ(t) = −Kx(t) ⇔ ẍ(t) = −
(
M-1K

)
x(t) , (7.16)

where the last equation is obtained by multiplying both sides of the previous one by M-1 from
the left2. Note again that this last equation is a vector differential equation. The solutions and
dynamical properties of this equation are completely determined by the matrix M-1K. This matrix
is the counterpart of the stiffness-to-mass ratio k/m we encountered when studying single DOF
system. Thus in the vector case, the dynamical properties are determined by an entire N×N matrix
rather than a single number. However, it turns out that the important dynamical properties are
not revealed by looking at the individual N2 entries of the matrix M-1K, but rather by looking at its
eigenvalues and eigenvectors. To illustrate this point, we first consider very special solutions related
to eigenvectors and known as the normal modes of vibrations. Then in the remainder of the section,
we show how general solutions can be regarded as a “superposition” of normal modes by using the
technique of matrix diagonalization.

For the illustration, assume for simplicity that M = I (the identity matrix) and therefore M-1K =
K. Recall that an eigenvector of a matrix K is a vector v such that

K v = λ v,

for some (possibly complex) number λ. It can be shown (see Appendix 7.B) that stiffness matrices
K of mechanical systems always have real and non-negative eigenvalues, i.e. λ ≥ 0 always. For any
given eigenvector v of K, we can show by direct verification that the following vector function of
time


x(t)


 =


v


 a cos(ωt+ θ), ω =

√
λ (7.17)

for any amplitude a and phase θ is a solution of the differential equation ẍ(t) = −Kx(t). Indeed,
given the form above, we see that ẍ(t) is a scalar multiple of x(t)

ẍ(t) = d2

dt2

(
v a cos(ωt+ θ)

)
= − ω2

(
v a cos(ωt+ θ)

)

−K x(t) = −K
(
v a cos(ωt+ θ)

)
= − Kv a cos(ωt+ θ)

= − λ
(
v a cos(ωt+ θ)

)
. (since Kv = λv)

Thus if we choose ω =
√
λ, then the function (7.17) indeed satisfies the differential equation ẍ(t) =

−Kx(t).
Note the “separation structure” of the solution (7.17) which is the product of a constant (inde-

pendent of t) vector v and a scalar, oscillatory function of time a cos(ωt + θ). If we think of x(t)

2In this setting, the mass matrix M is always assumed to be non-singular. When M is diagonal, this is equivalent
to all the masses being non-zero.
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as a time-varying vector in N-dimensional space, then the solution (7.17) oscillates along a single
direction v which does not change for all t ≥ 0. Note also that the initial conditions of this solution
are

x(0) = v a cos(θ) ẋ(0) = v (−aω sin(θ)),

i.e. both x(0) and ẋ(0) are vectors in the same direction as v. The converse is also true as shown
in Section 7.3; if the initial positions and velocities are in the direction of the eigenvector v, then
the solution x(t) remains (for all t) in the direction of the eigenvector v! It oscillates in time with
frequency ω =

√
λ determined by the eigenvalue λ corresponding to the eigenvector v. This is a very

special set of initial conditions and solutions, and they are called the normal modes of vibration.
There are N of them since an N × N matrix like K will have N eigenvalues and vectors. Thus an
N-DOF system has N natural frequencies and N normal modes of vibration. For more general initial
conditions (i.e. those not corresponding to eigenvectors), the typical response will be a superposition
of all the normal modes of the system. All these phenomena are illustrated in Figure 7.5 and the
included animations for the example of System I. The full analysis of this example will be given later
in Example 7.7 once the concepts of normal mode analysis are fully explained.

The systematic analysis of general n-DOF systems is done by diagonalizing the matrix M-1K,
which is equivalent to changing coordinates to a more convenient set of coordinates given by the
eigenvectors of M-1K. The concept of diagonalization of matrices is explored in detail in Ap-
pendix 7.A, which the reader is now highly encouraged to review. Here we are interested in showing
what diagonalization implies for the dynamical equation. First we explore how the equation (7.16)
transforms when we use a different coordinate system.

7.2.1 Change of Coordinates

Let V be some N × N, non-singular, constant (i.e. does not depend on t) matrix. Suppose we
define new variables by y(t) := V -1x(t), or equivalently x(t) = V y(t). This has two possible
interpretations. The first comes from writing the matrix-vector product in detail as



x1(t)
...

xN(t)


 =


 V





y1(t)
...

yN(t)


 ⇔



x1(t)
...

xN(t)


 =



v11y1(t) + · · ·+ v1NyN(t)

...

vN1y1(t) + · · ·+ vNNyN(t)


 , (7.18)

where vij is the ij’th entry of the matrix V . The above equation says that each function xi(t) is
written as a linear combination of the n functions {y1(t), . . . , yN(t)}.

The second interpretation comes from partitioning the matrix V columnwise


x(t)


 =


v1 · · · vN





y1(t)
...

yN(t)


 ⇔


x(t)


 =


v1


 y1(t) + · · ·+


vN


 yN(t). (7.19)

This means that at each time t, the vector x(t) is written in terms of the basis {v1, . . . ,vN}, with
the scalars y1(t), . . . , yN(t) as the coefficients in that basis. Since x(t) is time varying, so are the
coefficients. The basis however is fixed in time. Viewing the motion of x(t) using either (7.18)
or (7.19) gives two different insights. In the example of Figure 7.5b (the case of a generic initial
condition), the plots of x1(t) and x2(t) show that each position is a linear combination of two pure
sinusoidal modes. This corresponds to the form (7.19). On the other hand, the trajectories of
x1(t) versus x2(t) plotted in (x1, x2) space show how the motion of the vector

(
x1(t), x2(t)

)
can be

expressed in the eigenvectors basis by x(t) = y1(t)v1 + y2(t)v2. Note how the motions of the basis
expansion coefficients y1(t) and y2(t) are pure sinusoids.

7.2.2 The Dynamics in New Coordinates

When we change coordinates as done above, we can derive the dynamics (i.e. the differential equa-
tion) that the vector y(t) obeys from the original differential equation for x(t). The reason for
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click for animation click for animation click for animation

(a) Motion of System (I) starting from equally displaced positions (left), oppositely displaced positions (middle),
and a generic initial displacement (right). These lead to unison motion, differential motion, and motion combining
both unison and differential modes respectively. Note the differences in oscillation frequencies between unison and
differential motion when viewing the animations.

click for animation click for animation click for animation

(b) Trajectories from the 3 different initial conditions shown in 3 different ways. Trajectories are shown as(
x1(t), x2(t)

)
versus time (top), x1(t) versus x2(t) in (x1, x2) space (black dot in middle), and its projections

onto the eigenvectors v1, v2 (magenta and red dots respectively). The coordinates y1(t), y2(t) versus time of
the point

(
x1(t), x2(t)

)
in the basis {v1,v2} (i.e. the modal coordinates) are shown at the (bottom). On the left

and middle are “pure mode” initial conditions along v1 and v2 producing pure unison and differential motions
respectively. On the right is a generic initial condition which produces a response with a combination of unison
and differential modes. Note that the projections y1(t), y2(t) along the eigenvectors v1, v2 are pure sinusoidal
motions with frequencies ω1 =

√
λ1, ω2 =

√
λ2.

Figure 7.5: Trajectories of masses’ positions for System (I) from three different sets of initial conditions. m1 =
m2 = 1 and k1 = k2 = kc = 100 in these simulations. Trajectories from equally displaced, oppositely displaced, and
generic initial conditions are shown. These generate unison motion (in phase), differential motion (opposite phase),
and a combination of the two modes respectively. The unison and differential modes have frequencies of ω1 =

√
λ1

and ω2 =
√
λ2 respectively, where λ1, λ2 are the eigenvalues of the matrix M -1K, and v1,v2 are the corresponding

eigenvectors.

changing coordinates is that with a judicious choice of the transformation V , the dynamics of y(t)
will be simple and easily solvable. Once we find the solution for y(t), we can then recover the original
variables from the relation x(t) = V y(t).

In matrix-vector form, the equations (7.18)-(7.19) and their inverse is written as

x(t) = V y(t) ⇔ y(t) = V −1 x(t).

Since V and V -1 are constant matrices (do not depend on t), then the vector derivatives are simply
related by

ẋ(t) = V ẏ(t) ⇔ ẏ(t) = V −1 ẋ(t)

ẍ(t) = V ÿ(t) ⇔ ÿ(t) = V −1 ẍ(t).
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Now derive the differential equation for y(t) using these relations and the differential equation (7.16)
for x(t)

ẍ(t) = −
(
M-1K

)
x(t) (Starting from Eq. (7.16))

⇒ V -1 ẍ(t) = −V -1
(
M-1K

)
x(t) (multiplying both sides from left by V -1)

⇒ ÿ(t) = −
(
V -1

(
M-1K

)
V
)
y(t)

(
substituting ÿ(t) = V -1ẍ(t),

and x(t) = V y(t)

)
(7.20)

At first it might seem that this last equation is more complicated than the one for x(t) since
we replaced the matrix

(
M-1K

)
by the matrix V -1

(
M-1K

)
V . However, if we can choose V such

V -1
(
M-1K

)
V is simple, then we have a simpler differential equation. It is a fact that for the types of

matrices that occur in mechanical vibrations problems, the matrix
(
M-1K

)
is always diagonalizable3.

Diagonalization means (see Appendix 7.A) that we can find a non-singular matrix V such that

V -1
(
M-1K

)
V =

[
V -1

][
M-1K

][
V

]
=

λ1 . . .

λN

 =: Λ, (7.21)

where Λ is the diagonal matrix with the numbers {λ1, . . . , λN} on the diagonal, and zero entries off
the diagonal. The numbers {λ1, . . . , λN} are the eigenvalues of

(
M-1K

)
, and the columns of V are

the corresponding eigenvectors.
Substituting the diagonalization (7.21) in the transformed equation (7.20), we finally arrive at

the simple decoupled equation for y(t) which reads

ÿ(t) = -Λ y(t) ⇔



ÿ1(t)
...

ÿN(t)


 =



-λ1

. . .

-λN





y1(t)
...

yN(t)


 ⇔





ÿ1(t) = -λ1y(t)
...

ÿN(t) = -λNy(t)

The last set of equations are N, decoupled equations, each for a simple, undamped systems with
natural frequency ωi =

√
λi. Therefore the solution of each is (written here in the “phased-cosine

form”)

yi(t) = yi cos
(√

λi t+ θi
)

i = 1, . . . ,N.

The exact values of the amplitudes {yi}Ni=1 and phases {θi}Ni=1 depend on the initial conditions.

However, the frequencies {ωi}Ni=1 =
{√

λi
}N

i=1
do not, and only depend on the eigenvalues of

(
M-1K

)
,

i.e. only on the system’s parameters, and not on its initial conditions. We now summarize these
conclusions.

Theorem 7.5. Consider an N-degree of freedom, undamped, linear mechanical system of the form

M ẍ(t) + K x(t) = 0.

The solution is given as x(t) = V y(t), where the components of the n-vector y(t) each satisfy the
following scalar, uncoupled differential equations

ÿi(t) = − ω2
i y(t), i = 1, . . . ,N, (7.22)

where the oscillation frequencies ωi :=
√
λi, i = 1, . . . ,N are called the normal modes of the system,

λi, i = 1, . . . ,N are the (always non-negative) eigenvalues of the matrix
(
M-1K

)
, and the columns

of the matrix V are its eigenvectors.

3The justification of this statement is beyond the scope of this chapter. The precise statement is that if M is
symmetric positive definite, and K is symmetric, then M-1K is diagonalizable. These assumptions are satisfied by all
linear mechanical systems.
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Since we know how to reconstruct x(t) from y(t) (using the matrix V as in (7.18)), and we know
the form of the solutions of the simple equations (7.22), we can now write the most general solution
to our original system (7.16) in two different forms

yi(t) = yi cos
(
ωit+ θi), i = 1, . . . ,N,

⇒



x1(t)
...

xN(t)


 =



v11 y1 cos

(
ω1t+ θ1

)
+ · · ·+ v1n yN cos

(
ωNt+ θN

)
...

vn1 y1 cos
(
ω1t+ θ1

)
+ · · ·+ vnn yN cos

(
ωNt+ θN

)


 (7.23)

⇒


x(t)


 =


v1


 y1 cos

(
ω1t+ θ1

)
+ · · ·+


vN


 yN cos

(
ωNt+ θN

)
(7.24)

The form (7.23) says that the response xi(t) for each mechanical degree of freedom is generally
a linear combination of N normal modes of the form yi cos(ωit + θi), i.e. a mixture of sinusoids
of frequencies ω1, . . . , ωN . These are the “natural frequencies” of the system. Since we have N

mechanical degrees of freedom, we also have N natural frequencies.
The form (7.24) gives another perspective which can be interpreted as revealing the “shape of

vibrations”. If we think of x(t) as a vector in N-dimensional space, it is a linear combination of n
basis vectors v1, . . . ,vN , each defining a particular direction. Equation (7.24) says that the vector
x(t) vibrates in each direction vi with frequency ωi. Another look at Figure 7.5b will help clarify
this point of view.

7.3 Initial Conditions and Pure Normal Mode Responses

As Equation (7.23) demonstrates, the response of a system will typically contain a linear combination
of all normal modes. The exact mixture of those normal modes depends on the initial conditions.
An interesting question is whether there are initial conditions that produce responses that are made
up of only one of the normal modes and none of the others (i.e. a pure normal mode response)?
Specifically, which initial conditions produce a response where only one frequency (say ωk) appears
in (7.23)-(7.24), with the terms corresponding to all other frequencies ωi, i ̸= k being zero. As seen
earlier in the special solutions (7.17), the eigenvectors play a role in answering this question.

To find the exact relations between the initial conditions of x(t) and those of y(t) we simply use
the matrix relation x(t) = V y(t) which implies (since V does not depend on time)

x(0) = V y(0), ẋ(0) = V ẏ(0).

These relations imply that choosing x(0) or ẋ(0) as scalings of one of the eigenvectors v1, . . . ,vN is
equivalent to choosing y(0) or ẏ(0) as scalings of one of the canonical basis vectors ek, i.e.

x(0) = V y(0) = V (αek) =


v1 · · · vN





0

α
0


← k’th component ⇒ x(0) = α


vk


 ,

where 0 is a vector of all zeros of the appropriate size. Similarly, choosing ẏ(0) = βek implies that
ẋ(0) = βvk.

The implications of y(0) = αek and ẏ(0) = βek are the following

ÿi(t) = −ω2
i y(t), yi(0) = 0, ẏi(0) = 0, i ̸= k (7.25)

ÿk(t) = −ω2
k y(t), yk(0) = α, ẏk(0) = β. (7.26)

This means that the solutions of all normal modes equations for i ̸= k will be identically zero for
all time, i.e. yi(t) = 0, t ≥ 0 for i ̸= k. Only the normal mode yk(t) will be non-zero. Recall from
Theorem 3.1 that the solution of the 1-DOF system (7.26) is given by

yk(t) = y cos
(
ωkt+ θ

)
, y =

√
α2 + β2

ω2
k
, θ = − tan-1 β

α ωk
.
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In this case the solution vector y(t) would have all other components zero (7.25), i.e. it would be

y(t) =



y1(t)
...

yN(t)


 =




0

yk(t)

0


 =



0

1
0


 yk(t) =


ek


 y cos

(
ωkt+ θ

)
.

This in turn means that in the original coordinates x(t) the solution is

x(t) = V y(t) = V ek yk(t) = vk yk(t),

i.e. it is an oscillatory solution which is always in the direction of the eigenvector vk for all t ≥ 0.
This is summarized in the next statement.

Lemma 7.6. Consider an N-degree of freedom, undamped, linear mechanical system of the form

M ẍ(t) + K x(t) = 0,

and let vk be an eigenvector of M-1K with eigenvalue λk > 0. If the initial conditions vectors are in
the direction of vk, then the solution vector x(t) will remain in the direction of vk for all t


x(0)


 =


vk


α, and


ẋ(0)


 =


vk


β ⇒


x(t)


 =


vk


 a cos

(
ωkt+ θ

)
, (7.27)

where ωk :=
√
λk is the k’th mode of vibration (aka the k’th natural frequency), and the amplitude a

and phase θ are determined by initial conditions as follows

a =

√
α2 + β2

ω2
k
, θ = − tan-1 β

α ωk
.

The vector vk is referred to as that mode’s shape. For such initial conditions, the response (7.27) is
called a pure mode response.

In other words, choosing the initial conditions to be along an eigenvector vk of
(
M-1K

)
will produce a

vibration in only that direction in n-dimensional space with a single frequency ωk =
√
λk associated

with that eigenvector. Since the N × N matrix M-1K has n eigenvalues and eigenvectors, an N-DOF
system always has N modes of vibration with possibly N different vibration natural frequencies.
Note that in the special case ẋ(0) = 0 (i.e. β = 0) when initial velocities are zero, the phase θ = 0
and the amplitude a = α is simply the initial condition amplitude.

Example 7.7. (System I). Consider first the System I described earlier

[
m1 0
0 m2

] [
ẍ1(t)
ẍ2(t)

]
+

[
k1 + kc -kc
-kc k2 + kc

] [
x1(t)
x2(t)

]
= 0,

and assume for simplicity that m1 = m2 = 1 and that all spring constants are equal k1 = k2 = kc = k.
We then have

(
M -1K

)
=

[
2k -k
-k 2k

]
= k

[
2 −1
−1 2

]
.

The eigenvalues of this matrix can be easily found (manually or by symbolic calculations)4 to be

λ1 = k, v1 =

[
1
1

]
, λ2 = 3k, v2 =

[
1
−1

]
⇒ V =

[
1 1
1 −1

]
, Λ =

[
k 0
0 3k

]
. (7.28)

4Note that in this case the matrix is of the form kM , where M is a numerical matrix whose eigenvalues can be
calculated numerically. As can be easily verified, for a matrix of the form kM , the eigenvectors are the same as the
eigenvectors of M , and the eigenvalues of kM are the eigenvalues of M multiplied by k.
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Thus the normal mode frequencies are

ω1 =
√
λ1 =

√
k, ω2 =

√
λ2 =

√
3k. (7.29)

The initial conditions that would produce those two pure modes are the eigenvectors v1 and v2, e.g.

[
x1(0)
x2(0)

]
=

[
1
1

]
,

[
ẋ1(0)
ẋ2(0)

]
=

[
0
0

]
⇒ x(t) =

[
1
1

]
cos
(√
k t
)
,

[
x1(0)
x2(0)

]
=

[
1
-1

]
,

[
ẋ1(0)
ẋ2(0)

]
=

[
0
0

]
⇒ x(t) =

[
1
-1

]
cos
(√

3k t
)
,

and similarly for the initial conditions on the derivatives (though with different amplitudes and phases).
The first initial condition above corresponds to frequency

√
k and a motion where x1(t), x2(t) move

“together” left and right, i.e. “unison” motion. The second corresponds to a higher frequency
√
3k, but

the masses move in opposite directions, or in “differential” motion. These are illustrated in Figure 7.5.

Example 7.8. (System II). This system has the equations

[
m1 0
0 m2

] [
ẍ1(t)
ẍ2(t)

]
+

[
k1 -k1
-k1 k1 + k2

] [
x1(t)
x2(t)

]
= 0.

Assume for simplicity that m1 = m2 = 1 and k1 = k2 = k. We then have

(
M -1K

)
=

[
k -k
-k 2k

]
= k

[
1 -1
-1 2

]
.

The eigenvalues of this matrix can be easily found (manually or by symbolic calculations) to be

λ1 =
3−

√
5

2
k, v1 =

[
1 +
√
5

2

]
≈
[
3.24
2

]
, λ2 =

3+
√
5

2
k, v2 =

[
1−
√
5

2

]
≈
[
-1.24
2

]
. (7.30)

We again see two normal modes with a lower and higher frequency modes at

ω1 =

√
3−

√
5

2
k ≈ 0.62

√
k, ω2 =

√
3+

√
5

2
k ≈ 1.62

√
k. (7.31)

We can again use v1 and v2 as the initial conditions that would produce those pure modes, but a physical
interpretation of these initial conditions is harder to imagine compared to System (I). None the less, the
eigenvector and eigenvalue calculations always produce the normal modes regardless of physical insight.

Pure mode motions for this system are illustrated in Figure 7.6. Note that they again represent
differential and unison motion respectively, though unlike System (I), each displacement has a different
amplitude. This is due to the asymmetry between the two masses m1 and m2, unlike the completely
symmetric case of System (I). Note in particular the solution forms

[
x1(0)
x2(0)

]
=

[
3.24
2

]
⇒ x(t) =

[
3.24
2

]
cos
(
0.62
√
k t
)
,

[
x1(0)
x2(0)

]
=

[
-1.24
2

]
⇒ x(t) =

[
-1.24
2

]
cos
(
1.62
√
k t
)
,

which can be clearly seen in Figure 7.5.

Finally note that System (III) with no external forcing (i.e. u(t) = 0) and no damping is exactly
the same as System (II), and therefore has the same normal modes. The differences between Systems
(II) and (III) appear when we consider the effect of external inputs on the response, such as in the
expressions for the frequency response. This is the subject of the next Chapter.
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Figure 7.6: Trajectories of masses’ positions for System (II) from three different sets of initial conditions. m1 =
m2 = 1 and k1 = k2 = 100 in these simulations. (Left) Trajectories from a “generic” initial conditions appear to
contain two different frequencies in each mass’ trajectory. (Middle) Trajectories from the special initial conditions
x(0) = −v2 obtained from the 2nd eigenvector v2 appears to correspond to differential motion. The trajectories
appear to be a “pure normal mode” with frequency ω = 2π

T
≈ 2π

0.39
≈ 16 rad/s, which matches the theoretically

predicted value ω2 ≈ 1.6
√
k ≈ 16 rad/s. (Right) Trajectories from the initial conditions x(0) = v1 obtained from the

other eigenvector. This again appears to be a pure normal mode with frequency ω = 2π
T

≈ 2π
1

≈ 6.3 rad/s, which

approximately matches the theoretically predicted value for this mode of ω1 = 0.62
√
k = 6.2. The two masses move

together in sync, but with different amplitudes, which makes it easy to distinguish them on this plot.
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v1v2

x

x1

x2

y1y2

Figure 7.7: Expressing a vector x in terms of a different basis {v1,v2}.

Appendix

7.A Change of Bases and Diagonalization

Consider an n×n matrix V and two n-vectors x and y related by the matrix-vector product x = V y.
You have already seen the basic definition of a matrix-vector product as

x = V y ⇔ xi =

n∑

j=1

vij yj , i = 1, . . . , n, (7.32)

where vij is the ij’th entry of the matrix V , and xi and yj are the i’th and j’th components of the
vectors x and y respectively. This definition is very algebraic. However, there is some beautiful
geometry underlying this definition which we will now discuss.

Change of Bases

The product (7.32) can have several geometric interpretations. The first one we consider is as a basis
expansion. First, recall that the components x1, . . . , xn of a vector x are geometrically interpreted as
the Cartesian coordinates of the vector in an orthonormal coordinate system as shown in Figure 7.7
for the special case of 2-vectors (i.e. vectors in the plane). Any set of linearly independent vectors
v1, . . . ,vn is a basis in n-dimensional space, and we can always express any given vector x in that
basis by writing is as a linear combination of the basis vectors

x = y1v1 + · · ·+ ynvn, (7.33)

where the scalars y1, . . . , yn are the new coordinates of x in this new basis. See Figure 7.7 for
a geometrical illustration. Now we ask the following question: given a vector x and a new basis
{v1, . . . ,vn}, how do we compute the coefficients y1, . . . , yn of the expansion (7.33) in the new basis?

The key idea is to form a matrix V whose columns are the basis vectors, and observe that a
matrix-vector product can be interpreted differently from (7.32) as follows


x


 =


 V




y


 ⇔



x1
...

xn


 =


v1 · · · vn





y1
...

yn


 1

=


v1


 y1 + · · · +


vn


 yn

︸ ︷︷ ︸
linear combination of the
vectors v1, . . . ,vn

, (7.34)

The equality
1
= follows from the matrix-vector product definition (7.32). For example, the first

component y1 multiplies only the first column of V , and so on. The last expression in (7.34) expresses
x as a linear combination of the vectors v1, . . . ,vn, with the scalars y1, . . . , yn as coefficients in this
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linear combination, i.e. a basis expansion of x in the basis {v1, . . . ,vn}. Although this might
constitute a “mental shift” from the way you normally think about a matrix-vector product, it is a
very useful interpretation as you will shortly see. The coefficients y1, . . . , yn can be calculated all at
once by forming the inverse V -1 to obtain

x = V y ⇒



y1
...

yn


 =


 V -1




x


 . (7.35)

You may have seen other algorithms for computing the coefficients of a basis expansion. They
are all equivalent to the above, which is very compactly expressed using a matrix inverse, and a
matrix-vector product.

Effect of Change of Bases on Matrices

Given an n× n matrix A, it can be considered as a mapping between vectors as

x′ = A x ⇔ x 7→ x′ = Ax.

That is, A maps the vector x to the vector x′ = Ax by matrix-vector multiplication. We now ask
another question: Given a new basis {v1, . . . ,vn}, how does A map the basis coefficients of x to
those of x′?

This question is easy to answer. Using the previous material, we can find the basis coefficients
of x and x′ using the matrix V (made from the basis vectors v1, . . . ,vn as its columns)

y := V -1 x, y′ := V -1 x′,

where the expansion coefficients of x and x′ are the components of the vectors y and y′ respectively.
Next we find the mapping from y to y′ by

y′ = V -1 x′ (y′ contains the coefficients in the new basis. Apply (7.35))

= V -1 Ax (since x′ = Ax)

= V -1A V y (since x = V y)

⇒ y′ =
(
V -1AV

)
y.

Note that
(
V -1AV

)
is another n × n matrix. It is the representation of the original mapping A in

the new basis. We can now think of a transformation of matrices A 7→
(
V -1AV

)
, which is called a

similarity transformation. Let’s summarize what we have just done precisely as a theorem.

Theorem 7.9. Let {v1, . . . ,vn} be a set of n linearly independent n-vectors, i.e. a basis of the space
of n-vectors. Form the non-singular n×n matrix V whose columns are the vectors v1, . . . ,vn. Then

1. For any vector x, the coefficients y1, . . . , yn of its expansion in the basis {v1, . . . ,vn} are given
by

y =



y1
...

yn


 =


 V -1




x


 ⇔ x =


v1


 y1 + · · ·+


vn


 yn.

2. For any (possibly singular) n × n matrix A, the transformation x 7→ x′ with x′ = Ax can be
expressed in terms of their basis expansion coefficients y := V -1x and y′ := V -1x′ as

y′ =
(
V -1AV

)
y ⇔ x′ = A x
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One way to phrase the above theorem is that the basis transformation on vectors x 7→ y = V -1x
induces a similarity transformation A 7→

(
V -1AV

)
on matrices. Another way to say it is that(

V -1AV
)
is the new representation of the matrix A in the new basis {v1, . . . ,vn}. One major

motivation for bases changes is that a matrix A with complicated structure may be converted to a
matrix A′ =

(
V -1AV

)
with much simpler structure. The process of diagonalizing a matrix through

a similarity transformation (i.e. a change of basis) illustrated next is a prime example of this
simplification.

Diagonalization of a Matrix using its Eigenvectors and Eigenvalues

Consider an n × n matrix A that has n linearly independent eigenvectors5 v1, . . . ,vn with corre-
sponding eigenvalues λ1, . . . , λn. This means that we have n eigenvalue/eigenvector relations of the
form

Avi = λivi, i = 1, . . . , n.

It is an elementary, but powerful observation that these n matrix-vector relations can be rewritten
as the following single matrix equation

[
Av1 · · · Avn

]
=

[
λ1v1 · · · λnvn

]
(7.36)

⇕

 A




v1 · · · vn


 =


v1 · · · vn






λ1

. . .

λn


 (7.37)

⇕
AV = V Λ, (7.38)

where Λ is the diagonal matrix made up of the eigenvalues of A arranged in the same order as their
corresponding eigenvectors in the columns of V . The fact that (7.37) is equivalent to (7.36) follows
from the definition of matrix-matrix products. The notation shown above is called partitioned matrix
notation, and is a very compact way of expressing the above relations without exhibiting the details
of matrix-matrix products.

Finally, observe that by multiplying by V -1 from the left or the right, equation (7.38) implies
that

A′ := V -1AV = Λ ⇔ A = V ΛV -1 (7.39)

Thus A 7→ V -1AV = Λ, where V is made up of the eigenvectors of A, is precisely the similarity
transformation that diagonalizes A. The resulting diagonal matrix Λ has all the eigenvalues of A
along the diagonal (and zero entries otherwise).

Diagonal matrices are the simplest matrices to work with. For systems of equations (either
algebraic or differential equations), if the underlying matrix is diagonal, then the system of equations
is completely uncoupled, and they can therefore be solved as scalar equations independently of each
other.

5Not all n× n matrices have n linearly independent eigenvectors. In general an n× n matrix may have anywhere
from 1 to n such eigenvectors. This is not an issue for us since the matrices we consider in this handout all have as
many linearly independent eigenvectors as their dimension.
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Figure 7.8: The sprung beam with damping and possibly unequal lengths l1, l2.

7.B Eigenvalues/vectors of Mass and Stiffness Matrices

K is the sum of a positive-semi-definite matrix and possibly a diagonal with positive entries, so
always has non-negative real eigenvalues.

PE = x∗Kx =

N∑

i=1

1
2ki x

2
j +

∑

(i,j)∈E

1
4kij (xi − xj)

2

TBC

7.C More Models

7.C.1 The General Sprung Beam Model

We derive the differential equations for a more general sprung beam than the one considered in the
introduction. The model is shown in Figure 7.8 with damping elements and possibly unequal lengths
l1 and l2. The equations in this case are

m ẍ = − k1x1 − k2x2 − c1ẋ1 − c2ẋ2,
J θ̈ = l1 (k1x1 + c1ẋ1) − l2 (k2x2 + c2ẋ2) .

(7.40)

The kinematics shown in Figure 7.8 imply

x1 ≈ x− l1 sin θ ≈ x− l1θ
x2 ≈ x+ l2 sin θ ≈ x+ l2θ

}
⇒





m ẍ = −k1x1 − k2x2 − c1ẋ1 − c2ẋ2
= −(k1 + k2) x+ (k1l1 − k2l2) θ
−(c1 + c2) ẋ+ (c1l1 − c2l2) θ̇

J θ̈ = l1 (k1x1 + c1ẋ1) − l2 (k2x2 + c2ẋ2)
= (k1l1 − k2l2) x− (k1l

2
1 + k2l

2
2) θ

(c1l1 − c2l2) ẋ− (c1l
2
1 + c2l

2
2) θ̇

(7.41)

These equations are rewritten as vector differential equations as follows

[
m ẍ+ (c1 + c2) ẋ− (c1l1 − c2l2) θ̇ + (k1 + k2) x− (k1l1 − k2l2) θ

J θ̈ − (c1l1 − c2l2) ẋ+ (c1l
2
1 + c2l

2
2) θ̇ − (k1l1 − k2l2) x+ (k1l

2
1 + k2l

2
2) θ

]
=

(7.42)

⇔
[
m 0
0 J

] [
ẍ

θ̈

]
+

[
c1 + c2 c2l2 − c1l1

c2l2 − c1l1 c1l
2
1 + c2l

2
2

] [
ẋ

θ̇

]
+

[
k1 + k2 k2l2 − k1l1

k2l2 − k1l1 k1l
2
1 + k2l

2
2

] [
x
θ

]
=

[
0
0

]
.

(7.43)

The alternate model using the coordinates (x1, x2) is obtained from the transformation

[
x1
x2

]
=

[
1 −l1
1 l2

] [
x
θ

]
⇒

[
x
θ

]
=

1

l1 + l2

[
l2 l1
−1 1

] [
x1
x2

]
=

[
(l2x1 + l1x2)/(l1 + l2)
(x2 − x1)/(l1 + l2)

]
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Substituting these expressions for (x, θ) in (7.41) gives

m (l2ẍ1 + l1ẍ2)/(l1 + l2) = −k1x1 − k2x2 − c1ẋ1 − c2ẋ2,
J (−ẍ1 + ẍ2)/(l1 + l2) = l1 (k1x1 + c1ẋ1) − l2 (k2x2 + c2ẋ2) ,

which can be reorganized into the following single vector differential equation.

1

l1 + l2

[
ml2 ml1
−J J

] [
ẍ1
ẍ2

]
+

[
c1 c2
c1l1 −c2l2

] [
ẋ1
ẋ2

]
+

[
k1 k2
k1l1 −k2l2

] [
x1
x2

]
= 0. (7.44)

As can be seen from the above, there is no easily-recognizable set of coordinates that renders the
equations in a decoupled form unless l1 = l2, c1 = c2 and k1 = k2. Such assumptions may not be
realistic in all problems.
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Chapter 8

Forced n-DOF Systems: The Frequency
Response Matrix

Forced n-DOF systems can be analyzed in the frequency domain using techniques similar to those
for 1-DOF systems. The main tool is again phasor representations and the frequency response. For
n-DOF systems, the mechanical coordinates form vectors, and multiple forcing inputs are also de-
scribed mathematically as a vector of inputs. Phasors representing outputs and inputs become vectors
of phasors, and the input-output relation between the phasor vectors becomes the frequency response
matrix. Starting from the matrix coefficients of vector differential equations, formulas for the fre-
quency response matrix are given in terms of those matrix coefficients. It thus becomes important
to keep track of matrix algebra, and in particular the non-commutativity of matrix products in the
analysis. In comparison to 1-DOF systems, n-DOF systems exhibit new vibrations phenomena such
as multiple resonances and zeros of certain frequency responses. The latter represents phenomena
of vibration absorption that are used in devices such as tuned mass dampers.

8.1 The Frequency Response Matrix

Phasor and frequency response analysis can be applied to the vector equation

M ẍ(t) + C ẋ(t) + Kx(t) = B2 ü(t) + B1 u̇(t) + B0 u(t) (8.1)

in much the same manner as for scalar equations. Care must be taken with matrix algebra though.
Phasor analysis of (8.1) enables us to determine the frequency response from any component of
the input vector u(t) to any component of the response vector x(t). We will be extra careful with
notation in this section to avoid confusion. Phasors and complex numbers in general will be denoted
with a “hat” in sans serif font, e.g. x̂i will be a scalar phasor which is the i’th component of a vector
of phasors x̂.

To see how phasor analysis applies to (8.1), let u(t) be a vector where each component is a
sinusoid of some amplitude and phase, but all with the same frequency. We express each component
in terms of its corresponding phasor to obtain a vector of phasors as follows

u(t) =



u1 cos

(
ωt+ ϕ1

)
...

un cos
(
ωt+ ϕn

)


 =



R
(
u1 e

j(ωt+ϕ1)
)

...

R
(
un e

j(ωt+ϕn)
)


 = R






u1 e

j(ωt+ϕ1)

...

un e
j(ωt+ϕn)







= R





u1 e

jϕ1

...

un e
jϕn


 ejωt


 =: R





û1
...

ûn


 ejωt


 =: R

(
û ejωt

)
, (8.2)

where û is the phasor vector defined above. Note that the amplitudes and phases ui, ϕi of each
component are encoded in the magnitudes and phases of the complex numbers ûi, i.e. |ûi| = u and
∠ûi = ϕi, all of which make up the phasor vector û.
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Since the vector of functions u(t) is the real part of the vector of complex functions û ejωt, it can
also be written as the sum of a complex function and its conjugate as

u(t) =



u1 cos

(
ωt+ ϕ1

)
...

un cos
(
ωt+ ϕn

)


 = R

(
û ejωt

)
⇔ u(t) = 1

2

(
û ejωt + û∗ ejωt

)
,

where û∗ is the vector whose components are the complex conjugates of the components of û. The
superposition property of linear equations implies that the steady state response to u(t) is (half)
the sum of the responses to û ejωt and û∗ ejωt respectively.

We will show next that the steady-state response to an input of the form û ejωt is of the form
x̂ ejωt, and obtain the frequency response matrix which gives the relation between the vector phasors
û and x̂. Substituting the forms u(t) = û ejωt and x(t) = x̂ ejωt in the differential equation (8.1)
(for notational simplicity in the following we assume B1 = 0, and B2 = 0), and recalling that the
derivative of a vector function of t is simply the vector of derivatives of each component

[
M

]
d2

dt2

[
x̂1
...
x̂n

]
ejωt +

[
C

]
d

dt

[
x̂1
...
x̂n

]
ejωt +

[
K

][
x̂1
...
x̂n

]
ejωt =

[
B0

][
û1
...
ûn

]
ejωt

⇒
[

M

]
(jω)2

[
x̂1
...
x̂n

]
ejωt +

[
C

]
(jω)

[
x̂1
...
x̂n

]
ejωt +

[
K

][
x̂1
...
x̂n

]
ejωt =

[
B0

][
û1
...
ûn

]
ejωt

Now since ejωt is a common factor to all terms on both sides of the equation, we divide by it to
obtain the purely algebraic relation

(jω)2
[

M

][ x̂1
...
x̂n

]
+ (jω)

[
C

][ x̂1
...
x̂n

]
+

[
K

][ x̂1
...
x̂n

]
=

[
B0

][ û1
...
ûn

]

⇒
(
(jω)2

[
M

]
+ (jω)

[
C

]
+

[
K

])[ x̂1
...
x̂n

]
=

[
B0

][ û1
...
ûn

]
. (8.3)

Now that the relation is clear, we rewrite (8.3) in compact matrix notation, which then shows
clearly how to solve for x̂ from û using a matrix inversion

(
−ω2 M+ jω C+ K

)
x̂ = B0 û ⇒ x̂ =

(
−ω2 M+ jω C+ K

)-1
B0 û =: H(ω) û. (8.4)

The frequency response H(ω) defined by this formula is now a complex matrix for each frequency
ω. The reader should compare this with the complex frequency response formula we obtained earlier
for a single degree of freedom system (where x̂ and û were complex scalars, and we had B0 = 1)

H(ω) =
x̂

û
=

1

−m ω2 + jc ω + k
.

Since we are now working with matrices, it does not make sense to do something like 1/M when M is
a matrix. The corresponding operation is to take a matrix inverse as in (8.4). Finally, a repetition of
the arguments above show that the frequency response of the most general system (8.1) with possibly
non-zero B1 and B2 gives the general frequency response formula. We state this as a theorem.

Theorem 8.1. Consider the vector input-output differential equation

M ẍ(t) + C ẋ(t) + Kx(t) = B2 ü(t) + B1 u̇(t) + B0 u(t),

and the associated frequency response matrix function of ω

H(ω) =
(
−ω2 M+ jω C+ K

)-1 (−ω2 B2 + jω B1 + B0

)
. (8.5)
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1. If the input is a complex harmonic vector of the form u(t) = û ejωt, the steady-state response
is also a complex harmonic vector x(t) = x̂ ejωt with the same frequency ω. The complex
phasor vectors û and x̂ are related by the frequency response matrix as

x̂ = H(ω) û. (8.6)

2. If the input components are sinusoids of one frequency ω, then so are the output components,
and the two are also related using the frequency response matrix by

u(t) =

[
u1 cos(ωt+ϕ1)

...
un cos(ωt+ϕn)

]
⇒ x(t) =

[
x1 cos(ωt+θ1)

...
xn cos(ωt+θn)

]
,

[
x1e

jθ1

...
xne

jθn

]
=

[
H(ω)

][
u1e

jϕ1

...
xne

jϕn

]
. (8.7)

Note how the formula (8.4) derived earlier is a special case of the more general formula (8.5).
Note also how the relation (8.7) between the amplitudes and phases of the input and output is the
same as that between the phasors (8.6). The fact that 2 follows from 1 is a consequence of the
superposition property and the representation of sinusoids as the real part of complex exponentials

u(t) = 1
2

(
û ejωt + û∗ e−jωt

)
⇒ x(t) = 1

2

(
H(ω) û ejωt +H(−ω) û∗ e−jωt

)

= 1
2

(
H(ω) û ejωt +H∗(ω) û∗ e−jωt

)

= 1
2

(
x̂ ejωt + x̂∗ e−jωt

)
, x̂ = H(ω) û,

where the second equality follows from the fact that H(−ω) = H∗(ω) as can be verified directly
from (8.5). Thus the amplitudes and phases xi, θi of the response’s components are obtained from
the amplitudes and phases ui, ϕi of the input using the elegant complex matrix-vector relation
x̂ = H(ω)û.

We now apply the frequency response matrix formula (8.5) to the three examples discussed earlier
to get some insight into the meaning of the frequency response matrix H(ω).

Example 8.2. (Frequency Response of System I)

k1 k2

m1 m2

f1(t) f2(t)

kc

Recall the diagram of System (I) reproduced here. We make the simplifying assumptions that m1 =
m2 = 1 and k1 = k2 = kc = k

[
1 0
0 1

] [
ẍ1(t)
ẍ2(t)

]
+

[
2k -k
-k 2k

] [
x1(t)
x2(t)

]
=

[
f1(t)
f2(t)

]
.

Applying formula (8.5) to find the frequency response (B0 = I in this case, so we don’t write it out
explicitly)

H(ω) =
(
−ω2 M+ jω C+ K

)−1
=

(
−ω2

[
1 0
0 1

]
+

[
2k -k
-k 2k

])−1

=

[
2k − ω2 -k

-k 2k − ω2

]−1

=
1

ω4 − 4kω2 + 3k2

[
2k − ω2 k

k 2k − ω2

]
.

Examine the meaning of this by writing it out as the relation between the components of the forcing and
the components of the response

x̂ = H(ω) f̂ ⇔
[
x̂1
x̂2

]
=

[
2k−ω2

ω4−4kω2+3k2
k

ω4−4kω2+3k2

k
ω4−4kω2+3k2

2k−ω2

ω4−4kω2+3k2

] [
f̂1
f̂2

]
. (8.8)

Note that all four entries of this matrix have the same denominator. The roots of the denominator are
the frequencies at which the frequency responses become infinite, these are the resonance frequencies.
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182 8.1. The Frequency Response Matrix

It’s instructive to calculate them. The denominator is a 4’th order polynomial, and therefore has 4 roots.
Because this polynomial has only even-order terms, finding the roots reduces to finding the roots of a
2’nd order polynomial as follows

ω4 − 4k ω2 + 3k2 = 0 ⇔ s2 − 4k s+ 3k2 = 0, s = w2.

The roots of the 2’nd order polynomial are obtained from the quadratic formula

s1,2 = 2k ±
√
4k2 − 3k2 = 2k±k ⇒ ω1,2 =

√
s1,2 =

√
k and

√
3k, (8.9)

where we have ignored the negative roots since they correspond to negative frequencies.
The two resonance frequencies calculated in (8.9) are precisely the frequencies of the normal modes

calculated previously in (7.29) using an eigenvalue calculation. This is not an accident, but a manifestation
of a fact that the frequency response resonances are the same as the frequencies of the normal modes of
a system. This will be shown to be true in general in Section 8.2.

There is a lot of symmetry in the frequency response matrix (8.8). The (1,1) and the (2,2) entries of
the matrix are equal. Those represent the frequency response from f1 to x1 (the position of m1) and the
frequency response from f2 to x2. The fact that they are equal means that the dynamical effect of f1
on x1 is exactly equivalent to the dynamical effect of f2 on x2. Furthermore, the (1,2) and (2,1) entries
are also equal. Those represent the effect of f2 on x1 and the effect of f1 on x2 respectively. This is
again due to the symmetry in this problem. Note that if we change any of the assumptions on equality
between m1, m2 or on k1, k2 and k12, this symmetry will disappear.

Note that in the previous example, all entries of the frequency response matrix (8.8) have no
imaginary parts. This is because there is no damping in this example. Examining the formula (8.5)
for the general form of the frequency response, we see that if C = 0 and B1 = 0 (i.e. all the
coefficients of the first derivative terms are zero), the matrix H(ω) will have no imaginary parts.

Example 8.3. (Frequency Response of System II)

k1 k2

m1 m2

f(t)

Consider System (II) with the simplifying assumptions that m1 = m2 = m, k1 = k2 = k, and no
damping c1 = c2 = 0

[
m 0
0 m

] [
ẍ1(t)
ẍ2(t)

]
+

[
k -k
-k 2k

] [
x1(t)
x2(t)

]
=

[
0
1

]
f(t) ⇔ M ẍ(t) + K x(t) = B0 u(t).

Applying formula (8.5) to find the frequency response

H(ω) =
(
−ω2 M+ K

)−1
B0 =

(
−ω2m

[
1 0
0 1

]
+ k

[
1 -1
-1 2

])-1 [
0
1

]

= 1
k

(
- ω

2

k/m

[
1 0
0 1

]
+

[
1 -1
-1 2

])-1 [
0
1

]
= 1

k

[
1− Ω2 -1

-1 2− Ω2

]-1 [
0
1

] (
Ω := ω√

k/m

)

=
1

k

1

Ω4 − 3Ω2 + 1

[
2− Ω2 1

1 1− Ω2

] [
0
1

]
=

1

k

[
1

Ω4−3Ω2+1
1−Ω2

Ω4−3Ω2+1

]
.

Note how in the second line, multiplication by the 2× 1 matrix B0 “picks out” only the second column
of the 2× 2 matrix.

Since in this case there is only one input (one forcing term) the frequency response is a 2× 1 matrix.
Each entry is the frequency response from f to the displacement of each mass



x̂1

x̂2


 =




1/k
Ω4−3Ω2+1

(1−Ω2)/k
Ω4−3Ω2+1


 f̂ =:



H1(Ω)

H2(Ω)


 f̂. (8.10)

Note again that the denominators of both components of the frequency response are the same. The
resonance frequencies are calculated by finding the roots of the denominator polynomial. This is again a
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4’th order polynomial with only even terms, and the calculation can be reduced to that of a 2’nd order
polynomial

Ω4 − 3Ω2 + 1 = 0 ⇔ s2 − 3s+ 1 = 0, s := Ω2.

The roots of the 2’nd order polynomial are obtained from the quadratic formula

s1,2 = 1
2

(
3±
√
9− 4

)
= 3±

√
5

2 ⇒ Ω1,2 =
√
s1,2 = ±

√
3±

√
5

2 .

The two positive frequencies are

Ω1 ≈ 0.62, Ω2 ≈ 1.62. (8.11)

Note again that those are the same frequencies of the normal modes calculated in (7.30). As already
stated, this is a general fact.

The two frequency responses H1(Ω) and H2(Ω) are plotted in Figure 8.1a. The two resonances Ω1

and Ω2 calculated above are clearly visible in the plot. In addition, the frequency response H2(Ω) has an
interesting feature that we have not seen before. It becomes exactly zero at a particular frequency

H2(Ω) =
1

k

1− Ω2

Ω4 − 3Ω2 + 1
⇒ H2(Ω)

∣∣∣
Ω=1

= 0, (8.12)

because the numerator polynomial has a root at Ωz := 1 (which corresponds to ωz =
√
k/m)1. This

has a very interesting interpretation, namely that forcing with f(t) at that frequency will result in zero
displacement in steady state of x2(t). In other words, at that frequency x2(t) is “shielded” from the
forcing f(t)! Figure 8.1b illustrates the time response of x1(t) and x2(t) when f(t) is at frequency Ωz.
Note how x1(t) appears to “absorb” all the vibrations caused by f(t), while x2(t) is shielded from the
effects of f(t). This is an example of a “vibration absorber”, sometime called a tuned mass damper.
Figure 8.1c gives a physical interpretation of this vibration absorption phenomenon. At this frequency,
the motion of the m1 is “synchronized” with the forcing so that the force m1 produces on m2 exactly
cancels the external force f .

In general, if a frequency response is exactly zero at a particular frequency, that frequency
is termed a zero of the frequency response (thus the notation ωz). In vibrations problems, this
corresponds to a vibration absorption phenomenon. In Electrical Engineering, ωz is called a “notch
frequency”, usually used in some kind of filter (sometimes referred to as a “band-stop” filter) to
suppress oscillations at that frequency.

Example 8.4. (Frequency Response of System III)
k1 k2m1 m2

<latexit sha1_base64="uIjnPDBVEkmGKuYNRgbzICUkXL4=">AAAB+3icdVDLSgMxFM3UV62vqks3wSLUTcmUWttdwY3LCvYB7VAymbQNTTJDkhHKML/gVvfuxK0f49YvMdNWsKIHLhzOuZd77/EjzrRB6MPJbWxube/kdwt7+weHR8Xjk64OY0Voh4Q8VH0fa8qZpB3DDKf9SFEsfE57/uwm83sPVGkWynszj6gn8ESyMSPYZFJQNpejYglVkEW9DjPiNpBrSbPZqFab0F1YCJXACu1R8XMYhCQWVBrCsdYDF0XGS7AyjHCaFoaxphEmMzyhA0slFlR7yeLWFF5YJYDjUNmSBi7UnxMJFlrPhW87BTZT/dvLxL+8QWzGDS9hMooNlWS5aBxzaEKYPQ4DpigxfG4JJorZWyGZYoWJsfGsbfFFWrChfH8O/yfdasWtV67uaqVWbRVPHpyBc1AGLrgGLXAL2qADCJiCR/AEnp3UeXFenbdla85ZzZyCNTjvX/bolKo=</latexit>

d(t)

This system also exhibits a vibration absorption phenomenon similar to the previous example. Consider
the simplified equations with no damping

[
m1 0
0 m2

] [
ẍ1(t)
ẍ2(t)

]
+

[
k1 -k1
-k1 k1 + k2

] [
x1(t)
x2(t)

]
=

[
0
k2

]
d(t).

Note that these equations are essentially the same as those of System II, so it is no surprise that the
dynamical behavior will be similar. Applying formula (8.5) to this system

H(ω) =
(
−ω2 M+ K

)−1
B0 =

(
−ω2

[
m1 0
0 m2

]
+

[
k1 -k1
-k1 k1 + k2

])−1 [
0
k2

]

=




k1k2
m1m2 ω4 − (k1m1+k1m2+k2m1) ω2 + k1k2

k2(k1−m1ω
2)

m1m2 ω4 − (k1m1+k1m2+k2m1) ω2 + k1k2


 =:

[
H1(ω)

H2(ω)

]

1The reader should note that while in a 1-DOF MSD system,
√
k/m corresponds to the natural frequency (normally

denoted by ωn, we cannot call
√
k/m a “natural frequency” in this two-mass system. The two natural frequencies of

this system are ω1 ≈ 0.62
√
k/m and ω2 ≈ 1.62

√
k/m as derived in (8.11). In this case,

√
k/m plays a different role

as the vibration absorption frequency.

Draft: Vibrations, March 2, 2025 © 2024, Bassam Bamieh



184 8.1. The Frequency Response Matrix

(a) The amplitude frequency responses of System II. |H1(ω)| (solid red curve) is the response from forcing f to displacement
x1 of m1, and similarly for |H2(ω)|. The resonances of both responses are the same frequencies ω1 and ω2 since those are
determined by the denominators of the respective frequency responses, which are the same for H1 and H2 as can be seen

from (8.10). The frequency response H2 has a “zero” at a particular frequency ωz =
√
k, which is the “vibration absorption”

frequency. If the input is oscillating at this frequency, then the steady state value of x2(t) is expected to be zero as verified
below. The dashed red curve is the frequency response of H1 when some amount of damping is introduced between m1 and
m2. While damping reduces the resonance peaks, it also reduces the quality of vibration absorption at the frequency ωz.

(b) The time responses of System II when the input f(t) is oscillating at the vibration absorption frequency ωz =
√
k (top),

and at ω = 0.5
√
k (bottom). Both simulations include a slight amount of damping (ζ ≈ 0.01), which explains the long time

needed to settle to steady state). Note how when the forcing is at ωz, the response of x2 is almost zero in steady state, and
thus m1 absorbs all the forcing in its vibrations. The fact that the steady state amplitude of x2 is not exactly zero is due
to the slight damping. At other forcing frequencies (e.g. bottom figure), the vibrations of m1 and m2 are comparable in
amplitude.

m1
m2

f
k(x1-x2)

m1 m2

f

k(x1-x2)

(c) A physical interpretation of the vibration absorption phenomenon. At forcing frequency ωz, the motion of m1 is “almost
synchronized” with the forcing so that they effectively cancel each other’s effects on m2. When the forcing is positive, x1 is
negative (see plot on left) and the coupling spring (between m1 and m2) is compressed, producing a negative force which
counteracts the applied force f as depicted in the diagram on the right. When the forcing is negative, the opposite occurs.

Figure 8.1: Illustrations of the frequency responses of System II showing resonances at ω1, ω2 and a zero ωz in the
response from forcing to x2. The time responses illustrate the implications of having a zero in the frequency response
as a type of “vibration absorption”.
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The frequency response H2(ω) from d to x2 has a zero at the frequency ωz =
√
k1/m1. This is

again a vibration absorption phenomenon. A physical interpretation can be given by imagining that when
the input d(t) is oscillating at that frequency, mass m2 is stationary, and only mass m1 vibrates. Since
m2 is stationary, the vibrations of m1 are determined by its mass m1 and spring k1, which explains the
frequency ωz =

√
k1/m1. This is a very similar interpretation to that given in Figure 8.1c.

Vibration absorption is a common technique for vibration suppression used in so-called tuned
mass dampers. Examples of these include “Stockbridge dampers” installed on long cables and
transmission lines. Some skyscrapers use tuned mass dampers which are laterally vibrating large
masses installed near the top to reduce the vibrations due to dynamic wind loading.

8.2 Relation between Normal Modes and Resonances

Frequency response resonances are a property of the response of a system to “external excitation”,
where the excitation can be an externally applied force or displacement. In the language of systems
analysis, these resonances are input-output (i.e. external) properties of a system. Normal modes
on the other hand arise from non-equilibrium initial conditions without any external excitation, so
they may be considered as internal properties of a system. None the less, there is direct connection
between the input-output and the internal properties. In particular, for undamped systems, we will
show in this section that the normal mode frequencies are precisely the resonance frequencies in
the frequency response in a system with no damping. This correspondence also holds as a good
approximation in lightly damped systems.

add the simpler derivation using change of basis already introduced before

Consider an undamped system with C = 0. The frequency response formula (8.5) becomes

H(ω) =
(
−ω2 M+ K

)−1
B0,

where we assume for simplicity that the input enters without differentiation, i.e. B1 = 0 and B2 = 0.
This formula can be “massaged” so that the diagonalization M-1K = V ΛV -1 is applied as follows2

H(ω) =
(
−ω2 M+ K

)−1
B0

=
(
M
(
−ω2 I +M-1K

) )−1
B0 (I is the n× n identity matrix)

=
(
M
(
−ω2 I + V ΛV -1

) )−1
B0 (substitute the diagonalization of M -1K)

=
(
MV

(
−ω2 I + Λ

)
V -1
)−1

B0 (“extract” V and V -1, and note V -1IV = I)

= V
(
−ω2 I + Λ

)−1
V -1M-1B0 (using (XY Z)

-1
= Z-1Y -1X-1)

= V

-ω
2 + λ1

. . .

-ω2 + λN


−1

D

(
(−ω2 I + Λ) is a diagonal matrix

V -1M-1B0 is some constant matrix, call it D

)

= V


1

λ1-ω2

. . .
1

λN -ω2

D. (the inverse of a diagonal matrix is also diagonal)

The exact values of the entries of the vector D are not important for the analysis next.

Now examine more closely the meaning of the last expression above for the response phasor
vector x̂. First recall that the normal mode frequencies ωi are related to the eigenvalues λi of the
matrix M-1K by ω2

i = λi. Assume for simplicity that there is a single external input f , and therefore

its phasor f̂ is a scalar rather than a vector. In this case the matrix D is n × 1 and the relation

2The matrix manipulations here are equivalent to changing to new coordinates z using x = V z, finding the
decoupled frequency responses, and then changing back to the original coordinates x.
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Figure 8.2: A depiction of the frequency response of an n-degree of freedom, undamped (or lightly damped)
mechanical system. This depiction is for a system with a single forcing input. The resonance frequencies ω1, . . . , ωn

are the same as the “internal” normal modes. Furthermore, when the forcing is at a frequency close to a resonance
ω ≈ ωi, then the response phasor vector is nearly aligned (i.e. x̂ = H(ω)̂f ≈ viα) with the eigenvector vi of that
normal mode as follows from (8.13). This determines the “vector shape” of the response near each resonance in the
sense that the response as a vector function of time is x(t) ≈ vi α cos

(
ωt + θ). A version of this diagram for the

specific example of System II is shown in Figure 8.3.

between x̂ and f̂ is

x̂ = H(ω) f̂ = V


1

ω2
1-ω

2

. . .

1
ω2
N

-ω2

D f̂ =


v1 · · · vN





1
ω2
1-ω

2

. . .

1
ω2
N

-ω2




d1
...

dN


 f̂


x̂


 =


v1 · · · vN





d1 f̂

ω2
1-ω2

.

.

.
dn f̂

ω2
N

-ω2

 =


v1


 d1 f̂

ω2
1 − ω2

+ · · · +


vN


 dN f̂

ω2
N − ω2

. (8.13)

This last expression says a lot! As the frequency approaches each normal mode ω → ωi :=
√
λi, the

corresponding term di f̂
ω2

i−ω2 goes to infinity, i.e. a resonance in the frequency response3. Thus we see

that provided none of coefficients di are zero (which holds generically), the internal normal mode
frequencies are the same as the external resonance frequencies. This is depicted in Figure 8.2.

There is another important observation from (8.13) about the “shape” of vibrations near reso-
nances. Near each ωi, the dominant term multiplies the eigenvector vi. This means that the phasor
vector x̂ is essentially aligned with vi. This says that as a vector, x(t) should be aligned with vi for
each t, i.e.

f(t) = f cos
(
ωt+ ϕ

)
, and ω ≈ ωi

⇒ x̂ ≈ vi α
⇒


x(t)


 ≈


vi


α f cos

(
ωt+ ϕ

)
, (8.14)

where α := di
ω2

i−ω2 is a scalar which depends on the exact value of ω, i.e. when ω ≈ ωi, the “shape

of the vibrations” will be a temporal oscillation (with frequency ωi) of the vector vi.

Example 8.5. In System II, the normal modes were calculated (in (7.30) and (7.31)) to be (in units
of normalized frequency Ω := ω/

√
km)

Ω1 ≈ 0.62, v1 ≈
[
3.24
2

]
, Ω2 ≈ 1.62, v2 ≈

[
-1.24
2

]
. (8.15)

This means that at the first resonance ω1, the two masses will move “in phase” (i.e. in the same direction)
with their amplitudes having the ratio x1/x2 ≈ 3.24/2 ≈ 1.62, while at the second resonance ω2, the
two masses will move “completely out of phase” (i.e. with 180◦ degree phase difference, which means
moving in opposite directions) with their amplitudes having the ratio x1/x2 ≈ 1.24/2 ≈ 0.62. Figure 8.3
shows the frequency response magnitude together with (steady state) time responses for forcing near the
two resonance frequencies. Note that these responses look the same as the (unforced) responses from
the special initial conditions x(0) = v1 and x(0) = v2 shown in Figure 7.6.

3If there is any damping in the system, the frequency response will have a “peak” at ωi rather than going to
infinity.
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Figure 8.3: Magnitude (top) and phase (bottom) of System II. The insets show the time responses when forcing is
near each of the two resonance frequencies Ω1 and Ω2. These responses are the same as the respective free vibrations
starting from eigenvectors v1 and v2 respectively as initial conditions (Figure 7.6). For forcing at Ω1, the masses
move in-phase, while they move out-of-phase when forcing is at Ω2. The phase plots ∠H1, ∠H2 and their difference
∠H1 − ∠H2 are shown. Note that Hi(Ω) is the phase difference between forcing input and position of mass mi. On
the other hand, the green curve ∠H1(Ω)−∠H2(Ω) shows the phase difference between the two masses. We see clearly
that below Ω < 1, m1,m2 are in phase (unison motion), while for Ω > 1, they are 180◦ out of phase (differential
motion). The plots were generated with very small damping (ζ = 0.01).

Figure 8.3 shows additional information that can be obtained from examining the phase plots ∠H1(Ω)
and ∠H1(Ω). Those two plots indicate the phase difference between forcing input and each mass’
position. The difference ∠H1(Ω) − ∠H1(Ω) is also shown. This indicates the phase difference between
the two masses positions (irrespective of their phase difference relative to forcing). We see that for
Ω < 1, ∠H1(Ω) − ∠H2(Ω) ≈ 0, i.e. the two masses move in phase, which is consistent with the
first resonance (at Ω ≈ 0.62 < 1) corresponding to unison motion. On the other hand, for Ω > 1,
∠H1(Ω)−∠H2(Ω) ≈ 180◦, i.e. the two masses move completely out of phase4, which is consistent with
the second resonance (at Ω ≈ 1.62 > 1) corresponding to differential motion.

Figure 8.3 illustrates how phase plots can reveal useful information about the “shape of vibra-
tions”. To have a full picture of harmonically forced vibrations in N-DOF systems, both magnitude
and phase plots need to be considered. We will see further examples of this when considering
large-scale N-DOF systems in Chapter 9.

8.2.1 Hidden Modes

In the pervious section we made the statement that “generically” the internal normal mode frequen-
cies are the same as the external resonance frequencies. The precise statement is that the external
resonance frequencies can only be a subset of the internal mode frequencies. This means there are
no external resonances that did not come from internal normal modes. However, there could be
internal modes that do not appear as an input-output resonance in the frequency response. We call
such frequencies “hidden modes”. They only arise in very specific geometries or systems with sym-
metries. In this section we give such examples to add insight into the relationship between internal
and external vibration phenomena.

4Recall that a phase difference of −180◦ is the same as a phase difference of +180◦.
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Consider the three mass system shown in Figure 8.4a. The differential equations can be derived
as follows5

m1 ẍ1 = − k1x1 − k12 (x1 − x2) + f1 = − (k1 + k12) x1 + k12 x2 + f1,

m2 ẍ2 = k12 (x1 − x2) − k23 (x2 − x3) + f2 = k12 x1 − (k12 + k23) x2 + k23 x3 + f2,

m3 ẍ2 = k23 (x2 − x3) − k3x3 = k23 x2 − (k23 + k3) x3.

Those equation can be put in the standard matrix-vector form (7.12)



m1 0 0
0 m2 0
0 0 m3





ẍ1
ẍ2
ẍ3


+



k1 + k12 −k12 0
−k12 k12 + k23 −k23
0 −k23 k23 + k3





x1
x2
x3


 =



1 0
0 1
0 0



[
f1
f2

]

We first analyze this system under the simplifying assumption that all masses are equal m1 = m2 =
m3 = m, and all spring constants are equal k1 = k12 = k23 = k3 = k. In this case M-1K becomes

M-1K =
k

m




2 −1 0
−1 2 −1
0 −1 2


 =:

k

m
∆,

where ∆ is the matrix of constants defined above. Since the matrix M-1K is a scalar multiple of ∆,
the eigenvectors of M-1K are the same as those of ∆, and the eigenvalues are k

m times those of ∆, all
of which can be computed numerically. The results are best summarized by defining a “normalized
frequency” Ω := ω/ωn where ωn =

√
k/m (the natural frequency of a single mass-spring system).

The computed normal modes are

λ1(∆) ≈ 0.59
Ω1 ≈ 0.77

, v1 =




1√
2
1


 , λ2(∆) = 2

Ω2 =
√
2
, v2 =



1
0
-1


 , λ3(∆) ≈ 3.4

Ω3 ≈ 1.8
, v3 =



-1√
2

-1




Note that the eigenvalues listed are those of the constant matrix ∆ (e.g. λ1(∆) is the first eigenvalues
of ∆), while the actual normal modes of the system are obtained from ωi = Ωiωn = Ωi

√
k/m. The

physical interpretations of the three modes of motion are depicted in Figure 8.4b.
The frequency response from forcing inputs f1, f2 to masses positions has some peculiar behavior

in this system. It is calculated from formula (8.5) as

H(ω) =
(
−ω2 M+ K

)-1
B0 =

(
−ω2 m I + k∆

)-1
B0

=
1

k

(
−Ω2 I + ∆

)-1
B0

(
Ω := ω/

√
k/m ⇔ ω2m = Ω2k

)

=
1

k

(
−Ω2

1 0 0
0 1 0
0 0 1

+

 2 -1 0
-1 2 -1
0 -1 2


)-1 1 0

0 1
0 0

 .
Using symbolic calculations, the frequency response matrix (in terms of Ω) is computed as

H(Ω) =
1

k


−(Ω4−4Ω2+3)

(Ω4−4Ω2+2)(Ω2−2)
1

(Ω2−2)2

1

(Ω4−4Ω2+2)
-1

(Ω2−2)
−1

(Ω4−4Ω2+2)(Ω2−2)
1

(Ω2−2)2

 =:




H11 H12

H21 H22

H31 H32


 ⇔




x̂1

x̂2

x̂3


 =




H11 H12

H21 H22

H31 H32






f̂1

f̂2


 ,

where the dependence on Ω is suppressed in the notation for the individual matrix entries Hij for
simplicity of notation. There is a lot to unpack in this frequency response relation, and we list some
below as individual remarks.

5As usual, the coordinates xi are chosen so that x1 = 0, x2 = 0 and x3 = 0 corresponding to all springs being
unstretched.
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x2 x3x1

m1 m2 m3
k3k1 k12 k23

f2f1

(a) The three mass system with two forcing inputs.

m1 m2 m3

v1 =

2
4

1p
2

1

3
5

m1 m2 m3

v2 =

2
4

1
0
-1

3
5

m1 m2 m3

v3 =

2
4

-1p
2

-1

3
5

Mode 1: unison motion. m1 and m3 os-
cillate together with same amplitude. m2

oscillates in tandem with a larger amplitude

Mode 2: m2 stationary. m1 and m3

oscillate in opposite directions
Mode 3: m1 and m3 oscillate in tan-
dem, while m2 oscillates in the oppo-
site direction with a larger amplitude

(b) The three normal modes of the system at frequencies Ω1 ≈ 0.77, Ω2 =
√
2, and Ω3 ≈ 1.8. The eigenvectors are

shown together with depictions of each corresponding mode of motion.

(c) Frequency responses from f1 to the three mass po-
sitions. All three normal modes appear as resonances in
the responses to x1 and x3. However, mode Ω2 is “hid-
den” in the response H21. This means that when f1 is
at frequency Ω2, x1 and x3 will move according to mode
2 above, and x2 will remain relatively stationary.

(d) Frequency responses from f2 to the three mass po-
sitions. Modes Ω1 and Ω3 are “hidden” and only mode
Ω2 appears as a resonance to all mass positions. Note
how H22 (the response to x2) has lower growth than the
other two responses. This is again a manifestation of
mode 2 above, where the center mass remains relatively
stationary compared to the other two at that mode.

Figure 8.4: Analysis of the three mass system with two different kinds of forcing in the case where all masses and
spring constants are equal respectively. The middle figure depicts the normal modes, while the bottom figure shows
the various frequency responses. Some of the frequency responses have a subset of the normal modes “hidden”, i.e.
they do not appear as resonances. This phenomenon is due to the symmetry in the problem. The plots are shown in
terms of the normalized frequency Ω := ω/ωn := ω/

√
k/m.
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Figure 8.5: The three components of the frequency response of the three-mass system as a function of the normalized

frequency Ω = ω/
√
k/m. Each represents the frequency response from forcing to the respective mass position xi.

All three responses have their resonances at all three normal mode frequencies. There are also two zeros, each for a
subset of the responses, and those represent two different phenomena of vibration absorption.

• The second column of H(ω) corresponds to the effect of f2 on the three masses with f1 set to zero.
This is a very special and symmetric situation since the force acts on the center mass, and all
masses and spring constants are respectively equal. Note that even though we have three masses,
and thus three normal modes, there is only one resonance at Ω =

√
2 for all the entries of the

second column. To see the behavior of the masses around this resonance




1
(Ω2−2)2

-1
(Ω2−2)

1
(Ω2−2)2


 = 1

(Ω2−2)2




1

-(Ω2−2)

1


 ∼ 1

(Ω2−2)2



1

0

1


 = 1

(Ω2−2)2


v2


 , (as Ω→ 2)

where ∼ refers to the “leading order” behavior as Ω→
√
2.

Thus the only resonance from f2 corresponds approximately to vibrations of normal mode v2.
More precisely, as Ω→

√
2, m2 vibrates with amplitude proportional to 1/(Ω2 − 2), but m1 and

m3 vibrate with the much larger amplitudes 1/(Ω2 − 2)2. Thus near that resonance the motion
resembles that of the 2nd mode depicted in Figure 8.4b.

The roots of the denominator are the frequencies where the response goes to infinity (i.e. res-
onance), and the positive ones are exactly the frequencies Ω1, Ω2 and Ω3 calculated earlier as the
normal modes. Figure 8.5 illustrates the magnitudes of each component of H(ω) separately. It is clear
that each goes to infinity at each of the resonances as expected. An interesting feature of this system
is that it has two zeros Ωz1 and Ωz2 corresponding to two different scenarios of vibration absorption.
The first, Ωz1 corresponds to H1(Ωz1) = 0 and H2(Ωz1) = 0, i.e. m1 and m2 not moving and all the
vibrations being absorbed by m3. The second corresponds to H2(Ωz1) = 0 and H3(Ωz1) = 0, i.e. m2

and m3 not moving and all the vibrations being absorbed by m1. The reader should try to think of
a physical interpretation of these phenomena similar to that given in Figure 8.1c.
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Chapter 9

Vibrations in Large-Scale Systems

Normal mode and frequency response analysis for n-DOF systems can be applied to systems of any
order. This chapter gives examples where n can be quite large either due to the system comprising
many masses, or when the n-DOF dynamics arise from spatial discretizations of continuum models
such as those of beam or wave phenomena. The first example involves a chain of a large number of
masses, which has similar behavior to the wave equation in one dimension. The second is the wave
in one spatial dimension which has an infinite number of normal modes. After a finite-difference
discretization (in space), the equations resemble those of an n-DOF system, which can then be
analyzed using the tools developed so far. The third example is the Euler-Bernoulli beam equation,
which is analyzed through a similar finite-difference discretization. In all the examples, the relations
between the normal modes and the frequency response is explored.

Introduction

The first example presented is a system with N masses where N can be arbitrary. In the other
examples presented here of the wave and beam equations, the number of degrees of freedom N is
the size of the discretization grid used in finite-difference approximations of the underlying Partial
Differential Equations (PDEs). Spatial discretization of a PDE over a spatial grid of size N yields N
coupled ODEs representing an N-DOF system. Thus N can be as large as needed for a sufficiently
accurate approximation of the PDE.

The wave and beam equations are termed “continuum” systems since their mechanical degrees of
freedom form an infinite continuum. Spatial discretizations of the underlying PDEs provide numeri-
cal schemes for converting such systems to finite DOF system, which can then be analyzed using the
tools developed so far, and this is the approach taken in this chapter. Chapter 10 will present ana-
lytical methods for analysis of some continuum systems without the need for discretization methods.

9.1 A Mass Chain

The first example is a “chain” of N masses connected by springs and moving in one dimension as
depicted in Figure 9.1. In the free-vibrations setting, the two springs at the boundaries are attached
to rigid wall anchors (top of Figure 9.1), while in the forced-vibrations setting (bottom figure), the
left wall is replaced by a moving boundary which moves with an externally determined displacement
u(t). The forced-vibrations setting is used to explore the frequency response of the system from that
input.

For simplicity of exposition, the springs are assumed identical. Mass chain models with the two
ends either free or connected to rigid anchors represent idealized dynamics of several real systems.
Those include many vehicles connected in series such as the cars of a long locomotive, or the dynamics
of a tightly packed “string” of vehicles on a single lane of a highway. In the latter case the spring
connections are “virtual”, i.e. they represents the behavior of the drivers of vehicles (whether humans
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u(t)

Figure 9.1: A chain of N masses connected with identical springs. The mass’ positions {zi} are measured on a single
coordinate axis. The analysis is however simplified using an alternative set of coordinates xi := zi − iL, which measure the
“deviation” of the i’th mass position from its equilibrium position iL (where L is the equilibrium length of each spring, and
the masses are assumed to have zero width). The mass chain is an idealized model of large interacting subsystems arranged
in a one-dimensional “lattice”. This idealization is useful for some traffic models such as connected locomotive cars and a
tight chain of vehicles traveling on a highway lane. The bottom figure depicts a mass chain driven by the position u(t) of
the platform on the left.

or automated systems) in terms of their response to inter-vehicle gaps’ deviation from desired value.
The control force law in this case can be modeled as a “virtual spring”. At the other extreme end
of spatial scales, an extremely large mass chain is a so-called “harmonic solids” model of atomic
lattices where the masses represent atoms and the springs represents bonds between them. The
vibrational modes of such a crystal lattice are called “phonons” in quantum mechanical models of
crystal vibrations.

Let the position of the i’th mass be denoted by zi(t). The positions {zi} are measured using
one coordinate system as shown. A change of coordinates will simplify the equations of motions
by “removing” constant terms which are not relevant to vibrational behavior as shown next. For
simplicity assume each mass to have zero width. The equilibrium length of each spring is L, and
at static equilibrium all springs are uncompressed which means that the distance between the two
vertical walls must be

W = (N + 1) L.

Now we write Newton’s 2nd law for each of the masses in the interior region 2 ≤ i ≤ N−1, and then
for the two masses at the left and right end respectively as shown in the figure below (suppressing
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the dependence on t in the equations below for simplicity of notation)

mi z̈i = −k
(
zi − zi−1 − L

)
+ k

(
zi+1 − zi − L

)
(i = 2, ..,N-1)

m1 z̈1 = −k
(
z1 − u− L

)
+ k

(
z2 − z1 − L

)
(left end)

mN z̈n = −k
(
zN − zN−1 − L

)
+ k

(
W − zN − L

)
(right end)

These equations contain the constant terms W and L, which can be removed by defining new coor-
dinates which are the deviations from equilibrium positions, i.e.

xi := zi − i L ⇔ zi = xi + i L, (i = 1, 2, . . . ,N)

⇒ xi − xi−1 =
(
zi − iL

)
−
(
zi−1 − (i− 1)L

)
=
(
zi − zi−1 − L

)

x1 = z1 − L

xN = zN − NL = zN −W + L (using W = NL+ L)
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In terms of the new variables {xi(t)}, the equations become simpler with no constant terms

mi ẍi = −k
(
xi − xi−1

)
+ k

(
xi+1 − xi

)
= − k

(
− xi−1 + 2xi − xi+1

)
(i = 2, . . . ,N-1)

m1 ẍ1 = −k (x1 − u)− k
(
x2 + x1

)
= − k

(
2x1 − x2

)
(left end)

mN ẍN = −k
(
xN − xN−1

)
− k xN = − k

(
−xN−1 − 2xN

)
(right end)

Of course once these equations are solved, we can reconstruct the original position variables using
the relation

zi(t) = xi(t) + i L, i = 1, 2, . . . ,N. (9.1)

The differential equations for the xi variables are all mutually coupled. They have to be solved
all together. The best way to understand their structure is to write them all together as a single
vector differential equation as follows

m1

m2

. . .

mN-1

mN




ẍ1(t)
ẍ2(t)
...

ẍN-1(t)
ẍN (t)

 + k


2 -1
-1 2 -1

. . .
. . .

. . .

-1 2 -1
-1 2


︸ ︷︷ ︸

LN


x1(t)
x2(t)
...

xN-1(t)
xN (t)

 = k


1
0
...
0
0

u(t) (9.2)

⇔ M ẍ(t) + Kx(t) = B0 u(t)

where the mass M, stiffness K := kLN , and B0 matrices are as shown. The numerical matrix LN

defined above is the Laplacian1 of size N, and therefore denoted by LN . While M is diagonal, the
stiffness matrix K is tri-diagonal; a structure reflecting the “nearest neighbor” interaction between
the masses.

Free Vibrations of the Mass Chain

For analysis of free (unforced) vibrations of the mass chain, we simply set u(t) = 0, i.e. the right
hand side of (9.2) is zero. Note that u(t) = 0 is equivalent to attaching the leftmost spring to a
rigid wall. This system with N masses moving in only one coordinate has N degrees of freedom. The
normal modes of vibration are given by the eigenvalues of M-1K, and the normal mode shapes by the
eigenvectors. If we make the simplifying assumptions that all masses are equalmi = m, i = 1, . . . ,N,
then we have

M-1K = k
m LN .

This means that M-1K is a scalar multiple of the numerical matrix LN . Thus the eigenvalues of
M-1K are the eigenvalues of LN multiplied by the scalar factor k/m, while the eigenvectors of M-1K
are exactly the eigenvectors of LN . Both the eigenvectors and eigenvalues of LN can be calculated
numerical or analytically2. In particular, it can be shown that for large N, the first few eigenvalues
of LN are well approximated by

λl(LN) ≈
(
π
N l
)2 ⇒ λl

(
k
mLN

)
≈ k

m

(
π
N l
)2 ⇒ ωl ≈

(
π
N

√
k
m

)
l, l = 1, 2, . . . , (9.3)

where λl(LN) denotes the l’th eigenvalue of LN , and ωl is the l’th natural frequency of the N-
mass chain system. The formulas for the eigenvalues and natural frequencies are a relatively good
approximation for the first 20% of natural frequencies (when arranged in increasing order), which

1This name originates from the fact that −LN is the finite-difference discretization of the second derivative operator
∂2

∂x2 , traditionally referred to as the “Laplacian”.
2The matrix LN is a tridiganoal so-called Toeplitz matrix, for which the eigenvalues and vectors can be derived

analytically.
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(a) Mode shapes of the first four modes of a mass chain system of size 50. The blue circles represent the position
deviation variables {xk}, while the red dots represent the absolute mass positions {zk} obtained from the deviations
by (9.1). The red dashed lines indicate the equilibrium positions of the masses. Click for Animation.

(b) A depiction of the first normal mode of the mass chain using five snapshots over 1/2 of the period. A “compression
wave” starts from one end and propagates to the other end. The wave then reverses and the process repeats periodically.
Click for Animation.

(c) The second normal mode begins with a compression wave either in the middle or at both edges. The compression
then propagates from one configuration to the other repeatedly. The diagram depicts 1/2 of a period. Click for
animation. See also the 3rd mode animation, the 4th mode animation, as well as the animation of the first 4 modes
together.

Figure 9.2: Illustrations of some of the normal modes of the mass chain system computed with 50 masses. The
modes are usually ordered by increasing values of their corresponding natural frequencies. The most important modes
are those with the lowest natural frequencies since in any real system, damping tends to suppress higher frequency
oscillations more than lower frequency ones.

are typically the most important modes of vibration3. For comparison, the first few actual natural
frequencies computed from the eigenvalues of LN for N = 100 are

l 1 2 3 4

ωl

/(
π
N

√
k
m

)
0.99 1.98 2.97 3.96

which should be compared with the approximation (9.3). We note that this approximation becomes
exact in the limit of a large number of masses N →∞.

Figure 9.2 depicts a visualization of the first few normal modes (ordered in terms of oscillation
frequency) calculated from the eigenvectors of LN . Those modes have the structure of “compression
waves”. The first mode is a compression wave oscillating back and forth between the left and right
end, while the second mode is a compression wave oscillating back and forth between the edges of
the chain towards the center. Higher frequency modes also look like compression waves, but with
more minimum and maximum compression regions. Figure 9.2 shows the modes for N = 50. For
such a large system, the eigenvectors are best visualized as graphs over the mass index running from
1 to 50. These are shown in the top panel of the figure using both the original coordinates {zi} and
the deviations from equilibrium positions coordinates {xi}. Animations of the first four modes of
vibrations are also shown in that figure.

3In many real systems, damping tends to be proportional to natural frequencies, i.e. higher damping for higher
frequencies. Thus only the first few modes of vibrations are important in such systems since the higher frequency
modes are typically so heavily damped that they have little contribution to the total superposition of modes.
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(a) The input u(t) is a sinusoid with the same frequency ω as the first normal mode frequency ω1. Note how the
response grows with the same “shape” as the first mode depicted in Figure 9.2a. Note also how the response’s period
matches that of the input’s period.

(b) The input is at ω = ω2 ≈ 2ω1, which is the 2nd normal mode’s frequency. The response shape matches that of
the 2nd mode depicted in Figure 9.2a, and the response frequency matches that of the input.

(c) The input frequency is at ω ≈ 1.7ω1, which is in between the 1st and 2nd mode frequencies. The response shape is
a more complicated combination of the modes, and initially appears (top panel) not to have a well defined frequency.
In steady state (bottom panel), the response has the same frequency as the input, but its shape is a combination of
primarily the 1st and 2nd mode shapes. Note also how the maximum amplitude is about an order of magnitude smaller
than the two resonant responses above.

Figure 9.3: Time responses of an N = 50 mass chain subject to purely harmonic excitation of frequency ω at the
input u(t). The pcolor plots show the deviation positions (xi(t) variables) as a function of time, with amplitude scales
indicated by the color bar gray scale. Three cases are shown with ω at the 1st and 2nd normal mode frequencies, as
well as a frequency in between those two modes. The amplitude of u(t) is the same in all three cases for comparison
of the responses’ amplitudes. The gaps between the red dashed lines indicate one period of the forcing input u(t).

Forced Vibrations of the Mass Chain

Now assume the mass chain is driven by an input u(t) as depicted in the bottom part of Figure 9.1.
Before analyzing the frequency response, we consider examples of the time response of this system
when u(t) is a pure harmonic excitation, i.e. when u(t) is a pure sinusoid of frequency ω. In order to
simulate this system we require a small amount of damping in order to have a steady state response4

It is not difficult to see that if we place dampers c in parallel with each spring in Figure 9.1, the
resulting differential equation becomes

M ẍ(t) + cLN ẋ(t) + kLN x(t) = B0u(t). (9.4)

The fact that the damping matrix is cLN follows from the dampers being in parallel with the springs,
for which the stiffness matrix is kLN .

4When there is no damping, and the input is at the (normal mode) resonance frequencies of the system, the
response grows unboundedly in time, i.e. there is no “steady state”.
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196 9.1. A Mass Chain

Figure 9.4: Animations of the steady state response for forcing at various frequencies. The red marker indicates
the input displacement u(t), and the blue and black markers indicate the masses’ positions in terms of the deviations’
positions xk(t), and absolute positions zk(t).

The system (9.4) is simulated with a small amount of damping c and the results are illustrated
in Figure 9.3. The first and second cases correspond to the input frequency set to the 1st and 2nd
normal mode frequencies. In those cases, the responses build up significantly in amplitude and the
“shape” of the responses matches very closely to the corresponding normal mode shapes depicted
in Figure 9.2a. Thus we have clear resonance phenomenon in those two cases. In addition, when
the input frequency is close to a normal mode frequency, the system’s response appears to “select”
primarily that mode as the shape of the vibrations (regardless of initial conditions). This is to be
expected from the analysis in Section 8.2 of the relation between normal modes and resonances.

In the third case, the excitation frequency ω is in between ω1 and ω2. During the initial transients,
this response does not appear to have a well-defined frequency. In steady state its frequency is the
same as the input’s frequency as predicted by the theory, and it appears to have a more complex
shape that is a combination of the first two modes. In addition, the response’s amplitudes in this
case are about one order of magnitude smaller than the two resonant cases. Animations of the
response to forcing at various frequencies are shown in Figure 9.4.

The phenomena observed in the time response experiments just described can be fully under-
stood and quantified using the frequency response matrix of this system. Recall formula (8.5) of
Theorem 8.1. The frequency response H(ω) in this case is an N×1 matrix since there is a single input
u, and N outputs xi, i = 1, . . . ,N representing the position of each mass in the chain. Applying
formula (8.5) to (9.4) with all masses mi = m, springs, and dampers assumed identical gives

H(ω) =
(
−ω2m I + jω cLN + kLN

)−1
B0,

where I is the N × N identity matrix, and B0 = k e1 is the matrix given in (9.2). Now rewrite this
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(a) The magnitude frequency responses (for
N = 18) showing the first 3 resonances. The
mode shapes shown in Figure 9.2a are clearly
visible here in terms of the peaks and nodes of
each mode shape.

(b) A pseudo-color plot of all the magnitude frequency responses |Hi(Ω)|,
i = 1, ..,N (for N = 50). The frequency axis is scaled as Ω/(π/N),
and the resonances are expected at integer values as predicted by (9.3).
Actual resonance frequencies are indicated by the dashed red lines. Note
again the peaks at each resonance frequency, as well as the node locations
at all frequencies.

I(Hi(Ω)) R(Hi(Ω))

(c) Real and imaginary part of the frequency response. Note that color bar scale. The relative signs of the mode shapes
near each resonance are visible in these plots. The reader should compare to the normal mode shapes shown in Figure 9.2a.
For example, the 2nd mode has two peaks of opposite signs, while the 3rd mode has the two “outer” peaks of the same sign,
which is opposite to the sign of the “middle” peak.

Figure 9.5: Various views of the N×1 frequency response matrix of the forced mass chain. The input is the leftmost
displacement, and the outputs are the positions of each mass.

equation in terms of the normalized frequency Ω := ω/
√
k/m and the damping ratio ζ := 2 c√

km

H(Ω) =
(
−ω2m I + jω cLN + kLN

)−1
k e1 =

(
− ω2

k/m I + LN + j 2 c
2
√
mk

ω√
k/m
LN

)-1

e1

=
((
LN − Ω2 I

)
+ j 2ζ Ω LN

)-1
e1. (9.5)

It is helpful to compare this expression for the single Mass-Spring-Damper case which reads

H(Ω) =
1

(1− Ω2) + j 2ζ Ω
. (9.6)

It is useful to think of the frequency response (9.5) as the matrix version of the single Mass-Spring-
Damper frequency response (9.6) for a “networked” system of identical masses, springs and dampers.
Note the appearance of the matrix LN , which describes the interconnection, or network structure
of the system. Any other system of identical elements connected in another manner, e.g. a 2-
dimensional array of masses, would have the same expression as (9.5), but with a different matrix
LN encoding the different network structure.

For the mass-chain system of Figure 9.1 with N = 50, the numerically computed frequency
response matrix H(Ω) is illustrated in Figure 9.5. Various ways of visualizing this frequency response
are presented since the 50×1 matrix H(Ω) is complex-valued. Its absolute value, real and imaginary
parts are shown. Resonances occur at the normal mode frequencies, and the “shape” of the frequency
response near the resonances resembles the shape of the normal modes of vibrations as expected.

Aside from showing the shape of vibrations at resonances, the frequency response plot 9.5b also
shows the shape of vibrations at other frequencies. Examine the steady state vibrations in 9.3c when
ω ≈ 1.5ω1, and compare with the frequency response in 9.5b at that same frequency. You will see
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x
� 2� 3� N� = 1(N-1)�0

W (x, t)
w0(t)

w1(t)
w2(t)

wN(t)
wN-1(t)wN-2(t)

Figure 9.6: Spatial discretization of a spatially-distributed and time-varying fieldW (x, t) over the domain 0 ≤ x ≤ 1.
The spatial domain is approximated by a grid of N+1 points xi := i∆, i = 0, 1, 2, . . . ,N. Define the time-varying value
ofW (x, t) evaluated at the i’th grid point to be the function of time wi(t) :=W (i∆, t). The N+1 functions {wi(t)}N

i=0
are then collected together as the components of a vector-valued function w(t). Provided N is sufficiently large, the
vector signal w(t) will be a good approximation to the fieldW (x, t). Dynamic spatial discretization techniques amount
to finding the ODEs that govern w(t) from approximations of the PDE that governs W (x, t).

that the frequency response plot predicts the shape of the steady state vibrations in this case as
well.

9.2 The Wave Equation

The wave equation in a finite, one-dimensional medium 0 ≤ x ≤ L is

∂2

∂t2
W (x, t) = ν2

∂2

∂x2
W (x, t), 0 ≤ x ≤ L, (9.7)

where the boundary conditions have not been explicitly stated yet. This is a model for the vibrations
of a string, or the transmission of acoustic vibrations in a one dimensional medium. The constant
ν is called the wave speed since if the medium is infinite −∞ < x < ∞ then it easy to verify by
differentiation that this equation has the two “d’Alembert” solutions

W1(x, t) = W (x− νt, 0), W2(x, t) = W (x+ νt, 0). (9.8)

Thus an initial spatial profile W (., 0) is advected right as W1(., ) and left as W2(., t), which are right
and left moving with velocity ν respectively. However, when the spatial domain is finite, “reflections”
occur at the boundaries and the solutions (9.8) are no longer valid. This makes the wave equation
behave in more interesting ways over finite domains. In this chapter we take a spatial discretization
approach to the wave equation, while an analytical treatment is presented in Chapter 10. The
discretization approach will also show the analogies of the wave equation to the mass chain system
studied earlier.

The wave equation (9.7) can be approximated by a finite DOF system by using a spatial finite-
difference discretization as follows. Define N + 1 functions of time {wi(t)}, which are the values of
W (x, t) on a uniform spatial grid of size N+1 as shown in Figure 9.6 (from now on we assume L = 1)

wi(t) := W (i∆, t) , i = 0, 1, . . . ,N. ∆ := 1/N.

The time derivatives of the functions wi(t) are the partial derivatives of W (x, t) at the grid points

d2

dt2
wi(t) =

∂2

∂t2
W (x, t)

∣∣∣∣
x=i∆

=
∂2

∂t2
W (i∆, t). (9.9)

This approximates the left hand side of (9.7). To approximate the right hand side, we need to

approximate the 2nd spatial derivative ∂2

∂x2W (i∆, t) at the grid points. This can be done using the
following finite-difference scheme (with 2nd order accuracy) implemented with the stencil

∂2

∂x2
W
(
i∆, t

)
≈ 1

∆2

(
W
(
(i− 1)∆, t

)
− 2 W

(
i∆, t

)
+W

(
(i+ 1)∆, t

))

=
1

∆2

(
wi−1(t)− 2 wi(t) + wi+1(t)

)
, i = 1, . . . ,N-1. (9.10)
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Note that we cannot use this stencil at i = 0 or i = N since i-1 and N + 1 are not point on the grid.
The values of w0(t) and wN(t) will have to be determined using boundary conditions.

Before discussing boundary conditions, note that the original PDE (9.7) can now be approxi-
mated by using the expression (9.9) for the time derivatives, (9.10) for the spatial derivatives, and
substituting in the wave equation (9.7). This results in the set of ODEs for {wk(t)} written here in
vector form as

d2

dt2



...
wi-1(t)
wi(t)
wi+1(t)

...

 ≈ ν2

∆2


. . .

. . .
. . .

. . .
. . .

0 1 −2 1 0
. . .

. . .
. . .

. . .
. . .





...
wi-1(t)
wi(t)
wi+1(t)

...

 , i = 1, . . . ,N-1. (9.11)

Note the structure of the matrix here which is “constant along diagonals”, with the entries on those
diagonals being exactly the coefficients of the stencil (9.10). The equation above only holds at the
“interior” grid points. To find the correct equations near the boundaries, we have to incorporate
boundary conditions. Next we show how that is done for two types of boundary conditions imposed
on either the function W itself or on its first spatial derivative.

Boundary conditions can be imposed on either end x̄ = 0, 1 and on either the value of W (x̄, t)
or the spatial derivative ∂

∂xW (x̄, t) for all time as the following examples show.

W (0, t) = 0 (left end is kept at zero)
∂
∂xW (0, t) = 0 (derivative at left end is kept at zero)

W (0, t) = u(t) (left end is actuated with u(t))

An example of the actuated boundary condition is when the left end of a string is connected to
an actuator that moves with the command u(t). To approximate boundary conditions using the
samples {wi(t)} of the function W (x, t), the unidirectional finite-difference stencils can be used5

W (0, t) ≈ w0(t)

W (1, t) ≈ wN(t)
∂
∂xW (0, t) ≈ 1

∆

(
w1(t)− w0(t)

)
(forward finite difference)

∂
∂xW (1, t) ≈ 1

∆

(
wN(t)− wN-1(t)

)
(backward finite difference)

Consider a wave equation that is “actuated” at both left and right ends according to time-varying
inputs ul(t) and ur(t) respectively

W (0, t) = w0(t) = ul(t), W (1, t) = wN(t) = ur(t).

The discretization of the wave equation with these boundary conditions becomes

ẅi(t) =
ν2

∆2

(
wi-1(t)-2wi(t) + wi+1(t)

)
, i = 1, . . . , (N-1) (at interior points)

ẅ1(t) =
ν2

∆2

(
w0(t)-2w1(t) + w2(t)

)
= ν2

∆2

(
-2w1(t) + w2(t)

)
+ ν2

∆2 ul(t)
(

at left end
w0(t) = ul(t)

)
ẅN-1(t) =

ν2

∆2

(
wN-2(t)-2wN-1(t) + wN(t)

)
= ν2

∆2

(
wN-2(t)-2wN-1(t)

)
+ ν2

∆2 ur(t)
(

at right end
wN (t) = ur(t)

)

Note that there is no need for the differential equations for w0(t) or wN(t) since those variables are
determined by the external inputs ul(t) and ur(t). Thus we have N − 1 differential equations for
the evolution of wi(t) at the N − 1 interior points of a grid of size N + 1. The differential equations
just derived can be collected into a single vector ODE with the input vector u(t) :=

(
ul(t), ur(t)

)
as

5Although the stencil (9.10) has 2nd order accuracy, the boundary stencils presented here have only 1st order
accuracy, implying that the overall scheme will only have 1st order accuracy.
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0 1 0 1 0 1 0 1

(a) The first four modes and their natural frequencies.

(b) The aggregate frequency response of the wave equation showing the regularly spaced resonances on a semi-log plot.
The four natural frequencies depicted in red correspond to the first four modes shown above.

(c) The spatially-resolved frequency response as a color plot. The color at each point in this plot represents

log
(
|Hx(ω)|

)
, the frequency response at a particular location x when the input is oscillating at frequency ω. The

shapes of each of the resonant modes is clearly seen in this plot. In particular, the nodes of oscillation are marked in
blue. Note that since the actuation is at the x = 0 end, the plot shows asymmetry with respect to the position x.

Figure 9.7: The first few modes of the wave equation together with two different ways of visualizing its frequency
response.

follows

d2

dt2




w1(t)
w2(t)
...

wN-2(t)
wN-1(t)




= ν2

∆2




−2 1
1 −2 1

. . .
. . .

. . .

1 −2 1
1 −2




︸ ︷︷ ︸
LN




w1(t)
w2(t)
...

wN-2(t)
wN-1(t)




︸ ︷︷ ︸
w(t)

+ ν2

∆2




1 0
0 0
...

...
0 0
0 1




︸ ︷︷ ︸
B0

[
ul(t)
ur(t)

]

︸ ︷︷ ︸
u(t)

⇔ ẅ(t) = − K w(t) + B0 u(t) (9.12)

Note the reappearance of the Laplacian matrix LN and the similarity of the stiffness matrix K :=

− ν2

∆2 LN above to that in the mass-chain example (9.2).

9.2.1 Normal Modes and Frequency Response

The normal modes of the wave equation are obtained from the eigenvalues and eigenvectors of LN .
Recall the approximate expression (9.3) for the eigenvalues which then gives the natural frequencies

λl(LN) ≈
(
π
l

N

)2

⇒ λl

(
ν2

∆2LN

)
≈ ν2

∆2

(
π
l

N

)2

= N
2ν2

(
π
l

N

)2

= ν2π2 l2

⇒ ωl = νπ l, l = 1, 2, . . . . (9.13)

This expression turns out to be exact for the wave equation which has an infinite number of modes
corresponding to all positive integers l as will be shown in Chapter 10 (note the disappearance of
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the approximation order N from the above expression). The eigenvectors of K are the same as the

eigenvectors of LN since the scaling with ν2

∆2 scales only the eigenvalues and not the eigenvectors.
The first four eigenvectors are depicted in Figure 9.7a together with the corresponding natural
frequencies.

The input is the actuation u(t) which is the left boundary condition. For the wave equation
modeling the vibrations of a string, this physically corresponds to vibrating the left end of the string
vertically according to the signal u(t). The “aggregate” frequency response of (9.12) is defined as

∥H(ω)∥2 :=

√
|H1(ω)|2 + · · ·+ |HN-1(ω)|2,

where Hi(ω) is the frequency response from input u to the displacement wi(t). Figure 9.7b shows a
portion of this frequency response where the regularly spaced resonance frequencies {ωl}∞l=1 in (9.13)
are clearly seen.

Figure 9.7c shows more details of the frequency response. If Hi(ω) is thought of as Hx(ω) where
x ∈ [0, 1] is the location corresponding to the index i, then Hx(ω) represents the frequency response
from the input to the wave at a particular location x. This can be visualized as the color map shown
in the figure where the colors corresponding to the value of log

(
|Hx(ω)|

)
. The two axes are then

the normalized frequency ω/ν and the spatial location x. The respective mode shapes can now be
clearly seen at each resonance frequency.

9.3 Euler-Bernoulli Beam

The dynamic Euler-Bernoulli equation for an unloaded, undamped beam of length L is

∂2

∂t2
W (x, t) = − α ∂4

∂x4
W (x, t), 0 ≤ x ≤ L, α :=

EI

ρ
, (9.14)

whereW (x, t) is the beam’s deflection at location x and time t. E, I, ρ are the Young’s modulus, area
moment of inertia, and the linear mass density of the beam respectively. The boundary conditions
on this equation are determined by how the beam is supported (e.g. clamped at one end and free
at the other, pinned at both ends, etc.).

This equation can be discretized to yield a vector ODE in a similar manner to what was done
with the wave equation. Assume a beam length of L = 1 and define the values of W (x, t) at N + 1
grid points by

wk(t) := W (k∆, t) , k = 0, 1, . . . ,N. ∆ := 1/N,

As before, the time derivatives of wk(t) are the partial derivatives of W (x, t) at the grid points

d2

dt2
wk(t) =

∂2

∂t2
W (x, t)

∣∣∣∣
x=k∆

. (9.15)

The fourth order spatial derivative ∂4

∂x4W (x, t) can be approximated with the 2nd order accuracy
stencil

∂4

∂x4W
(
k∆, t

)
≈ 1

∆4

(
W
(
(k-2)∆, t

)
− 4W

(
(k-1)∆, t

)
+ 6W

(
k∆, t

)
− 4W

(
(k+1)∆, t

)
+W

(
(k+2)∆, t

))

= 1
∆4

(
wk-2(t)− 4 wk-1(t) + 6 wk(t)− 4 wk+1(t) + wk+2(t)

)
, (9.16)

which gives the following form for the vector ODE at the interior points

d2

dt2



...
wk-1(t)
wk(t)
wk+1(t)

...

 ≈
-α

∆4


. . .

. . .
. . .

. . .
. . .

. . .
. . .

0 1 -4 6 -4 1 0
. . .

. . .
. . .

. . .
. . .

. . .
. . .





...
wk-1(t)
wk(t)
wk+1(t)

...

. (9.17)

Note the “constant along diagonals” structure of the stiffness matrix above.
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9.3.1 Boundary Conditions

There are a variety of boundary conditions that can be imposed on the beam at either end. Those
correspond to the beam being “pinned”, “actuated”, “clamped” or “free”, and any combination of
those at either end. Mathematically, those physical constraints amount to constraints on W and
its derivatives at the respective ends. For example, the four different possible constraints at the left
end x = 0 are

0 = W (0, t), and 0 = ∂
∂xW (0, t) (left end clamped)

u(t) = W (0, t), and 0 = ∂
∂xW (0, t) (left end actuated vertically by u(t))

0 = W (0, t), and 0 = ∂2

∂x2W (0, t) (left end pinned)

0 = ∂2

∂x2W (0, t), and 0 = ∂3

∂x3W (0, t) (left end free)

and similarly at the other end. Note that these constraints have to hold for all t ≥ 0.

To incorporate the boundary conditions into the dynamical equations (9.17), we can use unidi-
rectional finite-difference stencils at either end. Those stencils are listed below

W (0, t) = w0(t), W (L, t) = wN (t)

∂
∂x
W (0, t) ≈ 1

∆

(
-w0(t) + w1(t)

)
∂
∂x
W (L, t) ≈ 1

∆

(
-wN-1(t) + wN (t)

)
∂2

∂x2W (0, t) ≈ 1
∆2

(
w0(t)-2 w1(t) + w2(t)

)
∂2

∂x2W (L, t) ≈ 1
∆2

(
wN-2(t)-2 wN-1(t) + wN (t)

)
∂3

∂x3W (0, t) ≈ 1
∆3

(
-w0(t) + 3 w1(t)-3 w2(t) + w3(t)

)
(9.18)

∂3

∂x3W (L, t) ≈ 1
∆3

(
-wN-3(t) + 3 wN-2(t)-3 wN-1(t) + wN (t)

)
The stencils above are the forward and backwards finite difference stencils with first order accuracy
for simplicity. Higher order accuracy stencils can also be used, but give more complicated expressions.
For one dimensional problems like this one, this additional complexity is not warranted as accuracy
can always be increased by increasing the grid size while keeping computational complexity within
feasible bounds.

Usually two boundary conditions are needed at each end. The differential equation (9.17) has
N + 1 functions of time. A boundary condition using any of the stencils (9.18) represents one
algebraic constraint between those functions of time, which then allows for the elimination of one
of the functions. Applying four boundary conditions then eliminates four of the functions leaving
an unconstrained differential equation of dimension (N + 1) − 4 = N − 3. The next two examples
illustrate this procedure.

Example 9.1. [Pinned-Pinned Beam]

If both ends are pinned, then the boundary conditions are

u(t) = W (0, t), 0 = W (L, t),

0 = ∂2

∂x2W (0, t), 0 = ∂2

∂x2W (L, t)

The approximation of these conditions using the stencils (9.18) at the left and right end respectively

0 = w0(t), 0 = wN(t)

0 = w0(t)-2 w1(t) + w2(t) 0 = wN-2(t)-2 wN-1(t) + wN(t)

⇒ w1(t) = w2(t)/2, wN-1(t) = wN-2(t)/2,
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which allow for elimination of w0, w1, wN-1 and wN . Substituting this into the ODEs (9.17)

ẅ2 =
(
-α/∆4

) [
w0 − 4 w1 + 6 w2 − 4 w3 + w4

]
=

(
-α/∆4

) [
4 w2 − 4 w3 + w4

]
,

ẅ3 =
(
-α/∆4

) [
w1 − 4 w2 + 6 w3 − 4 w4 + w5

]
=

(
-α/∆4

) [
−3.5 w2 + 6 w3 − 4 w4 + w5

]
,

ẅN-3 =
(
-α/∆4

) [
wN-5 − 4 wN-4 + 6 wN-3 − 4 wN-2 + wN-1

]
=

(
-α/∆4

) [
wN-5 − 4 wN-4 + 6 wN-3 − 3.5 wN-2

]
ẅN-2 =

(
-α/∆4

) [
wN-4 − 4 wN-3 + 6 wN-2 − 4 wN-1 + wN

]
=

(
-α/∆4

) [
wN-4 − 4 wN-3 + 4 wN-2

]
The final set of ODEs for the pinned-pinned beam are then

ẅ(t) =
d2

dt2



w2

w3

w4

...
wN-4

wN-3

wN-2


= -α 1

∆4



4 -4 1
-3.5 6 -4 1
1 -4 6 -4 1

. . .
. . .

. . .
. . .

. . .

1 -4 6 -4 1
1 -4 6 -3.5

1 -4 4





w2

w3

w4

...
wN-4

wN-3

wN-2


=: −α K w(t) (9.19)

where the stiffness matrix K is defined as above, and we collected all the function {wk(t)} as components
of the vector-valued function w(t). Note that except for the first and last two rows respectively, the
matrix entries are the same as in (9.17). This is because of the use of two boundary conditions at each
end to “adjust” the differential equations so that boundary conditions are enforced.

Example 9.2. [Actuated, Clamped End with other End Free]
If the left end (x = 0) is clamped to an actuation device (e.g. a shaker) that can oscillate vertically as
u(t), and the right end (x = L) is free, then the boundary conditions are

u(t) = W (0, t), 0 = ∂2

∂x2W (L, t),

0 = ∂
∂xW (0, t), 0 = ∂3

∂x3W (L, t).

Approximating these conditions using the stencils (9.18) at the left end gives

u(t) = W (0, t) ⇒ u(t) = w0(t),

0 = ∂
∂xW (0, t) ⇒ 0 = 1

∆

(
-w0(t) + w1(t)

)
⇒ w1(t) = w0(t) = u(t).

(9.20)

Thus we can eliminate w0(t) and w1(t) and rewrite them in terms of the input u(t). Similarly, at the
right end the homogenous boundary conditions for the 2nd and 3rd derivatives can be used to eliminate
wN(t) and wN-1(t) be rewriting them in terms of wN-3(t) and wN-2(t) using the corresponding stencils
from (9.18)

0 = wN-2(t)-2 wN-1(t) + wN(t)
0 = -wN-3(t) + 3 wN-2(t)-3 wN-1(t) + wN(t)

}
⇒

[
2 −1
3 −1

] [
wN-1

wN

]
=

[
0 1
−1 3

] [
wN-3

wN-2

]

⇒
[
wN-1

wN

]
=

[
−1 2
−2 3

] [
wN-3

wN-2

]
. (9.21)

Now a complete set of ODEs incorporating (9.17) and the boundary conditions can be written for
the remaining functions w2, . . . , wN-2. The differential equations for w2 and w3 are

ẅ2 =
(
-α/∆4

) [
w0 − 4 w1 + 6 w2 − 4 w3 + w4

]
=
(
-α/∆4

) [
6 w2 − 4 w3 + w4 − 3 u

]
,

ẅ3 =
(
-α/∆4

) [
w1 − 4 w2 + 6 w3 − 4 w4 + w5

]
=
(
-α/∆4

) [
−4 w2 + 6 w3 − 4 w4 + w5 + u

]
,

where we have used (9.20) to substitute for w0 and w1. At the other end, we use (9.21)

ẅN-2 =
(
-α/∆4

) [
wN-4 − 4 wN-3 + 6 wN-2 − 4 wN-1 + wN

]

=
(
-α/∆4

) [
wN-4 − 4 wN-3 + 6 wN-2 − 4

(
-wN-3 + 2wN-2

)
+
(
-2wN-3 + 3wN-2

)]

=
(
-α/∆4

) [
wN-4 − 2 wN-3 + wN-2

]
.
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204 9.3. Euler-Bernoulli Beam

Figure 9.8: The first 4 normal modes of vibration of the Euler-Bernoulli beam with pinned-pinned boundary
conditions. These were computed numerically from a discretization with N = 100 of the stiffness matrix K in (9.19).
The eigenvectors vi(x), i = 1, 2, 3, 4 are plotted against the spatial variable 0 ≤ x ≤ 1 by assuming that the values
vi(k∆) of the function at the grid points are the components of the numerically computed eigenvector. The mode
frequencies ωi are obatined from the numerically computed eigenvalues of K. Note that the natural frequencies behave
approximately like ωi ∼ 10 i2

√
α.

A similar calculation for ẅN-3 gives

ẅN-3 =
(
-α/∆4

) [
wN-5 − 4 wN-4 + 5 wN-3 − 2 wN-2

]
.

Now putting all of the above together we finally arrive at the required set of ODEs written in vector form

d2

dt2



w2

w3

w4

...
wN-4

wN-3

wN-2


=

-α

∆4



6 -4 1
-4 6 -4 1
1 -4 6 -4 1

. . .
. . .

. . .
. . .

. . .

1 -4 6 -4 1
1 -4 5 -2

1 -2 1





w2

w3

w4

...
wN-4

wN-3

wN-2


+

-α

∆4



-3
1
0
...
0
0
0


u

⇒ ẅ(t) = −K w(t) + B0 u(t) (9.22)

where the matrices K and B0 are defined as above, and we collected all the function {wk(t)} as compo-
nents of the vector-valued function w(t). Note that this system is of the form (7.12) with M = I, and
C = 0, but with an input u(t) that enters the equations through the matrix B0. Recall that the input is
the vertical position of the left end that is actuated with an external device.

Note that except for the first and last two rows in (9.22), the matrix entries are the same as in (9.17)
and in (9.19). The first and last two rows here are different from those in the pinned-pinned case (9.19)
since we are enforcing a different set of boundary conditions.

The systems (9.19) and (9.22) are both of the form (7.12) (with M = I, C = 0, and an input in
the latter case). We can therefore apply all the previous material on normal modes and frequency
responses to analyze this system as we show next.

9.3.2 Normal Modes and Frequency Response

Equations (9.19) and (9.22) are a spatially discretized versions of the dynamic Euler-Bernoulli
model (9.14) with two different boundary conditions assumptions. The PDE (9.14) has an infi-
nite number of vibration modes, while the discretized models have N − 3 modes (the number of
variables {wk} that remain after using the boundary condition to eliminate 4 of them). The larger
the grid size N, the better of an approximation the discretized model will be. In the results shown
next, N = 100 is used.

Example 9.3. [Normal modes of free vibrations of pinned-pinned beam] The normal modes are obtained
from the eigenvalues and eigenvectors of the stiffness matrix K in (9.19) (since we’ve made the simplify
assumption that all masses are equal to one mi = 1, i.e. M = I, and therefore M−1K = K). While
it is possible to calculate analytical expressions for the eigenvalues and eigenvectors as will be shown in
Chapter 10, the quantities displayed in Figure 9.8 are computed numerically from the discretization with
N = 100, and are very close to the actual true quantities.
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(a) The magnitude frequency response showing the first 10 of an infinite number of resonances. This frequency
response is shown on a log-log plot. The frequencies ωi scale like i2, which makes gaps between successive
frequencies progressively larger and harder to visualize on a regular plot. The first 4 modes are indicated by
dashed lines on the plot, and their corresponding “mode shapes” are shown below.

(b) The first 4 modes of oscillation. The eigenvectors vi of the matrix K in (9.17) are the normal modes. Since
the vector indices represent points on the x grid, the length N + 1 vectors are plotted here as a function of
the spatial location 0 ≤ x ≤ 1. These modes are the “shape” of the vibrations that occur at the respective
resonances (i.e. mode vi oscillates in time with frequency ωi. Note the difference in mode shapes and natural
frequencies between the pinned-pinned case of Figure 9.8 and the clamped-free case shown here.

Figure 9.9: The actuated, clamped-free Euler-Bernoulli beam frequency response showing the first 10 resonances,
as well as the “mode shapes” of the first 4 normal modes. The length of the beam is assumed here as L = 1, and the
coefficient α = 1.

Example 9.4. [Modes and frequency response of actuated, clamed-free beam] To find the frequency
response, use formula (8.5) with the matrices K and B0 from (9.22) (note that in this case M = I and
C = 0)

H(ω) =
(
−ω2I +K

)−1
B0.

For each ω, H(ω) is an (N −3)×1 matrix, so to plot the frequency response, we plot its “norm” defined
as the square root of the sum of squares of the components

∥H(ω)∥2 :=
(
|H3(ω)|2 + · · ·+ |HN−2(ω)|2

)1/2
.

A plot of this magnitude frequency response is shown in Figure 9.9a. Many resonances are clearly seen.
For the original PDE model, there’s actually an infinite number of resonances of progressively increasing
frequencies. The plot only shows the first 10, which should be well approximated with N = 100.

Recall that a system excited with a frequency near any one its normal modes ωi, will oscillate with a
“shape” determined by the i’th eigenvector vi of the matrix M -1K (which is just K in this case). The
first 4 mode shapes are shown in Figure 9.9b by simply plotting the components of each eigenvector
v1,v2,v3,v4. Recall that the components of the vector w(t) are approximations to the function W (x, t)
at the grid points. Therefore the plots of the eigenvectors can be considered as approximations to
functions over the domain 0 ≤ x ≤ 1. These “mode shapes” will be the shape of the oscillation when
the beam is excited at frequency ωi. More precisely, we can say that for the original PDE

u(t) = α cos
(
ωt+ ϕ), and ω ≈ ωi ⇒ W (x, t) ≈ β vi(x) cos(ωt+ θ),

where vi(x) is the eigenvector of K (considered as a function over [0, 1]). Note the separation ofW (x, t)
into a product of a spatial mode shape vi(x) and a temporal oscillation cos(ωt + θ). This only occurs
near resonances. Away from resonances, the spatial shape of oscillations will usually be “a mixture” of
many normal modes.

Draft: Vibrations, March 2, 2025 © 2024, Bassam Bamieh



206 9.3. Euler-Bernoulli Beam

Draft: Vibrations, March 2, 2025 © 2024, Bassam Bamieh



Chapter 10

Vibrations in Continua

Vibrations of strings, membranes, beams and plates are described by Partial Differential Equations
(PDEs). The mechanical degrees of freedom are represented by displacements which are functions
of both time and a spatial variable. There is an infinite, continuum number of mechanical degrees
of freedom, and such systems are therefore referred to as continuum systems. The mathematical
tools used for analysis of continuum systems are conceptually similar to those of N-DOF, except
that instead of matrices, the objects to analyze are spatial differential operators. Those operators
typically have an infinite number of eigenvalues with associated eigenfunctions that play the same
role eigenvectors do in n-DOF systems.

Introduction and the Big Picture

The main theme of this introduction is to highlight the similarities between the analysis methods
of continuum vibrations and those of n-DOF systems. The key idea is an abstraction where spatial
differential operators are thought of in a similar manner to matrices, i.e. as linear operators. Eigen-
vectors of matrices can then be abstracted to more general objects which are the eigenfunctions of
linear differential operators. To explain how this works, consider the following PDEs treated in this
chapter in comparison with the standard form for (an undamped) n-DOF system

vector ODE for n-DOF
system with M = I

:
d2

dt2
w(t) = −K w(t) (10.1)

1D wave equation
for strings

:
∂2

∂t2
w(x, t) = ν2

∂2

∂x2
w(x, t) (10.2)

2D wave equation
for membranes

:
∂2

∂t2
w(x, y, t) = ν2

(
∂2

∂x2
+

∂2

∂y2

)
w(x, y, t) (10.3)

Euler-Bernoulli equation
for beams

:
∂2

∂t2
w(x, t) = −α ∂4

∂x4
w(x, t) (10.4)

2D Euler-Bernoulli equation
for plates

:
∂2

∂t2
w(x, y, t) = −α

(
∂4

∂x4
+ 2

∂2

∂x2
∂2

∂y2
+

∂4

∂y4

)
w(x, y, t)

(10.5)

The four PDEs are all of the form

∂2

∂t2
w(., t) = −K w(., t), (10.6)

where K is some spatial PDE operator like the ones in the four examples above. This form corre-
sponds to placing the second-order time derivative on one side of the equation, and all the spatial
derivatives on the other side. Notice the suppression of the spatial coordinate in the notation w(., t).
This means that we consider K w(., t) to be an operation on the whole of the function w(., t) at each

207
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time. This slight abstraction is a very important “mental shift” which is developed carefully in the
next section.

For the N-DOF system (10.1), the normal modes of vibration are obtained from the eigenval-
ues/vectors of the stiffness matrixK. In continuum systems, normal modes of vibrations are obtained
from the eigenvalues and eigenfunctions of the “stiffness” operation K. Abstractly a function v(x)
of a spatial variable is an eigenfunction of a differential operation K if for some (possibly complex)
number λ

Kv(x) = λ v(x).

Finding such eigenvalues λ and corresponding eigenfunctions v(x) is called an eigenvalue problem.
For example, for the 1D and 2D wave equations respectively, the eigenvalue problems are to find
numbers λ and functions v that satisfy

−ν2 ∂
2

∂x2
v(x) = λ v(x), (10.7)

−ν2 ∂
2

∂x2
v(x, y) − ν2

∂2

∂y2
v(x, y) = λ v(x, y). (10.8)

Note the absence of the time variable in these problems. They are differential equations that involve
only the spatial variables. Therefore (10.7) is actually an ODE in the single spatial variable x,
while (10.8) is a PDE in the two spatial variables x, y.

Once an eigenfunction is found, it is easy to show that if a system of the form (10.6) starts from
an initial condition which is an eigenfunction of the operation K, it will oscillate in time as a multiple
of that spatial eigenfunction. For example, for the 1D wave equation, if the initial condition is a
multiple of an eigenfunction satisfying (10.7)

w(x, 0) = α v(x),
∂

∂t
w(x, 0) = β v(x),

then the solution for all time will be of the form

w(x, t) = v(x) a cos(ωt+ θ), ω =
√
λ,

where the temporal oscillation frequency ω is the square root of the eigenvalue λ associated with the
eigenfunction v(x). The amplitude a and phase θ of the temporal oscillation is determined by the
details of the initial conditions (i.e. α and β). The fact that this is a solution of the PDE is easily
shown by direct verification. If v(x) satisfies (10.7), then

ν2
∂2

∂x2
v(x) = λ v(x) ⇒

∂2

∂t2

(
v(x) a cos(ωt+ θ)

)
= −ω2

(
v(x) a cos(ωt+ θ)

)

ν2 ∂2

∂x2

(
v(x) a cos(ωt+ θ)

)
= −λ

(
v(x) a cos(ωt+ θ)

)

10.1 Eigenvalues and Eigenfunctions of Differential Operators

Differentiation of a function is an operation on functions. Going forward, we will be very careful
with notation so as to emphasize this point. Up to now, we have been using notation like v(x) to
refer to a function of an independent variable x. From now on, we adopt the notation that v or
v(.) refers to the whole function as an object, while v(x) is the single number which is the value of
the function v at the point x. Thus v(x) is a number, while v or v(.) is the whole function. This
notational distinction is important to avoid confusion going forward.

Differentiation is an operation that takes functions to functions. We want to think of this in
analogy with a matrix being an operation that takes vectors to vectors. To emphasize this analogy,
the operation of differentiation with respect to an independent variable x will be denoted as follows

(
∂xv

)
(x) :=

∂v

∂x
(x).
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Parse through this notation carefully. v is a function, and the operator ∂x transforms the function
v to the function ∂xv. This transformation is given by the recipe above, i.e. the value (∂xv)(x) of
the function ∂xv at the point x is given by the partial derivative of v with respect to x. While at
first this notation may seem unnecessarily pedantic, it is important for understanding normal mode
analysis of PDEs in analogy with that for ODEs.

Using the notation above, we can express the fact that differentiation is a linear operation on
functions, i.e. given any two functions v1 and v2, and any linear combination αv1 + βv2 of these
functions

∂x(αv1 + βv2) = α ∂xv1 + β ∂xv2 (equality as functions)

⇔ for all x,
(
∂x(αv1 + βv2)

)
(x) = α

(
∂xv1

)
(x) + β

(
∂xv2

)
(x)
(equality at each point x)

⇔ for all x,
∂

∂x

(
αv1(x) + βv2(x)

)
= α

∂v1
∂x

(x) + β
∂v2
∂x

(x) (previous notation)

Thus differentiation is a linear operation in the same way that matrices are linear operations on
vectors

K
(
αv1 + βv2

)
= α Kv1 + β Kv2,

where α, β are scalars, v1,v2 are n-vectors, and K is an n × n matrix. This linearity property is
the key to generalizing the concepts of eigenvalues and eigenvectors from matrices to differential
operators.

Let’s take this analogy a little further. Given an n× n matrix K, we view it as an operation on
vectors; given an n-vector v, the matrix-vector product Kv produces another n-vector. Repeating
this operation say m times

K · · · K︸ ︷︷ ︸
m times

v = Kmv,

is equivalent to acting with the matrix Km. Similarly, differentiating a function v(.) m times is
expressed as

∂mv

∂xm
(x) =

∂

∂x
· · · ∂

∂x︸ ︷︷ ︸
m times

v(x) ⇔
(
∂mx v

)
(x) =

∂mv

∂xm
(x).

Similarly, mixed partial derivatives can be written as “compositions” of differentiation operations

(
∂x∂yv

)
(x, y) =

∂2v

∂x∂y
(x, y).

Here v is a function of two independent variables x, y (i.e. function over a 2D domain), and the
operation ∂x∂yv produces another function of the two independent variables x, y. This is an example
of the composition of two linear operators that commute since

for any function v,
∂2v

∂x∂y
(x, y) =

∂2v

∂y∂x
(x, y) ⇔ ∂x∂y = ∂y∂x.

The first statement above follows from multlivariable calculus; the two successive operations of
partial differentiation with respect to one of the variables followed by differentiation with respect to
the other can be performed in either order. This is succinctly stated by ∂x∂y = ∂y∂x, i.e. the two
operators ∂x and ∂y commute. Note that in general linear operators do not commute in the same
manner that not all matrices commute. However, when two operators do commute, then so do all
their powers. For example, for the mixed partial derivatives this implies

∂2
x∂

2
y = ∂x ∂x∂y︸ ︷︷ ︸

switch

∂y = ∂x∂y ∂x∂y︸ ︷︷ ︸
switch

= ∂x∂y︸ ︷︷ ︸
switch

∂y∂x = ∂y ∂x∂y︸ ︷︷ ︸
switch

∂x = ∂y∂y∂x∂x = ∂2
y∂

2
x
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<latexit sha1_base64="ptA/F3EkWoRVReVnYSCka9HWGbU=">AAACIHicdVC7TgMxEPSFVxKeAToaiwiJhugO8eqIRAElSASQSIR8zgas2L6TvQeE030BLfwAH0DFR9AhSuj4E5wEivAYyavR7Ky8O2EshUXff/NyQ8Mjo2P5QnF8YnJqeqY0e2SjxHCo8UhG5iRkFqTQUEOBEk5iA0yFEo7D9k63f3wJxopIH2InhoZi51q0BGfopIPgbKbsV9b89c1gg/4mQcXvobz9dPOx+zif7p+VvEK9GfFEgUYumbWngR9jI2UGBZeQFeuJhZjxNjuHtLdfRpec1KStyLinkfbUAR9T1nZU6JyK4YX92euKf/VOE2xtNVKh4wRB8/5HrURSjGj3WNoUBjjKjiOMG+E2pPyCGcbRRVIs1jVc8Ugppptp3VqbuepsMX5V7PQOGnApZ0K4xnQly1x43wnR/8nRaiXYqKwd+OWqT/rIkwWySJZJQDZJleyRfVIjnAC5JXfk3nvwnr0X77VvzXlfM3NkAN77Jxm7p+M=</latexit>

1
<latexit sha1_base64="wU+eWWcZukC3H/5NP1Vw5/da68w=">AAACIHicdVC5TgMxEPVyE+6jo7GIkGiIdsPZgUQBZSIRQCIR8jqTxML2ruxZIKz2C2jhB/gAKj6CDlFCx5/gJFCE40kePb15I8+8MJbCou+/eQODQ8Mjo2PjuYnJqemZ2bn5YxslhkOFRzIypyGzIIWGCgqUcBobYCqUcBJe7Hf6J5dgrIj0EbZjqCnW1KIhOEMnldfPZ/N+YaMYbK4X6W8SFPwu8rtPNx8Hj4tp6XzOG6/WI54o0Mgls/Ys8GOspcyg4BKyXDWxEDN+wZqQdvfL6IqT6rQRGfc00q7a52PK2rYKnVMxbNmfvY74V+8swcZOLRU6ThA0733USCTFiHaOpXVhgKNsO8K4EW5DylvMMI4uklyuquGKR0oxXU+r1trMVWeL8atiu3tQn0s5E8I1pmtZ5sL7Toj+T46LhWCrsFH283s+6WGMLJFlskoCsk32yCEpkQrhBMgtuSP33oP37L14rz3rgPc1s0D64L1/Av9Cp9M=</latexit>

3
<latexit sha1_base64="c6lTedzUOe35a4daFETUYPkmyhM=">AAACIHicdVC5TgMxEPVyhnAfHY1FhERDtIkiSAcSBZRBIodEIuR1JmBhe1f2LBBW+wW08AN8ABUfQYcooeNPcA6KcDzJo6c3b+SZF0RSWPT9d29sfGJyajozk52dm19YXFpeqdkwNhyqPJShaQTMghQaqihQQiMywFQgoR5cHvT69SswVoT6BLsRtBQ716IjOEMnHRfPlnJ+vlQqlsu79Dcp5P0+cnvPt5+HT2tJ5WzZm2m2Qx4r0Mgls/a04EfYSphBwSWk2WZsIWL8kp1D0t8vpZtOatNOaNzTSPvqiI8pa7sqcE7F8ML+7PXEv3qnMXbKrUToKEbQfPBRJ5YUQ9o7lraFAY6y6wjjRrgNKb9ghnF0kWSzTQ3XPFSK6XbStNamrjpbhMOK3f5BIy7lTAg3mGynqQvvOyH6P6kV84WdfOnYz+37ZIAMWScbZIsUyC7ZJ0ekQqqEEyB35J48eI/ei/fqvQ2sY95wZpWMwPv4Ak1XqAI=</latexit>

2 <latexit sha1_base64="dIoGVya0nPcNItMaRINinklg9tc=">AAACIHicdVC5TgMxEPVyhnAfHY1FhERDtImiQAcSBZRBIodEIuR1JmBhe1f2LBBW+wW08AN8ABUfQYcooeNPcA6KcDzJo6c3b+SZF0RSWPT9d29sfGJyajozk52dm19YXFpeqdkwNhyqPJShaQTMghQaqihQQiMywFQgoR5cHvT69SswVoT6BLsRtBQ716IjOEMnHeuzpZyfLxVL5Z0i/U0Keb+P3N7z7efh01pSOVv2ZprtkMcKNHLJrD0t+BG2EmZQcAlpthlbiBi/ZOeQ9PdL6aaT2rQTGvc00r464mPK2q4KnFMxvLA/ez3xr95pjJ3dViJ0FCNoPvioE0uKIe0dS9vCAEfZdYRxI9yGlF8wwzi6SLLZpoZrHirFdDtpWmtTV50twmHFbv+gEZdyJoQbTLbT1IX3nRD9n9SK+UI5Xzr2c/s+GSBD1skG2SIFskP2yRGpkCrhBMgduScP3qP34r16bwPrmDecWSUj8D6+AI2SqCY=</latexit>n
<latexit sha1_base64="j00w1d5o/850Nn/rbIG9MdrEJDE="></latexit>

n-1
<latexit sha1_base64="lD04iG+9H+8VP5MU+IwreJBAct8=">AAACIHicdVC7TgMxEPTxJrzCo6OxiJBoiHwQAR1IFFCCRACJRMjnbMDC9p3sPSCc7gto4Qf4ACo+gg5RQsef4CRQhMdIXo1mZ+XdiRIlHTL2FvT1DwwODY+MFsbGJyanitMzhy5OrYCqiFVsjyPuQEkDVZSo4DixwHWk4Ci62G73jy7BOhmbA2wlUNf8zMimFBy9tF85LZZYubK6zlhIf5OwzDoobT7dfOw8zmV7p9PBaK0Ri1SDQaG4cychS7CecYtSKMgLtdRBwsUFP4Oss19OF73UoM3Y+meQdtQeH9fOtXTknZrjufvZa4t/9U5SbG7UM2mSFMGI7kfNVFGMaftY2pAWBKqWJ1xY6Tek4pxbLtBHUijUDFyJWGtuGlnNOZf76m0JflVsdQ7qcWlvQrjGbDnPfXjfCdH/yeFKOVwrV/ZZaYuRLkbIPFkgSyQk62SL7JI9UiWCALkld+Q+eAieg5fgtWvtC75mZkkPgvdP9ymnzg==</latexit>

4

x1
<latexit sha1_base64="aupoPPLWuZiayVA7G1HEQ2ocYJY="></latexit><latexit sha1_base64="Q8WE+vyYWOwbDhvHcfcqGnExb98="></latexit><latexit sha1_base64="Q8WE+vyYWOwbDhvHcfcqGnExb98="></latexit><latexit sha1_base64="a4nWVH29ACP9ZF+0HuRszp1NXkY=">AAACInicdVDLSgMxFM34bOuzunQTLIIbS+KitruCG5cVrQq2lEya1mCSGZI72jLMJ7jVH/Br3IkrwY8x09ZFRS/kcjjnXHLvCWMlHRDyGSwsLi2vrBaKpbX1jc2t7fLOlYsSy0WbRyqyNyFzQkkj2iBBiZvYCqZDJa7D+9Ncv34Q1snIXMI4Fl3NhkYOJGfgqYtRj/a2K6RKCKGU4hzQkxrxoNGoH9M6prnkq4Jm1eqVg2KnH/FECwNcMeduKYmhmzILkiuRlTqJEzHj92wo0smGGT7wVB8PIuufATxh53xMOzfWoXdqBnfut5aTf2m3CQzq3VSaOAFh+PSjQaIwRDg/F/elFRzU2APGrfQbYn7HLOPgQymVOkY88khrZvppxzmX+e5tMcw6jCcHzbm0N4EYQXqUZT68n4Tw/+DquEpJlZ6TSrM2i7GA9tA+OkQUnaAmOkMt1EYcDdETekYvwWvwFrwHH1PrQjCb2UVzFXx9A8PfpOo=</latexit>

x2
<latexit sha1_base64="ONEtrlR1Jc02Uc7J9/3y9nYP+1U="></latexit><latexit sha1_base64="gRGg2B1/JeeLJwKjNPHnpw3xLGI="></latexit><latexit sha1_base64="gRGg2B1/JeeLJwKjNPHnpw3xLGI="></latexit><latexit sha1_base64="sT1ULw6BEhwkJ2nbiOvjcYrC80A=">AAACInicdVDLSgMxFM34bOuzunQTLIIbS9KF1l3BjcuKtgq2lEya1mCSGZI72jLMJ7jVH/Br3IkrwY8x09ZFRS/kcjjnXHLvCWMlHRDyGSwsLi2vrBaKpbX1jc2t7fJO20WJ5aLFIxXZm5A5oaQRLZCgxE1sBdOhEtfh/VmuXz8I62RkrmAci65mQyMHkjPw1OWoV+ttV0iVEEIpxTmgJ8fEg9PTeo3WMc0lXxU0q2avHBQ7/YgnWhjgijl3S0kM3ZRZkFyJrNRJnIgZv2dDkU42zPCBp/p4EFn/DOAJO+dj2rmxDr1TM7hzv7Wc/Eu7TWBQ76bSxAkIw6cfDRKFIcL5ubgvreCgxh4wbqXfEPM7ZhkHH0qp1DHikUdaM9NPO865zHdvi2HWYTw5aM6lvQnECNKjLPPh/SSE/wftWpWSKr0glcbxLMYC2kP76BBRdIIa6Bw1UQtxNERP6Bm9BK/BW/AefEytC8FsZhfNVfD1DcWbpOs=</latexit>

x3
<latexit sha1_base64="SRIQmv2VTBw6xxAtkVrCH1RqFx4="></latexit><latexit sha1_base64="a+/3dI2XWW/HZpbTnASApHDapd8="></latexit><latexit sha1_base64="a+/3dI2XWW/HZpbTnASApHDapd8="></latexit><latexit sha1_base64="saLjjbU+5dMBXy+laQYv6uHstLg=">AAACInicdVDLSgMxFM34rPVVdekmWAQ3lkShrTvBjcuKVgVbSiZN29AkMyR3tGWYT3CrP+DXuBNXgh9jptZFRS/kcjjnXHLvCWMlHRDyEczNLywuLRdWiqtr6xubpa3taxcllosmj1Rkb0PmhJJGNEGCErexFUyHStyEw7Ncv7kX1snIXME4Fm3N+kb2JGfgqctR57hTKpMKIYRSinNAa1XiwclJ/YjWMc0lX2U0rUZnK1hpdSOeaGGAK+bcHSUxtFNmQXIlsmIrcSJmfMj6Ip1smOF9T3VxL7L+GcATdsbHtHNjHXqnZjBwv7Wc/Eu7S6BXb6fSxAkIw78/6iUKQ4Tzc3FXWsFBjT1g3Eq/IeYDZhkHH0qx2DLigUdaM9NNW865zHdvi2HaYTw5aMalvQnECNLDLPPh/SSE/wfXRxVKKvSClE+r0xgLaBftoQNEUQ2donPUQE3EUR89oif0HLwEr8Fb8P5tnQumMztopoLPL8dXpOw=</latexit>

x4
<latexit sha1_base64="QKYnNuG4t7oAz8Z4fMRR2dxyXEg="></latexit><latexit sha1_base64="6x98cjnaRCpbDSh9Ff33zzidJf4="></latexit><latexit sha1_base64="6x98cjnaRCpbDSh9Ff33zzidJf4="></latexit><latexit sha1_base64="C5NwgwSy8X3YHg6n8zR6QlVY0Tk=">AAACInicdVDLSgMxFM34rPVVdekmWAQ3lkSkrTvBjcuKVgVbSiZN29AkMyR3tGWYT3CrP+DXuBNXgh9jptZFRS/kcjjnXHLvCWMlHRDyEczNLywuLRdWiqtr6xubpa3taxcllosmj1Rkb0PmhJJGNEGCErexFUyHStyEw7Ncv7kX1snIXME4Fm3N+kb2JGfgqctR57hTKpMKIYRSinNAa1XiwclJ/YjWMc0lX2U0rUZnK1hpdSOeaGGAK+bcHSUxtFNmQXIlsmIrcSJmfMj6Ip1smOF9T3VxL7L+GcATdsbHtHNjHXqnZjBwv7Wc/Eu7S6BXb6fSxAkIw78/6iUKQ4Tzc3FXWsFBjT1g3Eq/IeYDZhkHH0qx2DLigUdaM9NNW865zHdvi2HaYTw5aMalvQnECNLDLPPh/SSE/wfXRxVKKvSClE+r0xgLaBftoQNEUQ2donPUQE3EUR89oif0HLwEr8Fb8P5tnQumMztopoLPL8kTpO0=</latexit>

xn-1
<latexit sha1_base64="ZbWHvzIo//96NwCSyG9bQSeLZe8="></latexit><latexit sha1_base64="mtye6oTonuCeXHW6A/fjTce4xyE="></latexit><latexit sha1_base64="mtye6oTonuCeXHW6A/fjTce4xyE="></latexit><latexit sha1_base64="WgwXWmO8sKwvdSUAE6FnmjP7L+I="></latexit>

<latexit sha1_base64="fHLXTpgv5m9BdMO/6TwI+bpaVMk="></latexit>xn
<latexit sha1_base64="sTNh4/tctEjlmX1a18ix5JdSVK0="></latexit>2
64

x1

...
xn

3
75 <latexit sha1_base64="p7txQSa4KomDqMMBblqt5FUeGlM=">AAACB3icdVDLSsNAFJ3UV62PRl26GSyCq5JosC4LunDhooJ9QBvKZDpph84kYeZGKaEf4De41bU7cetnuPRPnD4E6+PAhcM593LvPUEiuAbHebdyS8srq2v59cLG5tZ20d7Zbeg4VZTVaSxi1QqIZoJHrA4cBGslihEZCNYMhucTv3nLlOZxdAOjhPmS9CMeckrASF272LliISjeHwBRKr7r2iWn7LnOScXDv4lbdqYooTlqXfuj04tpKlkEVBCt266TgJ8RBZwKNi50Us0SQoekz9qGRkQy7WfTw8f40Cg9HMbKVAR4qn6fyIjUeiQD0ykJDPRPbyL+5bVTCM/8jEdJCiyis0VhKjDEeJIC7nHFKIiRIYQqbm7FdEAUoWCyWtgSyLHJ5Otx/D9pHJfd07J37ZWqF/N08mgfHaAj5KIKqqJLVEN1RFGKHtAjerLurWfrxXqdteas+cweWoD19gmO75pL</latexit>,

(a) A vector as a function

t
<latexit sha1_base64="XfemvfXR3+RUwdIC+e5WWYAZPi4="></latexit><latexit sha1_base64="F7NYAiCYCb2pYKnZU2/Dbjglsuc="></latexit><latexit sha1_base64="F7NYAiCYCb2pYKnZU2/Dbjglsuc="></latexit><latexit sha1_base64="2aZrcv60lrJJcLeHLJXQ1sl0T/c=">AAACIHicdVDLSgMxFM34rPWtSzfBIrixzNRH7UYKblwq2AfYIpn0tgaTzJDcUcswX+BWf8CvcScu9WvM1Lqo6IFcDueeS+49YSyFRd//8KamZ2bn5gsLxcWl5ZXVtfWNpo0Sw6HBIxmZdsgsSKGhgQIltGMDTIUSWuHtad5v3YGxItKXOIyhq9hAi77gDJ10gddrJb98EFQqRwHNSa1W289J5TCoVmlQ9kcokTHOr9e9hU4v4okCjVwya68CP8ZuygwKLiErdhILMeO3bADpaL+M7jipR/uRcU8jHakTPqasHarQORXDG/u7l4t/9a4S7B93U6HjBEHz74/6iaQY0fxY2hMGOMqhI4wb4Tak/IYZxtFFUix2NNzzSCmme2nHWpu56mwxjisORwdNuJQzITxgupdlLryfhOj/pFkpB345uPBL9ZNxjAWyRbbJLglIldTJGTknDcIJkEfyRJ69F+/Ve/Pev61T3nhmk0zA+/wCoRGkYQ==</latexit>

x1(t)
<latexit sha1_base64="B6B78i819yMD7v2paat4+C8jt64="></latexit><latexit sha1_base64="YBUL+S+oFQjiD7/glbsD61AJEzM="></latexit><latexit sha1_base64="YBUL+S+oFQjiD7/glbsD61AJEzM="></latexit><latexit sha1_base64="XW4bPUqr6x6huRc2SXGgMfleKCY="></latexit>

x2(t)
<latexit sha1_base64="mTBgiSmDExlCVU9L4pdr7FTrqrw="></latexit><latexit sha1_base64="QRI6HVu4AasDikqgHQgmfNsJCVk="></latexit><latexit sha1_base64="QRI6HVu4AasDikqgHQgmfNsJCVk="></latexit><latexit sha1_base64="dZWvxE+J/aMdGyHlR9v7KHDuiek="></latexit>

<latexit sha1_base64="uWTY0dgVsW/Omm+fN8cVk0yyDf0="></latexit>

xn(t)

t
<latexit sha1_base64="XfemvfXR3+RUwdIC+e5WWYAZPi4="></latexit><latexit sha1_base64="F7NYAiCYCb2pYKnZU2/Dbjglsuc="></latexit><latexit sha1_base64="F7NYAiCYCb2pYKnZU2/Dbjglsuc="></latexit><latexit sha1_base64="2aZrcv60lrJJcLeHLJXQ1sl0T/c=">AAACIHicdVDLSgMxFM34rPWtSzfBIrixzNRH7UYKblwq2AfYIpn0tgaTzJDcUcswX+BWf8CvcScu9WvM1Lqo6IFcDueeS+49YSyFRd//8KamZ2bn5gsLxcWl5ZXVtfWNpo0Sw6HBIxmZdsgsSKGhgQIltGMDTIUSWuHtad5v3YGxItKXOIyhq9hAi77gDJ10gddrJb98EFQqRwHNSa1W289J5TCoVmlQ9kcokTHOr9e9hU4v4okCjVwya68CP8ZuygwKLiErdhILMeO3bADpaL+M7jipR/uRcU8jHakTPqasHarQORXDG/u7l4t/9a4S7B93U6HjBEHz74/6iaQY0fxY2hMGOMqhI4wb4Tak/IYZxtFFUix2NNzzSCmme2nHWpu56mwxjisORwdNuJQzITxgupdlLryfhOj/pFkpB345uPBL9ZNxjAWyRbbJLglIldTJGTknDcIJkEfyRJ69F+/Ve/Pev61T3nhmk0zA+/wCoRGkYQ==</latexit>

,
<latexit sha1_base64="MHv0nzz+2bfGyhHpLES5kjyF8LM="></latexit><latexit sha1_base64="rlPlkBsxfFnjTNUMRLidQhkDqS0="></latexit><latexit sha1_base64="rlPlkBsxfFnjTNUMRLidQhkDqS0="></latexit><latexit sha1_base64="ITRR5jez2tKYu+NY83dJK3AQVtw=">AAACMHicbVC7TsNAEDyHVwivACWNRYREQ2TTQImgoaAIEoFIOIrOl3Vyyj2suzUQWf4SWvgBvgYqRMtXcAluEhjpVqPZWd3uxKngFoPgw6ssLC4tr1RXa2vrG5tb9e2dW6szw6DNtNCmE1MLgitoI0cBndQAlbGAu3h0MenfPYCxXKsbHKfQlXSgeMIZRSf16lvRFSRo+GCI1Bj92Ks3gmYwhf+XhCVpkBKt3ra3GvU1yyQoZIJaex8GKXZzapAzAUUtyiyklI3oAPLpvoV/4KS+n2jjnkJ/qs74qLR2LGPnlBSHdr43Ef/r3WeYnHZzrtIMQbHfj5JM+Kj9yfF+nxtgKMaOUGa429BnQ2ooQxdRrRYpeGRaSqr6eWStLVx1thTLiuPpQTMu6UwIT5gfFYULL5yP6i+5PW6GQTO8Dhpn52WMVbJH9skhCckJOSOXpEXahJGMPJMX8uq9ee/ep/f1a6145cwumYH3/QPFcqqR</latexit>
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(b) A vector as a function

Figure 10.1: Vectors as functions and functions as vectors

Similar arguments show that all higher powers of those two operators commute. A nice application
of this fact allows us to view the two-dimensional PDE for plate vibrations as a generalization of
the one-dimensional Euler-Bernoulli beam equation as follows. First, note that the commutativity
shown above implies the following

(
∂2
x + ∂2

y

)2
=
(
∂2
x + ∂2

y

) (
∂2
x + ∂2

y

)
= ∂2

x∂
2
x + ∂2

x∂
2
y + ∂2

y∂
2
x︸ ︷︷ ︸

(equal because ∂2
x∂

2
y = ∂2

y∂
2
x)

+∂2
y∂

2
y

= ∂4
x + 2 ∂2

x∂
2
y + ∂4

y (10.9)

This last differential operator is the one appearing on the right hand side of PDE (10.5) for plate
vibrations. In one dimension, second derivative operator ∂2

x is called the Laplacian. In two dimen-
sions, the Laplacian is ∂2

x + ∂2
y. Thus in the Euler-Bernoulli beam equation (10.4), the right hand

side is given by the square
(
∂2
x

)2
= ∂4

x of the one-dimensional Laplacian, while the right hand side
of the plate vibrations PDE (10.5) is also given by the square of the Laplacian, but in this case we
use the two-dimensional Laplacian (10.9). This is why we call the plate vibrations PDE the “2D
Euler-Bernoulli equation”.

Functions as Continuum versions of Vectors

The final ingredient in this new way of thinking about PDEs is to write fields like w(x, t) so as to
view the dependence on x differently from the dependence on t.

w(t) := w(., t),
(
w(t)

)
(x) := w(x, t)

We now rewrite the equations (10.2)-(10.5) in this operator notation

d2

dt2 w(t) = −K w(t) (vector ODE for n-DOF system with M = I)

∂2
tw(t) = ν2∂2

x w(t) (1D wave equation for strings)

∂2
tw(t) = ν2

(
∂2
x + ∂2

y

)
w(t) (2D wave equation for membranes)

∂2
tw(t) = −α ∂4

x w(t) (Euler-Bernoulli equation for beams)

∂2
tw(t) = −α

(
∂2
x + ∂2

y

)2
w(t) (2D Euler-Bernoulli equation for plates)

Continuum Vibration Modes are Eigenfunctions

In n-DOF systems, the modes of vibrations are given by the eigenvalues and eigenvectors of the
matrixM−1K, i.e. the matrix that appears on the right hand side of the vector differential equation.
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Similar statements will apply to continuum systems, but we will consider the eigenvalue problem for
the spatial differential operators that appear on the right hand side of the PDE.

Consider any PDE written in the form

∂2
tw(t) = −K w(t) ⇔ ∂2

tw(x, t) = − (Kw(., t))(x, t), (10.10)

where K is a spatial differential operator. A function v(.) is called an eigenfunction of a linear
operator if for some (possibly complex) number λ

Kv = λ v ⇔ (Kv) (x) = λ v(x), (10.11)

where λ is called the eigenvalue corresponding to this eigenfunction. Just like n-DOF where initial
conditions which are eigenvectors produce solutions which are pure modes, the situation is the same
here. Let the initial condition of (10.10) be an eigenfunction like (10.11), it follows that the solution
must be

w(x, 0) = α v(x)
∂tw(x, 0) = β v(x)

⇒ w(x, t) = v(x) w cos(ωt+ θ), ω =
√
λ.

Note the “separation form” of the solution as a product of a function of x and a function of t. The
solution oscillates in time with a frequency ω =

√
λ determined by the eigenvalue, but the “spatial

shape” of the solution is always a multiple of eigenfunction v(.). The amplitude w and phase θ of
the temporal oscillations are determined by the initial condition parameters α and β.

For example, consider the 1D Laplacian ∂2
x. A function v(.) is an an eigenfunction of this operator

if for some (possibly complex) number λ

(
∂2
xv
)
(x) = λ v(x) ⇔ d2

dx2
v(x) = λ v(x). (10.12)

In this case λ is called the eigenvalue corresponding to this eigenfunction.
To see what eigenfunctions imply for the dynamics of PDEs, consider the 1D wave equation with

an initial condition which is an eigenfunction (10.12) of ∂2
x

∂2
tw(x, t) =

We will briefly describe this more abstract approach using the Euler-Bernoulli equation. Recall
the dynamics (9.14)

∂2

∂t2
W (x, t) = − s̄∂4

x W (x, t), 0 ≤ x ≤ L. (10.13)

The spatial derivative can be thought of as a linear operator K := s̄∂4
x which acts on functions

defined over the spatial domain 0 ≤ x ≤ L. A function v(x) on that domain is an eigenfunction of
K with eigenvalue λ if

K v = λ v ⇔ s̄∂4
x v(x) = λ v(x), 0 ≤ x ≤ L. (10.14)

Notice that the statement Kv = λv is the same as if K were a matrix, and v were a vector. The new
feature now is that K = −s̄∂4

x is a linear operator (that operates on functions rather than vectors),
and v is a function.

The statement on the right in (10.26) is just the statement Kv = λv in detail. This statement
is actually a differential equation. To see this, assume again a beam clamped at x = 0 (with no
actuation in this case), and free at x = L. The (purely spatial) differential equation for determining
the eigenfunctions becomes

s̄ v(4)(x) − λ v(x) = 0,
v(0) = 0, v(2)(L) = 0

v(1)(0) = 0, v(3)(L) = 0
. (10.15)

This is a 4’th order differential equation for v(x) with a “free parameter” λ. It is called a “two point
boundary value problem” since the boundary conditions are given at two points, namely x = 0 and
x = L. Note that time does not play a role in this equation, the same way that when solving for
normal modes, we solve an eigenvalue problem for a matrix Kv = λv, and this eigenvalue problem
does not involve time.
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w(x, t)

(a) Wave motion of a string are modeled using a function of spatial location x and time t. w(x, t) describes the
time-varying transverse displacement of the string. The fact that the string is pinned at both ends is expressed
by the boundary conditions w(±L, t) = 0 for all t ≥ 0.
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~ = (x,y)

(b) In 2D, an acoustic plane wave is a pressure fluctuation of the form p(x, y, t) = ψ
(
(κxx+ κyy) − νt

)
. It is a

wave traveling in the direction of the wavenumber vector κ⃗ = (κx, κy) with speed ν. A plane wave in 2D (or 3D)
can be represented as a one-dimensional wave in the spatial coordinate z := κxx+ κyy, while being constant in
an orthogonal coordinate.

Figure 10.2: The one-dimensional wave equation can describe either (a) the vibrations of a string, or (b) a plane
wave. Here an acoustic wave of pressure fluctuations is depicted, but the same analysis is applicable electromagnetic
or elastic plane waves.

10.2 String Vibrations and Acoustics: The Wave Equation

The one-dimensional wave equation for a quantity w(x, t) that varies in both time t and a one-
dimensional medium with spatial coordinate x is

∂2
tw(x, t) = ν2(x) ∂2

xw(x, t), (10.16)

where the coefficient function ν(x) describes certain material properties of the medium. When ν is
a constant in x, it corresponds to the wave speed as described in Section 9.2. The wave equation is
encountered in a wide variety of physical phenomena such as string vibrations, and “plane waves” in
elasticity, acoustics and electromagnetics. Appendices 10.A.1 and 10.A.2 detail the derivations of the
respective wave equations for string vibrations and acoustic waves respectively. We now summarize
how each of the two phenomena are modeled with an equation of the form (10.16).

The dynamics of a string of length 2L pinned at both ends x = ±L illustrated in Figure 10.2a
are given by the one-dimensional wave equation with the following boundary conditions

∂2
t w(x, t) = ν2(x) ∂2

xw(x, t), w(-L, t) = 0, w(L, t) = 0. (10.17)

The function ν(x) depends on the material properties of the string, which in analogy with
√
k/m

is the square root of ratio of local tension over local (linear) density of the string. For a string of
uniform density and tension, ν is independent of x, which is the case we will consider in this chapter.

In a non-moving gas, small pressure p(x, t) and velocity v(x, t) fluctuations forming a plane wave
as shown in Figure 10.2b can be described by the pair of one-dimensional, coupled PDEs (10.53)
which we recall here

∂tv(x, t) = 1
ρ̄ ∂xp(x, t),

∂tp(x, t) = γp̄ ∂xv(x, t).
(10.18)

In these equations v(x, t) and p(x, t) are air particles’ velocity and pressure fluctuations respectively,
and ρ̄ and p̄ are the nominal constant density and pressure about which the fluctuations are occurring.
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Figure 10.3: Acoustic boundary conditions in a high aspect ratio tube. At closed ends, the no-slip condition results
in zero velocity boundary conditions. At open ends, more complicated “radiative” boundary conditions are typically
needed. However, for high aspect ratio tubes, a reasonable approximation is to assume zero pressure fluctuations at
the open end. Due the structure of the equations, a zero pressure fluctuation boundary condition can equivalently be
represented as zero velocity-derivative condition.

γ := 1+ R
cv

is the heat capacity ratio, which is a dimensionless number equal to 1.4 for diatomic gases
like air. Although the equations (10.18) at first look do not resemble the wave equation (10.16),
the pressure and velocity fields individually obey wave equations. To see that, differentiate the first
equation with respect to t and the second one with respect to x

∂tv(x, t) =
1
ρ̄ ∂xp(x, t) ⇒ ∂2

t v(x, t) =
1
ρ̄ ∂t∂xp(x, t)

∂tp(x, t) = γp̄ ∂xv(x, t) ⇒ ∂x∂tp(x, t) = γp̄ ∂2
xv(x, t)

⇒ ∂2
t v(x, t) =

γp̄
ρ̄ ∂2

xv(x, t) (since ∂x∂t = ∂t∂x)

This is a wave equation with wave speed ν =
√
γp̄/ρ̄. Alternatively, if we differentiate the first

equation in (10.18) with respect to x and the second one with respect to t

∂tv(x, t) =
1
ρ̄ ∂xp(x, t) ⇒ ∂x∂tv(x, t) =

1
ρ̄ ∂2

xp(x, t)

∂tp(x, t) = γp̄ ∂xv(x, t) ⇒ ∂2
t p(x, t) = γp̄ ∂t∂xv(x, t)

⇒ ∂2
t p(x, t) =

γp̄
ρ̄ ∂2

xp(x, t). (since ∂x∂t = ∂t∂x)

Thus pressure also obeys a wave equation with the same wave speed as velocity wave equation1.
The boundary conditions for pressure and velocity depend on the geometry. For example, to

model acoustic waves in narrow tubes as shown in Figure 10.3, the one-dimensional model is a
reasonable approximation. If one end of the tube is closed, then particle velocity at that end must
be zero for all time by the no-slip condition. Thus the acoustic dynamics in a narrow tube with both
ends closed would be described by the wave equation (for velocity) with zero boundary conditions

∂2
t v(x, t) = γp̄

ρ̄ ∂2
xv(x, t) v(-L, t) = 0, v(L, t) = 0, (10.19)

which resembles the equation for string vibrations (10.17).
On the other hand, if one end is open, then a “radiative” boundary condition2 needs to be

imposed. For tubes with very high aspect ratio, a reasonable approximation is that pressure fluctu-
ations at the open end are zero. We can apply those boundary conditions regardless of whether we
take the wave equation for velocity or the equivalent alternative wave equation for pressure. This
because when the equations relating velocity and pressure (10.18) are applied at a particular point
x̄ for all time

for t ≥ 0, v(x̄, t) = 0 ⇒ ∂tv(x̄, t) = 0
and ∂tv(x̄, t) = 1

ρ̄ ∂xp(x, t)

}
⇒ ∂xp(x̄, t) = 0

for t ≥ 0, p(x̄, t) = 0 ⇒ ∂tp(x̄, t) = 0
and ∂tp(x̄, t) = γp̄ ∂xv(x, t)

}
⇒ ∂xv(x̄, t) = 0

Thus we can replace a zero velocity boundary condition with a zero derivative pressure boundary
condition and vice versa.

1Standardized atmospheric pressure at sea level is 1 atm (atmosphere) := 101,235 Pa. The standardized air density

at sea level is approximately 1.2 Kg/m2. This leads to a speed of sound of
√
γp̄/ρ̄ ≈ 344 m/s.

2A “radiative” or “Robin” boundary condition specifies a linear relation between pressure and velocity at the open
end v(L, t) = αp(L, t), where the parameter α is related to the “acoustic impedance” at the tube opening.

Draft: Vibrations, March 2, 2025 © 2024, Bassam Bamieh



214 10.2. String Vibrations and Acoustics: The Wave Equation

For example, for a tube closed at the left end x = -L and open at the right end x = L, we can
use either of wave equations with their following respective boundary conditions

∂2
t v(x, t) = γp̄

ρ̄ ∂2
xv(x, t), v(-L, t) = 0, ∂xv(L, t) = 0,

∂2
t p(x, t) = γp̄

ρ̄ ∂2
xp(x, t), ∂xp(-L, t) = 0, p(L, t) = 0.

10.2.1 Normal Modes: Eigenvalues and Eigenfunctions

The normal modes of string vibrations are determined by the eigenvalues of the one-dimensional PDE
operator ν2(x) ∂2x together with the boundary conditions listed above. For strings with homogenous
material properties, ν(x) is constant in x (which from now on we write as simply ν), and therefore
the operator has constant coefficients, which greatly simplifies its analysis. The normal modes of
vibrations are obtained from eigenfunctions which satisfy3 equations of the form

∂2x v(x) = λ v(x), v(-L) = 0, v(L) = 0, (10.20)

for some (possibly complex) number λ. Note that there is no time dependence in this eigenvalue
problem, and therefore it is actually an ODE in the independent variable x

d2

dx2
v(x) = λ v(x), v(±L) = 0.

This is a second order ODE with constant coefficients. It may not have solutions that satisfy the
boundary conditions for all λ. We first characterize the numbers λ for which there exists solutions,
and then construct those solutions. The characteristic roots are given as the roots s̄ of the polynomial
(s2 − λ) = 0. The form of the solutions depends on whether λ = s̄2 is positive, zero, or negative as
follows

v(x) =





v1 e
s̄x + v2 e

−s̄x λ > 0, s̄ =
∣∣∣
√
λ
∣∣∣ ,

v1 x + v2, λ = 0,

v ejs̄x + v∗ e−js̄x λ < 0, s̄ =
∣∣∣
√
|λ|
∣∣∣ .

(10.21)

For each of the three cases, the constraint of satisfying the boundary conditions v(±L) = 0 can be
expressed as a system of two linear equations (for the coefficients v1, v2 or v)

λ>0︷ ︸︸ ︷[
es̄L e−s̄L

e−s̄L es̄L

] [
v1
v2

]
=

[
0
0

]
,

λ=0︷ ︸︸ ︷[
L 1
−L 1

] [
v1
v2

]
=

[
0
0

]
,

λ<0︷ ︸︸ ︷[
ejs̄L e−js̄L

e−js̄L ejs̄L

] [
v
v∗

]
=

[
0
0

]
.

Thus non-zero coefficients that satisfy the boundary conditions exist iff the corresponding 2×2 matrix
is singular. This condition is most easily expressed in this case via their respective determinants

non-trivial solutions exists for





λ > 0 if e2s̄L − e−2s̄L = sinh(2s̄L) = 0,
λ = 0 if L+ L = 2L = 0,
λ < 0 if e2js̄L − e−2js̄L = 1

2j sin(2s̄L) = 0.

Clearly the case λ = 0 is inadmissible. The case λ > 0 is also inadmissible since s̄ > 0, and
sinh(2s̄L) = 0 only at s̄ = 0. This leaves the third case for which the condition becomes

s̄ > 0, sin(2Ls̄) = 0 ⇒ s̄ =
π

L
n, n = 1, 2, . . . ⇒ λn = −π

2

L2
n2, n = 1, 2, . . . ,

where the last equality recalls that λn = −s̄2 for the case λ < 0.

3Recall that the eigenvalues of a scaling ν2∂2x of the operator are simply ν2 times the eigenvalues of ∂2x. On the
other hand, the eigenfunctions of the two operators are the same.
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Having calculated the eigenvalues, we now find the coefficient v to obtain the eigenfunctions.
The general form for the case λ < 0 is that of a sinusoid of frequency s̄n := nπ/L. Any such sinusoid
can be written (ignoring the amplitude for now) as a sine with some phase β

vn(x) = sin
(
n(π/L)x+ β

)
. (10.22)

Using the boundary conditions again

0 = vn(±L) = sin
(
n
π

L
(±L) + β

)
⇒ ±nπ + β = k 2π ⇒ β = π(n+ 2k),

where k is any integer. Note however that we can take k = 0 since an additional phase of kL for
the sine function can only change its sign (i.e. sin(γ + kL) = ± sin(γ)), which does not effect the
condition above. Similarly, we can take β = +Ln/2 since if sin(γ+L/2) = 0, the so is sin(γ−L/2) = 0
(and similarly for n > 1). We finally conclude that the eigenfunctions and eigenvalues are all of the
form

vn(x) = sin
(n
2
(x+ L)

)
, ωn =

n

2
, n = 1, 2, . . . .. (10.23)

10.3 The Euler-Bernoulli Beam

The dynamic Euler-Bernoulli equation for an unloaded, undamped beam is

∂2
tW (x, t) = − α ∂4

xW (x, t), 0 ≤ x ≤ L, α :=
EI

ρ
, (10.24)

whereW (x, t) is the beam’s deflection at location x and time t. E, I, ρ are the Young’s modulus, area
moment of inertia, and the linear mass density of the beam respectively. The boundary conditions
on this equation are determined by how the beam is supported (e.g. clamped at one end and free
at the other, pinned at both ends, etc.).

The results presented earlier relied on a finite-difference discretization of the spatial derivatives in
the Euler-Bernoulli equation. There is an alternative, more analytical approach that lends additional
insight compared to the numerical method. This approach relies on an abstraction where the spatial
derivative ∂4

x is considered as an infinite dimensional version of a matrix, referred to as a linear
operator. While matrices operate on vectors to produce other vectors, linear operators act on
functions to produce other functions. The linear algebra concepts are very analogous though, linear
operators have eigenvalues, but possibly an infinite number of them, and they have eigenfunctions
as their version of eigenvectors.

We will briefly describe this more abstract approach using the Euler-Bernoulli equation. Recall
the dynamics (9.14)

∂2
tW (x, t) = − α ∂4

xW (x, t), 0 ≤ x ≤ L. (10.25)

The spatial derivative can be thought of as a linear operator K := α∂4
x which acts on functions

defined over the spatial domain 0 ≤ x ≤ L. A function v(x) on that domain is an eigenfunction of
K with eigenvalue λ if

K v = λ v ⇔ α∂4
x v(x) = λ v(x), 0 ≤ x ≤ L. (10.26)

Notice that the statement Kv = λv is the same as if K were a matrix, and v were a vector. The new
feature now is that K = −α∂4

x is a linear operator (that operates on functions rather than vectors),
and v is a function.

The statement on the right in (10.26) is just the statement Kv = λv in detail. This statement
is actually a differential equation. To see this, assume again a beam clamped at x = 0 (with no
actuation in this case), and free at x = L. The (purely spatial) differential equation for determining
the eigenfunctions becomes

s̄ v(4)(x) − λ v(x) = 0,
v(0) = 0, v(2)(L) = 0

v(1)(0) = 0, v(3)(L) = 0
. (10.27)
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216 10.4. Vibrations of Thin Membranes: The 2D Wave Equation

This is a 4’th order differential equation for v(x) with a “free parameter” λ. It is called a “two point
boundary value problem” since the boundary conditions are given at two points, namely x = 0 and
x = L. Note that time does not play a role in this equation, the same way that when solving for
normal modes, we solve an eigenvalue problem for a matrix Kv = λv, and this eigenvalue problem
does not involve time.

The differential equation (10.27) can be solved with standard methods for constant coefficient
ODEs. We will not show the details here. The main feature is that the parameter λ is not given,
but it is to be determined. One can show that this equation has solutions that satisfy the boundary
conditions only for values of λ which satisfy the equation

cos
(
λ1/4

)
cosh

(
λ1/4

)
+ 1 = 0, (10.28)

where for simplicity we assumed s̄ = 1 and L = 1. The equation (10.28) has an infinite set of
solutions at discrete values {λi}∞i=1. The normal modes are then obtained from

ωi =
√
λi, i = 1, 2, . . . .

Equation (10.28) does not have analytical solutions, but good estimates can be obtained for large λ
since cosh

(
λ1/4

)
grows exponentially. Therefore

λ≫ 1 ⇒ cos
(
λ1/4

)
=

−1
cosh

(
λ1/4

) ≈ 0 ⇒ λ
1/4
i ≈ iL− L

2

⇒ ωi =
√
λi ≈

(
iL− L

2

)2
. (10.29)

Thus for large ωi we see that the normal modes behave like ωi ∼ i2. For lower values of ω =
√
λ,

the zeros of equation (10.28) can be calculated numerically, and the table below gives the values for
the first 4 normal modes. We see that the approximation (10.29) is quite reasonable even for ω2.

ω1 ω2 ω3 ω4

actual values 3.516 22.03 61.70 121.0

(
iL− L

2

)2
2.467 22.21 61.69 120.9

Finally, the reader should note that the values of ω1, ω2, ω3, ω4 calculated from the eigenvalue problem
here are precisely the resonances seen in Figure 9.9a as expected from the theory.

For each computed eigenvalue λi, one can substitute that number in the differential equa-
tion (10.27) and solve it for the i’th eigenfunction vi(x). This will produce the exact mode shapes
shown in Figure 9.9b.

10.4 Vibrations of Thin Membranes: The 2D Wave Equation

The vibrations of a thin membranes are described by a function w(x, y, t) of two spatial variables
x, y and time t, where w(x, y, t) is the instantaneous transverse displacement of the membrane. The
vibration dynamics of such thin membranes with isotropic and homogenous material properties are
governed by 2 dimensional version of the wave equation

∂2t w(x, y, t) = ν2
(
∂2xw(x, y, t) + ∂2yw(x, y, t)

)
= ν2

(
∂2x + ∂2y

)
w(x, y, t) (10.30)

where ν is a constant the depends on material properties. The boundary conditions depend on the
shape of the membrane described as a domain in 2D. This equation is the two dimensional analog of
the one dimensional wave equation (10.17) describing the vibrations of a string. The main difference
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is that spatial derivatives are now in terms of the 2D Laplacian ∂2x+ ∂2y instead of the 1D Laplacian
in (10.17).

In this section we only consider free vibrations of a membrane that is pinned at the boundary
γ of a domain Γ ⊂ R2. Unlike the 1D case, the boundary conditions are now imposed on a closed
curve γ in 2D rather than two end points. A good analogy to keep in mind is with the membrane
of a drum, which is forced to not vibrate at the edges of the drum. The equation with its boundary
conditions becomes

∂2t w(x, y, t). = ν2
(
∂2x + ∂2y

)
w(x, y, t), w(x, y, t)

∣∣∣
(x,y)∈γ

= 0, t ≥ 0. (10.31)

The normal modes of plate vibrations are determined by the eigenvalues of the two dimensional
PDE operator ∂2x + ∂2y together with the applicable boundary conditions. For membranes with
homogenous material properties, this has constant coefficients, which greatly simplifies its analysis.
The normal modes of vibrations are obtained from eigenfunctions of this operator4

∂2xv(x, y) + ∂2yv(x, y) = λ v(x, y). (10.32)

The eigenfunctions are all of the form

v(x, y) = ejκxx ejκyy = ej(κxx+κyy), (10.33)

where κx and κy are the wavenumbers that will be determined by applying the boundary conditions.
Substituting the form (10.33) into the eigenfunction equation (10.32) we arrive at an algebraic
equation for the eigenvalues

λ ej(κxx+κyy) =
(
∂2x + ∂2y

)
ej(κxx+κyy) =

(
(jκx)

2 + (jκy)
2
)
ej(κxx+κyy)

⇒ λ = −
(
κ2x + κ2y

)
. (10.34)

The allowable values of λ will then come from discovering the allowable values of κx and κy that are
compatible with boundary conditions.

Example 10.1. [Square membrane] This is the simplest case to analyze. Let the membrane be of size
2L × 2L, and choose a centered coordinate system so that the boundaries are at x = ±L and y = ±L.
The pinned boundary conditions are then

v(±L, y) = 0, y ∈ [-L, L], v(x,±L) = 0, x ∈ [-L, L]. (10.35)

For real eigenfunctions, we need function of the form (10.33) together with its complex conjugate, i.e.

v(x, y) = v ej(κxx+κyy) + v∗ e−j(κxx+κyy).

Imposing the boundary conditions (10.35) on this form gives

0 = v(±L, y) = v ej(±κxL+κyy) + v∗ e−j(±κxx+κyy), y ∈ [-L, L]

10.5 Vibrations of Plates: The 2D Euler-Bernoulli Equation

The vibrations of a thin plate are described by a function w(x, y, t) of two spatial variables x, y and
time t, where w(x, y, t) is the instantaneous transverse displacement of the plate. The vibration
dynamics of such thin plates with isotropic and homogenous material properties are governed by the
following PDE

∂2t w(x, y, t) = − s̄
(
∂4xw(x, y, t) + 2 ∂2x∂

2
yw(x, y, t) + ∂4yw(x, y, t)

)
, (10.36)

4Recall that the eigenvalues of a scaling ν2(∂2x+∂
2
y) of the operator are simply ν2 times the eigenvalues of (∂2x+∂

2
y).

On the other hand, the eigenfunctions of the two operators are the same.

Draft: Vibrations, March 2, 2025 © 2024, Bassam Bamieh



218 10.5. Vibrations of Plates: The 2D Euler-Bernoulli Equation

where s̄ is a constant the depends on material properties. The boundary conditions depend on the
shape of the plate, described as a domain in 2D, and on which parts of its boundary the plate maybe
pinned, clamped or free.

Although at first the PDE (10.36) appears quite different from the Euler-Bernoulli beam PDE (10.24),
it is in fact just the two (spatial) dimensional version of the one spatial dimensional beam equation.
To see that note that the right hand side of each PDE is the square of the Laplacian operator in 1
and 2 dimensions respectively

∆ := ∂2x ⇒ ∆2 = ∂4x (in 1 dimension)

∆ := ∂2x + ∂2y ⇒ ∆2 =
(
∂2x + ∂2y

)2
= ∂4x + 2 ∂2x∂

2
y + ∂4y (in 2 dimensions)

Thus the beam and plate PDEs can be written in a formally similar way as

∂t W (x, t) = − s̄ ∆2W (x, t) (beam equation)

∂t W (x, y, t) = − s̄ ∆2W (x, y, t), (plate equation)

where the Laplacian ∆ is defined as above depending on whether the problem is in 1 or 2 dimensions.
The normal modes of plate vibrations are determined by the eigenvalues of the two dimensional

PDE operator ∆2 together with the applicable boundary conditions. For plates with homogenous
material properties, the PDE operator ∆2 = ∂4x + 2 ∂2x∂

2
y + ∂4y has constant coefficients, which

greatly simplifies its analysis. The normal modes of vibrations are obtained from eigenfunctions of
this operator

∆2v(x, y) = λ v(x, y) ⇔ ∂4xv(x, y) + 2 ∂2x∂
2
yv(x, y) + ∂4yv(x, y) = λ v(x, y). (10.37)

The eigenfunctions are all of the form

v(x, y) = ejκxx ejκyy = ej(κxx+κyy), (10.38)

where κx and κy are the wavenumbers that will be determined by applying the boundary conditions.
Substituting the form (10.38) into the eigenfunction equation (10.37) we arrive at an equation that
the eigenvalue λ must satisfy

λ ej(κxx+κyy) =
(
∂4x + 2 ∂2x∂

2
y + ∂4y

)
ej(κxx+κyy) =

(
(jκx)

4 + 2 (jκx)
2(jκy)

2 + (jκy)
4
)
ej(κxx+κyy)

⇒ λ = κ4x + 2 κ2xκ
2
y + κ4y =

(
κ2x + κ2y

)2
. (10.39)

The allowable values of λ will then come from discovering the allowable values of κx and κy that are
compatible with boundary conditions.

Example 10.2. [Square plate with free boundaries] This is the simplest case to analyze. Let the plate
be of size 2L× 2L, and choose a centered coordinate system so that the boundaries are at x = ±L and
y = ±L. The free boundary conditions are then

∂2xv(±L, y) = 0, y ∈ [−L, L], ∂2yv(x,±L) = 0, x ∈ [−L, L],
∂3xv(±L, y) = 0, y ∈ [−L, L], ∂3yv(x,±L) = 0, x ∈ [−L, L].

TBC
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Figure 10.4: The transverse motion of a string segment (shown in red) are determined by the net vertical force
on it. The tension T (x) is assumed constant in magnitude throughout the string. However, the angle θ(x) at which
the tension acts varies and is determined by the slope ∂xw(x, t). The difference between the vertical components
of T (x) and T (x + δx) is determined by the difference between θ(x) and θ(x + δx), which in turn is determined by
the curvature ∂2

xw(x, t) of the string. In the configuration shown, the string segment has negative curvature, and
therefore it is accelerating downwards.

Appendix

10.A Physical Dynamics Described by the 1D Wave Equation

10.A.1 String Vibrations

To derive the differential equation for string vibrations, take a small segment of the string as shown
in Figure 10.4 and analyze the forces on it. The assumption we make is that the internal tension
force T in the string is constant in magnitude throughout. However, the angle θ(x) at which the
tension forces act on a string element does depend on the instantaneous “slope” ∂xw(x, t) of the
string. Examining Figure 10.4 shows that the net vertical force on the string element shown is
determined by the difference between the vertical components of the opposing tension forces. This
difference is in turn determined by the “curvature” ∂2

xw(x, t) of the string as we show next.
Let θ(x) be the slope of the function w(x, t) at any one instant of time, i.e. the angle the vector

tangent to w(x, t) makes with the horizontal axis. The mass of a string element of length δx is given
by δx ρ(x), where ρ(x) is the string’s linear density. Newton’s 2nd law for a small string segment
relates the vertical acceleration ∂2

tw(x, t) to the sum of vertical forces
(
δx ρ(x)

)
∂2
tw(x, t) = T sin

(
θ(x+ δx)

)
− T sin

(
θ(x)

)
(sum of vertical forces)

≈ T θ(x+ δx) − T θ(x) (using the small angle approximation sin(ϕ) ≈ ϕ)

= T
(
θ(x+ δx) − θ(x)

)
(10.40)

To rewrite this equation in terms of w(x, t), we need to express this angle difference in terms of w
or its spatial derivatives. First observe that the slope is related to the derivative ∂xw(x, t) by using
the small angle approximation again θ ≈ tan(θ) and

θ(x) ≈ tan
(
θ(x)

)
= ∂xw(x, t),

where the last equality follows from the definition of the derivative. The slope at x+ δx is also

θ(x+ δx) ≈ ∂xw(x+ δx, t).

The above two expressions for the angles can now be used to express the angle difference in (10.40)
in terms of the curvature ∂2

xw(x, t)

θ(x+ δx) − θ(x) ≈ ∂xw(x+ δx, t) − ∂xw(x, t)

≈
(
∂xw(x, t) + ∂2

xw(x, t) δx
)
− ∂xw(x, t)

(first-order approximation of ∂xw(x+ δx, t))

= ∂2
xw(x, t) δx
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Figure 10.5: Depicting a control volume for the dynamics of a one-dimensional gas, or equivalently, a 3D gas where
velocities, pressures and densities vary in only one dimension, depicted here as the x coordinate. v(x1) and v(x2)
depict the velocities in and out of the volume respectively. p(x1) and p(x2) are the pressure forces exerted onto the
volume by the remainder of the gas. These pressure forces are always positive and act inwards towards the volume.
The density ρ(x) (not shown) is also assumed to vary with coordinate x.

Finally we can substitute this last expression in (10.40) to get a PDE that is purely in terms of
w(x, t) and does not involve θ(x)

(
δx ρ(x)

)
∂2
tw(x, t) ≈ T ∂2

xw(x, t) δx. (10.41)

Dividing through by δx and taking a limit δx → 0 produces an exact equation5 which is the wave
equation

∂2
tw(x, t) = T

ρ(x) ∂2
xw(x, t).

Note that the constant ν2 = T/ρ(x), where the tension T plays the role of “stiffness per unit length”
while the density ρ(x) is the mass per unit length. Thus the wave equation can be considered to be
the continuum analog of a Mass-Spring system.

10.A.2 One-dimensional Gas Dynamics and Acoustics

Figure 10.5 depicts a one-dimensional compressible gas medium, or equivalently a three-dimensional
medium (with cross-sectional area A) where all fields are constant in the cross-sectional directions,
e.g as in the propagation of plane waves. All fields are then simply functions of a single spatial
coordinate x. The picture depicts a thin volume slice (a “control volume” in the interval [x1, x2]) in
which we keep track of mass, momentum and energy transport. The fields relevant to gas dynamics
are

• v(x, t): the velocity field

• ρ(x, t): the mass density field

• p(x, t): the pressure field (the isotropic force exerted on the fluid at any point)

• T (x, t): the temperature field

• U(x, t): specific (per unit mass) internal energy. It accounts for energy stored in molecular
motions and vibrations. For “calorically perfect” gasses, it is a function of only temperature
U(x, t) = cvT (x, t), where cv is the specific heat capacity.

Three physical laws that govern the behavior of these fields can be derived.

Mass Conservation

The mass flow rate rightwards through the boundary at xi is equal to v(xi, t)ρ(xi, t)A. The total
mass inside the control volume increases at a rate equal to the total mass flow rate inwards at those

5Note that we took first order approximations with δx and δθ ∼ δx assumed small. This means that terms of order
(δx)2 and higher powers were ignored. If we kept track of them, they would appear in Equation (10.41). However,
after dividing through by δx and taking the limit δx→ 0, those terms would limit to zero.

Draft: Vibrations, March 2, 2025 © 2024, Bassam Bamieh



Chapter 10. Vibrations in Continua 221

boundaries

d

dt

(∫ x2

x1

ρ(x, t)A dx

)

︸ ︷︷ ︸
time rate of change of

total mass in control volume

= v(x1, t) ρ(x1, t)A︸ ︷︷ ︸
mass flow rate in

− v(x2, t) ρ(x2, t)A︸ ︷︷ ︸
mass flow rate out

.

Dividing by A and ∆x := x2 − x1, and taking the small-volume limit as ∆x → 0 results in the
continuity (aka transport) equation

∂tρ(x, t) = − ∂x

(
v(x, t) ρ(x, t)

)
. (10.42)

Forces and the Momentum Equation

The time rate of change of momentum of a control volume of fluid is equal to the sum of forces
acting on it, plus the momentum flux due to material flow across the boundaries (now suppressing
the independent variables and the area A for notational simplicity)

d

dt

(∫ x2

x1

vρ dx

)

︸ ︷︷ ︸
total momentum of

fluid in control volume

=

(
v2ρ
∣∣∣
x1

− v2ρ
∣∣∣
x2

)

︸ ︷︷ ︸
momentum influx
through boundaries

+

(
p
∣∣∣
x1

− p
∣∣∣
x2

)

︸ ︷︷ ︸
total force at
boundaries

.

The first term on the right states that a mass flow rate of vρA across a boundary adds momentum
at the rate of v (vρA) = v2ρA. The second term is the total force at the boundary due to the
isotropic pressure force (which always acts inwards on the volume). Taking the small-volume limit
again results in the momentum equation

∂t

(
v(x, t) ρ(x, t)

)
= − ∂x

(
v2(x, t)ρ(x, t)

)
− ∂xp(x, t). (10.43)

An equivalent (and more standard) form of this equation expressing acceleration is obtained if the
continuity equation (10.42) is used to eliminate the ∂tρ terms (see Section 10.A.3)

∂tv(x, t) = − v(x, t) ∂xv(x, t) −
1

ρ(x, t)
∂xp(x, t). (10.44)

The Energy Equation and Thermodynamic Effects

A volume of gas has both internal and kinetic energies. Its total energy density at location x can
then be expressed as ρ(x, t)U(x, t) + 1

2ρ(x, t)v
2(x, t). An intuitive interpretation of internal energy

density ρU is that it is a kind of potential energy stored in molecular motions and vibrations. The
time rate of change of total energy in the control volume is accounted for by

d

dt

(∫ x2

x1

(
ρU + 1

2ρv
2
)
dx

)

︸ ︷︷ ︸
time rate of change of energy

= v
(
ρU + 1

2ρv
2
)∣∣x1
x2︸ ︷︷ ︸

power added by
material influx

+ pv
∣∣∣
x1

x2︸ ︷︷ ︸
work rate of

pressure forces

. (10.45)

The first term on the right represents the energy flux due to material entering and leaving the control
volume with velocity v, while the second term is the rate of work done by the pressure forces at the
boundaries. Taking the small volume limit leads to the PDE

∂t

(
ρU + 1

2ρv
2
)

= − ∂x

(
v
(
ρU + 1

2ρv
2
)

+ pv
)
. (10.46)

As shown in Section 10.A.3, this equation can be simplified and converted to a more standard form
by using the continuity and momentum equations to substitute for the ∂t

(
1
2ρv

2
)
term, which then

leads to

∂t (ρU) = − ∂x (vρU) − p ∂xv (10.47)
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Equivalent, and more useful forms of this equation are obtained by expressing the internal energy
U in terms of physically observable quantities. This can be done using either pressure or temperature,
and we choose pressure here since the resulting equations will have a more convenient form. To
express internal energy in terms of pressure, first note that for an ideal gas p = R ρT . Combining
this with U = cvT yields

ρU = cv ρT =
cv
R
p. (10.48)

This provides some useful intuition. Recall that internal energy density ρU can be understood as a
kind of potential energy stored in molecular motions and vibrations. Equation (10.48) states that
local pressure is directly proportional to this potential energy density for ideal gases. Rewriting
Equation (10.47) using the substitution (10.48) for ρU we obtain the energy equation in terms of
the pressure field

∂tp = − γ p ∂xv − v ∂xp, (10.49)

where γ := 1+ R
cv

is the heat capacity ratio (a dimensionless number equal to 1.4 for diatomic gases
like air).

Finally, the three equations of mass conservation (10.42), momentum (10.44) and energy (10.49)
can now be combined into a single vector PDE that has the following form

∂t



ρ
v
p


 =



−v ∂xρ− ρ ∂xv

−v ∂xv − 1
ρ ∂xp

−γ p ∂xv − v ∂xp


 = −



v ρ 0
0 v 1/ρ
0 γp v


∂x



ρ
v
p


 . (10.50)

These are the Euler Equations of Gas Dynamics that describe compressible gas flows which have
negligible thermal conductivity within the gas. Although this vector PDE is nonlinear, it has the
following very special structure of

∂tΨ(x, t) = F
(
Ψ(x, t)

)
∂xΨ(x, t), (10.51)

where Ψ(x, t) is a vector-valued field and F (.) is a function that depends on Ψ(x, t), but not on any
of its derivatives.

Linearization

Acoustic phenomena are described by the linearization of (10.50) around small oscillations. For a
PDE of the form (10.51), consider a nominal solution Ψ̄(x) which is constant in x as well, i.e.

0 = ∂xΨ̄(x),

and fluctuations Ψ̃(x, t) around the nominal, i.e. consider a general solution decomposed as

Ψ(x, t) = Ψ̄(x) + Ψ̃(x, t),

Plugging this into (10.51) and using a Taylor series expansion of F (.)

∂t

(
Ψ̄(x) + Ψ̃(x, t)

)
= F

(
Ψ̄(x) + Ψ̃(x, t)

)
∂x

(
Ψ̄(x) + Ψ̃(x, t)

)

∂tΨ̃(x, t) =

(
F
(
Ψ̄(x)

)
+

∂F

∂Ψ
Ψ̃(x, t) + · · ·

)(
∂xΨ̄(x) + ∂xΨ̃(x, t)

)

∂tΨ̃(x, t) = F
(
Ψ̄(x)

)
∂xΨ̃(x, t) + · · · , (10.52)

where . . . indicate terms of order 2 or higher in Ψ̃ which do not contribute to the linearized dynamics.
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Now consider (10.50) with a nominal condition of constant density ρ̄, velocity v̄ and pressure p̄.
Using (10.52) we see that the density, velocity and pressure fluctuations ρ̃, ṽ, p̃ have the following
linearized dynamics

∂t



ρ̃
ṽ
p̃


 = −



v̄ ρ̄ 0
0 v̄ 1/ρ̄
0 γp̄ v̄


∂x



ρ̃
ṽ
p̃


 .

This equation shows an interesting feature. Since ρ̄, v̄, p̄ are constants known ahead of time, the
differential equations for ṽ and p̃ are independent of ρ̃ (they only depend on the nominal density ρ̄.
Those two equations can then be considered independently of the evolution of ρ̃ as

∂t

[
ṽ
p̃

]
= −

[
v̄ 1/ρ̄
γp̄ v̄

]
∂x

[
ṽ
p̃

]
.

In particular, for the propagation of sound waves in a still medium (i.e. v̄ = 0), the equations take
on a particularly simple form

∂t

[
ṽ
p̃

]
= −

[
0 1/ρ̄
γp̄ 0

]
∂x

[
ṽ
p̃

]
. (10.53)

10.A.3 Simplifications Leading to Equations (10.44) and (10.47)

To avoid notational complexity in the following derivations, we adopt here the subscript notation
for partial derivatives, i.e. ∂tv = vt and ∂xv = vx and so on.

From Equation (10.43) to Equation (10.44)

Starting from Equation (10.43) and then using Equation (10.42) follows

(vρ)t = −
(
v2ρ
)
x
− px

⇒ vtρ + vρt = −2vvxρ− v2ρx − px (using product and chain rule)

⇒ vtρ + v (−vρx − vxρ) = −2vvxρ− v2ρx − px (using (10.42) for ρt)

⇒ vtρ = −vvxρ− px
⇒ vt = −vvx − 1

ρ (px + βv) ,

From Equation (10.46) to Equation (10.47)

We start from Equation (10.46) and use the continuity (10.42) and momentum (10.44) equations
(4th line below) as follows (

ρU +
ρv2

2

)
t

= −
(
v

(
ρU +

ρv2

2

)
+ pv

)
x

(ρU)t + 1
2

(
ρv2

)
t

= − (vρU)x − 1
2

(
ρv3

)
x
− (pv)x

(ρU)t + 1
2

(
ρtv

2 + 2ρvvt
)

= − (vρU)x − 1
2

(
ρxv

3 + 3ρv2vx
)
− (pxv + pvx)

(ρU)t +
1
2

(
(−vxρ− vρx) v

2 + 2ρv
(
−vvx − 1

ρ
px

))
= − (vρU)x − 1

2

(
ρxv

3 + 3ρv2vx
)
− (pxv + pvx)

(ρU)t −
1
2

(
v2vxρ+ v3ρx

)
− v2vxρ− pxv = − (vρU)x − 1

2

(
ρxv

3 + 3ρv2vx
)
− (pxv + pvx)

(ρU)t −
3
2
v2vxρ− 1

2
v3ρx − pxv = − (vρU)x − 1

2
ρxv

3 − 3
2
ρv2vx − (pxv + pvx)

(ρU)t = − (vρU)x − pvx
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