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ated by converting its components (but not the unit dyads) to spherical coordinates, and
integrating each over the two spherical angles (see Section A.7). The off-diagonal terms
in Eq. (A.6-13) vanish, again due to the symmetry.

A.7 ORTHOGONAL CURVILINEAR COORDINATES

Enormous simplificatons are achieved in solving a partial differential equation if all
boundaries in the problem correspond to coordinate surfaces, which are surfaces gener-
ated by holding one coordinate constant and varying the other two. Accordingly, many
special coordinate systems have been devised to solve problems in particular geometries.
The most useful of these systems are orthogonal; that is, at any point in space the
vectors aligned with the three coordinate directions are mutually perpendicular. In gen-
eral, the variation of a single coordinate will generate a curve in space, rather than a
straight line; hence the term curvilinear. In this section a general discussion of orthogo-
nal curvilinear systems is given first, and then the relationships for cylindrical and spher-
ical coordinates are derived as special cases. The presentation here closely follows that
in Hildebrand (1976).

Base Vectors

Let (u,, u,, u;) represent the three coordinates in a general, curvilinear system, and let
e, be the unit vector that points in the direction of increasing u;. A curve produced by
varying u;, with u; (j# i) held constant, will be referred to as a “u; curve.” Although the
base vectors are each of constant (unit) magnitude, the fact that a u; curve is not gener-
ally a straight line means that their direction is variable. In other words, e, must be
regarded as a function of position, in general. This discussion is restricted to coordinate
systems in which (e, e,, e;) is an orthonormal and right-handed set. At any point in
space, such a set has the properties of the base vectors used in Section A.3, namely,

e €=, (A7-1)
;X €= e (A7-2)
k

Recalling that the multiplication properties of vectors and tensors are derived from these
relationships (and their extensions to unit dyads), we see that all of the relations in
Section A.3 apply to orthogonal curvilinear systems in general, and not just to rectangu-
lar coordinates. It is with spatial derivatives that the variations in e; come into play, and
the main task in this section is to show how the various differential operators differ
from those given in Section A.4 for rectangular coordinates. In the process, we will
obtain general expressions for differential elements of arc length, volume, and surface
area.

Arc Length

The key to deriving expressions for curvilinear coordinates is to consider the arc length
along a curve. In particular, let s; represent arc length along a u; curve. From Eq. (A.6-
2), a vector that is tangent to a u; curve and directed toward increasing u; is given by
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=h;e;, (A.7-3)

where h;=ds;/du; is called the scale factor. In general, u; will differ from s, so that a;
is not a unit tangent (i.e., a;# e; ). The relationship between a coordinate and the corres-
ponding arc length is embodied in the scale factor, which generally depends on position.
For an arbitrary curve in space with arc length s, we find that

dr ar du

du; AT-
Tds 6u ds Z % s Calhy’
The properties of the unit tangent imply that
du\2
tt=1=) h}—- A7-
Eh( ds) (A7-5)
or, after rearranging, that
12
ds= [Zh,-z(a’u,-)z] . (A.7-6)

The fact that a space curve has an independent geometric significance indicates that the
quantity in brackets must be invariant to the choice of coordinate system.

Volume and Surface Area

For a given coordinate system, the differential volume element dV corresponds to the
volume of a parallelepiped with adjacent edges e;ds;. From Eq. (A.7-3) and the defini-
tion of h;, the edges can be represented also as a;du;. As noted in connection with Eq.
(A.3-20), the volume is given by the scalar triple product, or

dV = (a,du,) X (a,du,) - (azduz) = h,hohy du, duy dus. (A.7-7)

Expressions for differential surface elements are obtained in a similar manner, by using
the geometric interpretation of the cross product. Thus, letting dS; refer to a surface on
which the coordinate u; is held constant, we obtain

dS, = |a, X as| du, duy=hyhy du, dus, (A.7-82)
dS,=lasxa,| du, dus=h,hy du, dus, (A.7-8b)
S, =la, X a,| du, du,=h,h, du, du,. (A.7-8¢)

Gradient

An expression for the gradient is obtained by examining the differential change in a
scalar function associated with a differential change in position. Letting f=f(u,, u,, us),
we have

df—E a—f : (A.7-9)

From Egs. (A.6-5) and (A.7-4), df can also be written as
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df=dr-Vf= (2 hie; du,.) ; (Z Ajej) =S I\, du;, (A.7-10)
i J i

where the quantities A; are to be determined. Comparing Egs. (A.7-9) and (A.7-10), we
see that ;= (1/h;) 9f/du; and

V=R,

This is the general expression for the gradient operator, valid for any orthogonal, curvi-
linear coordinate system.

Several identities involving u;, h;, and e; are useful in deriving expressions for the
other differential operators. From Eq. (A.7-11) we obtain

6
— A7-1
o (A.7-11)

Sie

€ ou € €
Vu,= Zh’ E)u—E = Byt (A7-12)

i

From this and identity (7) of Table A-1, it follows that
V><Vui=V><%=0. (A7-13)

Using Egs. (A.7-2) and (A.7-12) we find, for example, that

€ & €
—L =23V, XVu,. A.7-14
hyhy  hy  hy " ¥ ( J

Two analogous relations are obtained by cyclic permutation of the subscripts. From
these and identity (8) of Table A-1 it is found that

v V.

V. =0. (A.7-15)

'h2h3‘ h3h1_ hh,

Divergence

To evaluate the divergence of the vector v, we first consider just one component. Bearing
in mind that the unit vectors are not necessarily constants, and using identity (2) of
Table A-1, the divergence of v,e, is expanded as

V.(ve)=V- [(h2h3v1)(i)] V(h2h3vl) o el V- (i)
hyhy hyhy
(A.7-16)
It is seen from Eq. (A.7-15) that the term on the far right of Eq. (A.7-16) is identically
zero. Using Eq. (A.7-11) to evaluate the gradient in the remaining term, we find that

d
V'(Vlel)=2 (hz 3V 1) h h3 mau ( 2h3V1)- (A.7-17)

Treating the other components in a similar manner results in
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1 0
h]h h3[du ( 2h3Vl)+ (h3 1V2)+ (h h2v3)} (A7‘18)

which is the general expression for the divergence.

Curl

The curl of v is evaluated in a similar manner. Expanding one component, we obtain
€ € €
Vx(ve)=Vx (hlv,)(h—) = V() Xy, VXL (AT-19)
1 1 1
Again, the term on the far right vanishes [see Eq. (A.7-13)]. The remaining term is

expanded further as

e 1
VXx(v e h 1 (he —h,e )hv
(Vl 1) E (1V1) I, hhzh 22a 33 50 ( 1)

(A.7-20)
When all components are included, the curl is written most compactly as a determinant:

hie, hye, hse
dlou,  0lduy,  0/ldus)|.
hyvy  hyvy,  hyvs

VXv=

(A7-21)

1752753

Laplacian

The Laplacian for curvilinear coordinates is derived from Eq. (A.7-18) by setting v=V,
or v;=(1/h;) /0u;. The result is

V.v=yi—_| [i(h2h3_8_)+i(%i)+ 9 (Mi)]
hihyhyLou \ hy ou;)  du,\ h, ou,) duz\ hy duy

(A.7-22)
Material Derivative
The material derivative is given by
D o v; 9
—=—1V- == AT7-2
Dt ot v El: h; ou; ( 3

This completes the general results for orthogonal curvilinear coordinates. The re-
mainder of this section is devoted to the three most useful special cases.

Rectangular Coordinates

In rectangular coordinates, which we have written as either (x, y, z) or (x;, x,, x3), the
position vector is given by Eq. (A.6-1). In this case it is readily shown from Eq. (A.7-
3) that h,=h,=h,=1, and it is found that the general expressions for the differential
operators reduce to the forms given in Section A.4. For convenient reference, the princi-
pal results are summarized in Table A-2.
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TABLE A-2
Differential Operations in Rectangular Coordinates“
& SR A
Vf—axe>,(+aye),+azeZ
@ S L.
ax dy 0z
Y LS L N R Y 2
dy oz 9z ax]” lox ayl”
@ y L L PS
e Pl Al
) (Vo= o,
ox
(6) v,
(Vv),,= =
d
v (V) ===
© ox
®) v,
(VV)_W;:E;
® v,
(Vv)y},:E
av,
(10) (Vv = v,
2=y
(11) Ty, 2
9z
(12) av,
(VV):y=—a—
av,
" (Vv), =%
“ odz

“In these relationships, f is any differentiable scalar function and v is any differentiable vector function.

Cylindrical Coordinates

Circular cylindrical coordinates, denoted as (1, 6, z), are shown in relation to rectangular
coordinates in Fig. A-3(a). Using

x=rcos 0, y=rsinf, z=z, (A.7-24)
the position vector is expressed as
r=rcos fe.+r sin e, +ze,. (A.7-25)
Alternatively, the position vector is given by
r=re,+ze, (A.7-26)

where e,, the unit vector in the radial direction, is given below. Equation (A.7-25) is
more convenient for derivations involving differentiation or integration because it in-
volves only constant base vectors. Whichever expression is used, note that in cylindrical
coordinates there is an irregularity in our notation, such that |r|=(r?+z%)"2 #r.
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Figure A-3. Cylindrical coordinates (a) and spherical coordinates (b). The ranges of the angles are: cylindri-
cal, 0= 6=2m; spherical, 0=0=mand 0=¢=2m

To illustrate the derivation of scale factors and base vectors, consider the 6 quanti-
ties in cylindrical coordinates. From Egs. (A.7-3) and (A.7-25) it is found that

Jar

£=h0e9= —rsin e, +r cos be,, (A.7-27)
12
h,= ‘;—; =(r?sin® 0+r2 cos®> ) =r, (A.7-28)

and e,=(1/h,) (dr/06). Repeating the calculations for the r and z quantities, the scale
factors and base vectors for cylindrical coordinates are found to be

h,=1, hg=r, h,=1, (A.7-29)
e, =cos fe, +sin Oe,, (A.7-30a)
€,= —sin e, +cos e, (A.7-30b)
e,=e,. (A.7-30c)

The dependence of e, and e, on 0 is shown in Eq. (A.6-30); the expression for e,
confirms the equivalence of Eqs. (A.7-25) and (A.7-26). Inverting the relationships in
Eq. (A.7-30) to find expressions for the rectangular base vectors, we obtain

e.=cos fe,—sin Oey, ® (A.7-31a)
e,= sin fe,+cos Oey, (A.7-31b)
e,=e,. (A.7-31c)

The differential volume and surface elements are evaluated using Eqs. (A.7-7) and
(A.7-8) as

dV=rdrdfdz, (A.7-32)
dS,=r de dz, dSy=dr dz, ds,=r dr do. (A.7-33)

A summary of differential operations in cylindrical coordinates is presented in
Table A-3. Several quantities not shown, including V2v, V-7, and v- Vv, may be obtained
from the tables in Chapter 5.
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TABLE A-3

Differential Operations in Cylindrical Coordinates®
Tt
o 5 2 S 22
@ V= ()il L
B (W), =

(6) (V¥),o= %

) (VV),. %

® (V)= 220

(9) (VV)99=1%+%

0 (Vv)9:=l%

an (Vv):r:i;v;

(12) (V).

13) (Vv)..=—

<

“In these relationships, f is any differentiable scalar function and v is any differentiable vector function.

Spherical Coordinates

Spherical coordinates, denoted as (1, 6, ¢ ), are shown in relation to rectangular coordi-
nates in Fig. A-3(b). Note that 0=6=m and 0= ¢p=2m. Using

x=r sin 6 cos ¢, y=rsin 6 sin ¢, z=rcos 6 (A.7-34)
the position vector is expressed as
r=rsin 6 cos ¢e, +r sin 0 sin pe, +r cos fe,. (A.7-35)
The position vector is also given by
r=re,. (A.7-36)

Either expression indicates that [r|=7 consistent with our usual notation.
Employing Eq. (A.7-35) in the general relationships for curvilinear coordinates,
the scale factors and base vectors for spherical coordinates are evaluated as
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h,=1, ho=r, hg=r sin 6, (A.7-37)
e, =sin 6 cos ¢e, +sin 0 sin de, +cos Oe,, (A.7-38a)
e,=cos 0 cos ¢e,+cos 0 sin ¢pe,—sin fe,, (A.7-38b)
e,= —sin ¢e, +cos de,. (A.7-38c)

The dependence of the three base vectors on 6 and ¢ is shown in Eq. (A.7-38); the
expression for e, confirms the equivalence of Egs. (A.7-35) and (A.7-36). The comple-
mentary expressions for the rectangular base vectors are

e, =sin 0 cos ¢e,+cos 0 cos pey,—sin de,, (A.7-39a)
e,=sin 6 sin ¢e,+cos 0 sin Ppe,+cos dey, (A.7-39b)
e,=cos fe,.—sin Oey. (A.7-39¢)

Finally, the differential volume and surface elements are evaluated as
dV=r?sin 0 dr dO d¢ (A.7-40)
dS.=r?sin 0 d d¢, dS,=r sin 6 dr déo, dSy,=rdrdb. (A.7-41)

A summary of differential operations in spherical coordinates is presented in Table
A-4. As already mentioned, several other quantities, including Y2y, V-7, and v-Vy, may
be obtained from the tables in Chapter 5.

Many other orthogonal coordinate systems have been developed. A compilation of
scale factors, differential operators, and solutions of Laplace’s equation in 40 such sys-
tems is provided in Moon and Spencer (1961).

A.8 SURFACE GEOMETRY

In Section A.5 a number of integral transformations were presented involving vectors
which are normal or tangent to a surface. The objective of this section is to show how
those vectors are computed and how they are used to define such quantities as surface
gradients. This completes the information needed to understand the integral forms of the
various conservation equations. Much of the material in this section is adapted from
Brand (1947).

Normal and Tangent Vectors

We begin by assuming that positions on an arbitrary surface are described by two coor-
dinates, u and v, which are not necessarily orthogonal. The position vector at the surface
is denoted as ry(u, v). From Eq. (A.7-3), two vectors that are tangent to the surface are

or, or,
A — —5 5 B = — 8 ) A.8'1

ou v ( )
Specifically, A is tangent to a “u curve” on the surface (i.e., a curve where v is held
constant) and B is tangent to a “v curve.” In general, these vectors are not orthogonal to
one another and they are not of unit length. However, their cross product is orthogonal
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TABLE A-4
Differential Operations in Spherical Coordinates®

W b gf" +l§£ 9+r 511n 9:; e
@ Vov= (r2 )+ 989@0 Ll siln ea a6
©) szﬁne [ (vg sin 6)— 34,] * [r siln ogfb—? 5;(W¢)]e8+ [ (rv,,)—%i—vo]
& Zf—ra( g_];>+r2 slin 069( Gal;) j—éa‘p{
) (v, =22
ar
(6) (VV)re=%’
™ (V=1 a
® (Vo) =1 -0
©) (VWiog= o4
(10) (V¥)gy= : aavg
S (VW)gr= r 511n 93:6 Yf
(12) (Vo= o= 22
(13) (Vgp= = 9%;+v—'+v‘6'£,(ﬂ

“In these relationships f is any differentiable scalar function and v is any differentiable vector function.

to both, and hence is normal to the surface. It follows that a unit normal vector is given
by
AXB

n =m. (A.8-2)

Depending on how u and v are selected, it may be necessary to reverse the order of A
and B (thereby changing the sign of n) to make the unit normal point outward from a
closed surface.

Suppose now that u=x, v=y, and the surface is represented as the function
z=F(x, y). In this case the position vector at the surface is given by

r,=xe,+ye,+F(x, y)e,. (A.8-3)

The two tangent vectors are found to be

A=%=(l)ex+(0)e +a—FeZ, (A.8-4)
ox 7 ox
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arg oF
BZE: (O)ex+(1)ey+@, (A.8-5)
and the unit normal is computed as
. AXB —(dF/ox)e,—(9F/dy)e,+e
- o /2%
[AXB  [aF/ax? + (0Flay) +1]

(A.8-6)

An alternate way to compute a unit normal is to represent the surface as G(x, y, z)
=0 and to use (Hildebrand, 1976, p. 294)

VG

nzm.

(A.8-7)
It is readily confirmed that if G(x, y, z)=z— F(x, y), this formula yields the same result
as in Eq. (A.8-6). As already mentioned, n may have to be replaced by —n to give the
outward normal.

Reciprocal Bases

Until now we have employed base vectors, denoted as e;, which form orthonormal,
right-handed sets. The special properties of such sets, as given by Eqgs. (A.7-1) and (A.7-
2), make them very convenient for the representation of other vectors. However, base
vectors need not be orthonormal, or even orthogonal. Indeed, an arbitrary vector can be
expressed in terms of any three vectors which are not coplanar or, equivalently, not
linearly dependent (Brand, 1947). The volume of a parallelepiped which has the three
vectors as adjacent edges will be nonzero only if the vectors are not coplanar; as dis-
cussed in Section A.3, that volume is equal to the scalar triple product. Thus, any three
vectors with a nonvanishing scalar triple product constitute a possible basis. In describ-
ing the local curvature of a surface and other surface-related quantities, it proves conve-
nient to employ two complementary sets of base vectors, neither of which is orthogonal.
The special properties of these base vectors leads them to be termed reciprocal bases.
Accordingly, a brief discussion of the properties of reciprocal bases is needed.

One basis of interest is the set of vectors defined above, (A, B, n). Their scalar
triple product is

H=AXBn. (A.8-8)

Because A and B are tangent to the surface and n is normal to it, they are obviously not
coplanar; thus, H # 0. Suppose now that (A, B, n) and a second set (a, b, c) are recipro-
cal bases. Then, by definiton, they satisfy

a-A=1, a-B=0, a-n=0,
b-A=0, b-B=1, b-n=0, (A.8-9)
c-A=0, c¢-B=0, c-n=1.
Notice that each base vector is orthogonal to two members of the reciprocal set. It is
straightforward to verify that these relationships will hold if
_BXn b__n><A c_A><B_n
H ' - H H

a (A.8-10)
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An orthonormal basis is its own reciprocal; compare Egs. (A.8-9) and (A.7-1). For an
orthonormal basis we have H=1.
For a surface represented as z=F(x, y), it is found that

172
2 2
fhhf)qﬁ)ﬂ], (As-11)
dx ay
1 oF OF OF  oF
= ¥ e b B
N R
L[ oFoF oF oF
b—?{ = [1+(ax)]ey+£ez}. (A.8-13)

Surface Gradient

The key to describing variations of geometric quantities or field variables over a surface
is the surface gradient operator, denoted as V; this operator is for surfaces what V is
for three-dimensional space. To derive an expression for V, we consider a surface curve
with arc length s. Evaluating the unit tangent using Eq. (A.6-2) and employing the
coordinates # and v, we obtain

dry _orgdu drgdv | du dv

t=g=5 zg‘-l—EE:Ads-i-B . (A.8-14)

From Egs. (A.8-14) and (A.8-9) it is found that
du dv
t=—, b-t=—. A.8-15
a4 ds ds ( )
Accordingly, the rate of change of a scalar function f along the curve is given by
af afdu of dv 0 f af
_—=— 4 — —-:t. = .0
ds ouds dvds (a ou Bv) (A.8-16)

By analogy with Eq. (A.6-3), we define the quantity in parentheses as V,f. Accordingly,
the surface gradient operator is

d d
V,=a £+b 5" (A.8-17)

For a surface described by z=F(x, y), the result is

1 aF\2 oF oF aF d
Vomt T (B o2, 12
H ay ox dy ax ox
1 oF aF oF oF a9
Ao e = 1+ +—e, ¢r— A.8-18
Hz{ 0x ay [ (Bx)] K ayez}ay ( )
where H is given by Eq. (A.8-11). As a simple example, consider a planar surface

corresponding to a constant value of z. In this case H=1 and the surface gradient opera-
tor reduces to

Jd d
V.=e, = + e, 5— (z=F = constant), (A.8-19)
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which is simply a two-dimensional form of V involving the surface coordinates x and y.
As shown in Brand (1947, p. 209), the gradient and surface gradient operators are
related by

V=V,+m-V, (A.8-20)
so that an alternative expression for V is
V,=(6—mnn)-V. (A.8-21)

Subtracting the term nn-V from V has the effect of removing from the operator any
contributions which are not in the tangent plane.

Mean Curvature

The unit normal vector will be independent of position only for a planar surface. The
rate of change of n along a surface is clearly related to the extent of surface curvature:
The greater the curvature, the more rapid the variation in n. A measure of the local
curvature of a surface that is useful in fluid mechanics is the mean curvature, ¥, which
is proportional to the surface divergence of n. Specifically,

= —% V.n. (A.8-22)

For a surface expressed as z=F(x, y), the mean curvature is given by

1 IF\2|0°F | oF 9F &*F [ OF 2]azp
=1 1+ (=) |52 == 1+(2) |55 RS
" H3{[ (ay) 0x* dx dy oxdy (E)x) ayz} ( 3)

For a surface with z=F(x) only, this simplifies to

~312
OF\2 O*F
== 1 — A.8-
2% [(ax) + ] = (A.8-24)
Two important special cases are cylinders and spheres. For a cylinder of radius R,
with the surface defined as z=F(x)=(R? —x?)"2, Eq. (A.8-24) gives

1 .
H=— 2R (cylinder). (A.8-25)

For a sphere with z=F(x, y)=(R*—x>—y*)'2, it is found from Eq. (A.8-23) that
p

H= —1% (sphere). (A.8-26)
Unlike most surfaces, the curvature of cylinders and spheres is uniform (i.e., indepen-
dent of position). For any piece of a surface described by z=F(x, y), it is found that
J€<0 when e, points away from the local center of curvature (as in these examples)
and J>0 when e, points toward the local center of curvature. For a general closed
surface, #<0 when the outward normal n points away from the local center of curva-
ture, and >0 when n points toward the local center of curvature. In other words, # is
negative or positive according to whether the surface is locally convex or concave,
respectively.
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Integral Transformation

One additional integral transformation is needed, which involves the surface gradient
and surface curvature. Setting v=nfin Eq. (A.5-7) gives

f(nxv)x(nf) dszftandc. (A.8-27)
S

€

As discussed in connection with Fig. A-2, the unit vector m=tXn is tangent to the
surface S and outwardly normal to the contour C. The left-hand side is rearranged by
first noting that n X V=nX V; this is shown using Eq. (A.8-20). After further manipula-
tion of the left-hand side, it is found that

f (Vf—V,-nnf) dS= f mf dC (A.8-28)
s C
or, using the symbol for mean curvature,

f (V. f+2%nf) dS= f mf dC. (A.8-29)
S €

This result is used in Chapter S in deriving the stress balance at a fluid-fluid interface,
including the effects of surface tension.
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