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ø�üUöC�nó�ø�ö�ô��F��fú~ø	�#�8ó4�pó1ø�üÄö{ú��,ú��Uø��2
8ö{ÿ.ô��2�]�Üö�ø9ü��>�]� ú�H�övûSó1�Êû9övóUû9öC���.ôDø�üÄöC±�(ª�Ýö#ø�ü����<-�/×üÄö6�nó��Àø	�nú�
÷��8ó����pø��#�.óUûX����ø�üÄö4�.ô��pÿ��nó,ú5<±[( �Üö�ø9ü���� ú�pû�� ÷��.ó�ø�ú��póAø9üÄö1ÿ.ô��#�>�<û��,ú�÷��nóUÿ0�pó1���.ô��Ýú�ø��#�.ó<7>��ü��n÷�üZ���2#
ý�ö]#�8ûiø^��üÄövó¿ø9üÄö1ÿ8ô��#�¨�nû�ô9ö�?,óÄö��Zfú�ø9övô�-^«��pÿ�-�O1ûiü�����ûÊú0�1#�8øX���Sø9üÄö�ú��Vd����nó�ø^
8ú�ô��fú�ý�nö:$�ú5�qø�ö�ô3ø�üUöÂ ø�ô9ú8óÄû����8ô��Ýú�ø	�2�.óZ���.ô[±�(�+X�.óïø�üUöK�nó�ø�ö�ô���ú8÷�öK���%ø�üÄö\?,óUöÎú8ó��õ÷���ú�ô9û9öØÿ8ô��#�Uû�-=ò<ø��nû[�.ý=
��#��!Äû2ø�ü,ú~ø
ø�üUö�ú5�Wd����nó�ø6
�ú8ô��fú8ý�pö��pó7ø9üÄö�±[(Ê�Ýö#ø�ü����7ö�B�ü��pý��pø9û3úØü��pÿ.ü���ô9ö� �!UövóÄ÷#ùY�.û9÷��##nú�ø	�2�.ó<-/×üÄö:(^±â�Üö�ø9ü����ï÷bú8óõý�öK!Äû9ö��M���.ô�ú5�,ú��Uø��2
.öØÿ8ô��#�Uû�-   �nóÄ÷�ö�ø�üÄö9���pû9÷�ô9ö�ø��#;vú�ø	�2�.óE�nûÊû`ø�ô9ú��nÿ.ü�ø����.ôL��Cú8ô�� ��ô���� úM&)(�*67%ø9üÄö¨(^±�ûiù�û`ø�ö�� �pû:!Uû�!,ú�2pù"û��#�:��nö�ôØú8ó��Fô9ö� �!1�nô9ö�û0pövûiû0�Üö��:�.ôiùþø�ü,ú�óFø�üUö
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Adjoint variable at fine-coarse interface
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«��pÿ�!Äô9öKO�¿z±��Wd����pó�ø6
8ú�ô��fú�ý�nö����8ô6���2�4övôiövó�ø�ú��Wd����pó�ø��Ýö#ø�ü����Äû6�.óAú8ó?ú��,ú���ø	�2
8ö�ÿ.ô��2�
÷��8ô9ô9ö�û��F�.ó����póÄÿE±�( ûiù�ûiø9ö��¯-RîX���Cö�
.ö�ô�7²�pø\�pû]����ÚÜ÷�!�Àø�ø��E�.ýUø�ú��nó'ø9üÄöI(�± û���2
8övô�ú5!Uø	���Ýú�ø��n÷bú5#pù�-/��Ï��!Äô9H�ó�����nö��Äÿ.ö57×ó��'ú5!Uø	���Ýú�ø��n÷¹ø	����×÷vú8ó ��� ø�ü,ú~ø3- /×ü1�nû:�nû9�,ú8ô`ø	pù ý4ö�÷bú�!ÄûiöAø9üÄö¿ýF��!Äó��Äú8ôiù
÷��8ó����pø��#�.óUû3ú�ó��?ø9üÄö=ým��!Uó��,ú8ô`ùÛø�övô���s!tÿ�pó?ø9üÄö](�±Ê�Ýö#ø�ü����Aú8ô9ö��Äô��.ý�nö�� �Äö���övó1�Äövó�ø374ú8ó��¨�pø��pû
ó��8ø��m�8û9û��pý�nö�ø	� ÿ.övóÄö�ô�ú�ø9ö1ø�üUö��Jú�!Uø	��� ú�ø��n÷vú�#Àù%��ô����JúÜû����
.ö�ô����.ô3ø9üÄö1û`ø�ú�ø9ö]
�ú8ô��nú8ý�pövû�-�ò<ø��D��!�2�
ý�ö�ø�ô���!Äý�pövû����Ýö^���.ô×ú8ó��póÄö�B>��övô��pövóÄ÷�ö���!Äûiövô{ø��K�Äô���
��#�Äö3ø�üÄö2ýF��!Äó1�,ú8ôiù ÷��.ó1���pø��#�.óÄûCú8ó��ÛýF��!Äó��Äú8ôiù
ø�ö�ô��×s!tG-]¦¯�.ô9ö��V
8övô�7<���.ô[�nóÄú����:�nû9û��ný�pö��.ý�diöv÷#ø	��
.ö\��!ÄóÄ÷#ø	�2�.ó,ú�pû�74ø9üÄö9(�± �Ýö#ø�ü����E�pû[�Äô��8ý�nö�� ú�ø��n÷
ú8û����pû9÷�!Uû9û9ö��¿övú8ô�2�növô�-/�����
.ö�ô9÷����Ýö×ø9üÄö6���2ÚÜ÷�!�pø��növû����lø�üÄö�±[(�ú8ó1�0(�±ª�Üö�ø�ü1�>�Äû�7��Cö��Äô����F�.û9ö�ú2óÄö��Õ�Üö�ø9ü��>�\��ü1�n÷�ü
÷�����ý��nóUövû ø9üÄö{ú5�1
�ú8ó�ø�ú8ÿ.ö�û����,ø9üÄö�øb�D�[�Üö�ø9ü��>�UûSú8ó��1÷bú8óØú5nû��3ý4öD!Äû9ö��K�nó�÷�����ý1�nó,ú�ø��#�.ó����Àø�ü\±[¦ZêG-LþöÝ÷vú�#Sø9ü��nû��Üö�ø�ü1�>�M±[(�(�±]7<��üÄö�ô9ö0±[( ø�ú�H8ö�û1÷vú8ô9ö9���{ø9üÄöÎým��!Äó��,ú8ô`ùR���nûi÷vôiö�ø	�2;bú�ø��#�.ó ú8ó1�¢(�±
ø�ú5H8övûÛ÷vú8ô9öZ���Êø�üÄöZ�nó�ø�ö�ô9ó,ú�X���nûi÷vôiö�ø	�2;bú�ø��#�.ó/ú8ó��ª�Üövûiü�ú��,ú��Uø��2
��pø
ù�-=LþöE�Äö�
8ö�2���4ö���ø�üÄöZ±[(�(�±�Üö�ø�ü1�>�ïý,ú�û9ö��R�.ó ú8ó��8ýÄû9ö�ô�
�ú�ø	�2�.ó ø�üÄú�ø2ø�üUöK���nûi÷vô9ö#ø	�2;bú�ø��#�.óZ��ô�����ø�üÄöK±�(×�Üö�ø9ü������nû2÷��.óÄû��pûiø9övó�ø���pø9ü�ø�üÄö�ú��Vd����nó�ø)&)(�*Õ$�üÄövóU÷vö��pø�÷vú8óÎý4ö×ôiö���nú8÷vö��K���pø�ü�ø9üÄö6���pû9÷vôiö�ø��#;bú~ø	�#�8óK���lø�üÄö�(�±ª�Ýö#ø�ü����8+�ú~ø
ø�üUö��nó�ø9övô9óÄú�8�m���pó�ø�û)�2�4ø�üÄöX�Ýö�û9ü¹ú�ó�� ø�üUö\$�#�nóUöbú8ô	+z�1�nû9÷�ô9ö#ø	�#;vú�ø	�2�.óÜú8ô9öX!Äó������.ô��Oö�
.ö�ôiù"��üÄövôiöÊö�B�÷vö��Uø
ú�ø×ø9üÄö�ým��!Uó��,ú8ô��növû�-)/×üÄö�ý,ú8û��p÷��#�Äövú\����ø9üÄö�±[(�(�±ÿ�Ýö#ø�ü����Y�nû6�#2#!Äû`ø�ô9ú�ø�ö��I�nó¯«��pÿ�-)È>-/×üÄöïô9ö�û�!�Àø�ûI�5�Êø�üÄöE±�(�(^± �Ýö#ø�ü�����ûiü���!�2��ý4ö¿ö� "!,ú�X�.ô¹÷�2�.û9ö?ø	�'ø9üÄö ôiövû�!1pø�û%���Êø�üÄöZ±[(�Üö�ø�ü1�>�R�.óþú?ó1�.ó,ú��,ú5�Uø	��
.öK?,óÄöÎÿ.ô��#�<-:_��2
8övóþú?ôiö���övôiövóÄ÷�öÝó1�.ó,ú��,ú5�Uø	��
.öK?,óÄöÜÿ.ô��2�<7<��ö:?,ôiûiø=û��1#�pø
ø�üUö¨��ü���pöY�����Ýú��nó �nó�ø	�õøb�D�¢;��.óUövû�¿ïýF��!Äó1�,ú8ôiù ý1!1�Xö�ô%;��.óÄö ú�ó�� �pó�ø9övôió,ú��;��.óUö¢$�û9övöE«��nÿ�-ÕÈ�+�-/×üÄö3ým��!Uó��,ú8ô`ùÝý1!1�Xö�ôD;��.óÄö3÷��.óÄû��nû`ø�ûa�5�Xø�üUö�ýF��!Äó��,ú�ôiù9�F���nó�ø�û�ú8ó��0�m���nó�ø�û%ø�ü,ú~øa!Äûiö3ø9üÄö�ýF��!Äó��Äú8ôiù
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fixed grid«��nÿ�!ÄôiöGÈ>¿)([�fú�ÿ.ô�ú�� ���Dø�üÄö�±�(�(^±ÿ�Üö�ø9ü��>�
�F���nó�ø�û%�nó�ø�üUö��nô%���nûi÷vô9ö#ø	�2;bú�ø��#�.ó<-Ê/×üÄöõôiö��Ýú��nó��Uövô%�5��ø9üÄö��m���nó�ø�û¹ý�ö�2�.óÄÿ ø�� ø�üÄö��pó�ø9övôió,ú��;��.óÄö5-  �póÄ÷vö1ø9üÄö]�1�nû9÷�ô9ö#ø	�#;vú�ø	�2�.óZ�5��ø�üÄö\±�( �Ýö#ø�ü����E�ÝúbùAó1�8ø2ý�ö�÷��8óÄû��pûiø�ö�ó�ø[���pø9ü¿ø�üÄö�ú��Wd����pó�ø[&)(�* ú~ø�.ô=óÄöbú�ô�ø�üUö ýF��!Äó��,ú�ô��nö�û�7Dø�üÄöÝý�!1�4övô];��.óÄö0�nû�?1B�ö�� ú8ó��þóÄö�
8övôØú5�,ú��Uø9ö��¢��!Uô��nóUÿAø�üUö övó�ø��nô9öÎø	�2�Ýö�nó�ø9övÿ.ô9ú�ø	�2�.ó<- ò
óþø�üÄö:�nó�ø�ö�ô9ó,ú5²;��.óÄö57�ø�üÄö:���pû9÷vôiö�ø��#;bú~ø	�#�8óM��ô���� ø�üUö%±[( �Ýö#ø�ü����þ÷vú8ó'ý�ö ôiö���nú8÷vö�����pø9ü�ø9üÄöa���pû9÷�ô9ö�ø��#;vú�ø	�2�.óG��ô�����ø�üUöC(�± �Üö�ø�ü1�>�4�2�1��ö×ú8ûiû�!��Üö�ø9ü,ú�øDø�üÄöD���nûi÷vôiö�ø	�2;bú�ø��#�.ó���ô�����ø�üÄöD±[(�Üö�ø�ü1�>�¨�nû�÷��.óÄû��nû`ø�övó�øX���pø�ü?ø�üÄö1ú��Wd����pó�ø�&)(�*6-F±�û��1�nû9÷�!Äû9ûiö����pó   ö�÷�ø	�2�.óE¥>-jÈ>7lø�ü1�nû3ú8û9û�!��0��ø	�#�8ó¨�pû
ó��8øÏú52�Cú|ù�ûSø9ô�!ÄöC���.ô%ú2ÿ8övóÄö�ô�ú�����pû9÷�ô9ö�ø��#;vú�ø	�2�.óØú8ó��Îÿ.ô��#�<-�îX����ö�
.ö�ô�7��2�lø�üUö6�Ýö�û9üÜú8ó��9���pû9÷vôiö�ø��#;bú~ø	�#�8ó��� ø�üÄöG���.ô��Cú8ô��¯�Äô��.ý�nö���ú8ô9öG!Äó������.ô��Å�nó7ø�üÄöG�nó�ø�ö�ô9ó,ú5�;��.óÄö57�ø9üÄö1ú5�Wd����nó�ø^��� ø�üÄöG���nûi÷vôiö�ø	�2;bú�ø��#�.óY�pû�nó1�Äövö��A÷��.óÄû��pûiø9övó�øX���Àø�üÛø�üUö�ú5�Wd����nó�ø�&)(�*6-±X�qø9övô ø9üÄöE���pû9÷vôiö�ø��#;bú~ø	�#�8óÕ�nó/ø9üÄöE�pó�ø9övôió,ú��;��.óÄö üÄú8û¹ý�övövó�ôiö���nú8÷vö���ý�ùFø�ü,ú~ø%��ô���� ø9üÄö�(�±�Üö�ø�ü1�>�<7�ø�üUöD�Üövûiü�÷vú8ó1ý�öCú5�,ú��Uø9ö���ø	�3ú8÷�ü��nö�
.ö�ö�ÚÜ÷��pövóÄ÷#ùG���Àø�ü���!Uø�#�.ûiû��5�,ú8÷�÷�!Äô9ú8÷�ù�-�/×üÄö�ú��,ú��Uø��2
8ö�Üövû9ü?ô9ö�?,óÄö��Ýö�ó�øX�nóÛø9üÄö4�pó�ø�övôió,ú�<;��.óÄöG�nû6�pó"
��pû��ný1nö2ø	�Øø9üÄö4±�(¡�Üö�ø9ü����<7���ü��n÷�ü?ö�B>��öv÷#ø�û3ø9ü,ú�ø�ø�üUö���pû9÷vôiö�ø��#;bú~ø	�#�8óÄû����.ô�ø9üÄö�ú��Wd����pó�ø�ûiù�ûiø9ö��*ú8ôiö×ÿ.övóUövô�ú~ø�ö��Îý�ù�ø9üÄö�±[(ª�Ýö#ø�ü����9�.óÎúÊó��.ó,ú5�,ú��Uø��2
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ÿ.ô��#�<- ò
óÄûiø9öbú��Üø�üÄö����pû9÷vôiö�ø��#;bú~ø	�#�8ó:�pû%ú8÷v÷����:��#�pû9üÄö��Üö�ÚÜ÷��nö�ó�ø	pùÎý�ùØø9üÄö^(^±©�Üö�ø�ü1�>�9�.óÝú8óÝú��,ú��Uø��2
8ö
ÿ.ô��#�<-�/×üUö4�pó�ø9övôió,ú�<;��.óÄöG#����H�ûC#�2H8ö�úÎý�fú8÷,HÝým�3BÛø��Øø�üÄö�±[(¡�Ýö#ø�ü����<-  �nóU÷vö ø9üÄö¹û9ö�óÄû��Àø	��
>�Àø
ù ÷bú�p÷�!�nú�ø	�2�.ó`�pû1ý,ú�û9ö��Ö�.óþø�üÄöI±�( �Ýö#ø�ü����<7�ø9üÄöI�pó��pø��fú��÷��.ó����Àø	�#�8óÄûG���8ô
ø�üUöÝú5�Wd����nó�ø�û`ù�û`ø�ö�� �]!Äûiø�ý�öÎÿ.övóÄö�ô�ú�ø9ö��þý�ùïø9üÄö9±[(×�Ýö#ø�ü����<-9î^�V��ö�
8övô�7�ø�üÄö9�pó��pø��fú�D÷��.ó1���pø��#�.óÄû
ÿ.ö�óÄövô9ú�ø�ö��'ý�ùïø�üÄö:±[( �Ýö#ø�ü����R� úbù��pó=
����
.öÎø�üÄöÜÿ.ô��2�õû��,ú8÷��nóÄÿ¯�nó>���.ô��Ýú�ø	�2�.óE��!UöÜø��?ø9üÄöÝû��,ú�ø��fú����pû9÷vôiö�ø��#;bú~ø	�#�8ó¿ú8ó1�Z�nó�ø9övÿ.ô9ú�ø	�2�.óY�nóAø9üÄöG�.ý�diöv÷#ø	��
.ö4��!UóÄ÷�ø��#�.ó,ú5Dö�
�ú�#!,ú~ø	�#�8ó<-a/×üÄöG
�ú8ô��nú8ý�nöÊø9ô�ú8óÄûL���.ôL��Ýú�ø	�2�.ó ÚÁ º Â Ó�Ô ÁJ÷vú8ó ö�2�#�:�nó,ú�ø9öÜø9üÄöÛÿ.ô��#� û��,ú8÷��póÄÿ��nó>���.ô��Ýú�ø	�2�.ó'ôiö�nú�ø�ö�� ø	� ø�üUö��nó�ø�ö�ÿ.ô�ú�ø��#�.ó
û9÷�üUö��Üö\�nó¿ø9üÄö\�.ý"diöv÷�ø��2
8ö]��!ÄóÄ÷#ø	�#�8ó¿ö�
�ú�2!,ú�ø��#�.ó<-XîX����ö�
8övô�7��Àø2÷vú8óÄó��8ø�ö�2�#�:�nó,ú�ø9ö2ø�üÄö1ÿ.ô��2�¿û��Äú8÷��póÄÿ�nó>���.ô��Ýú�ø	�2�.ó ôiö�nú�ø�ö��?ø��Îø9üÄö��nó�ø�ö�ÿ.ô�ú�ó�����!ÄóÄ÷�ø��#�.ó@-O�¥



  ø�ô��n÷#ø	pù�û���öbú�H"�nóUÿ�7�ø�üÄö6
�ú�#!Uövû)���Xø9üÄö3ú��Wd����pó�øz
�ú8ô��fú8ý1növû%ú�ô9ö����2�4övôiövó�øD�.ó0�1�2�4övô9ö�ó�ø�ÿ8ô��#�Uû�-�/×ü,ú~ø�nû���ü�ù ø�üÄöÜû9ö�óÄû��Àø	�2
��Àø
ùõ÷bú�p÷�!�nú�ø	�2�.óïý�ù ø9üÄö:±[(Å�Üö�ø9ü��>�M�\!Äû`ø1ý�ö:�4ö�ô����.ô��Ýö��`�.ó'ú¯?1B�ö��¢�Ýö�û9ü<-/×üÄöK�pó��pø��fú�Çÿ���
.övó��Üövûiü<7<��ü��p÷�üM�pû�ø�üUö\fú8û`ø��Üövû9üõÿ.ö�óÄövô9ú�ø�ö�� ú�ø[´^º�t§�nó ø9üÄö]���.ôL�{ú8ô�� ú��,ú��Uø��2
8ö�Üö�ø�ü1�>�<7��Ýúbù ó���ø�ý4öØø�üUöÜû9ú��ÜöÎú8û2ø�üÄöÎôiö���övôiövóÄ÷�öÝó1�.ó,ú��,ú5�Uø	��
.ö\?,óÄö9�ÜövûiüM��öÎû9övö�H8-0/×üÄö�ô9ö����.ô9ö57��ö:�]!Äûiø�÷vú�n÷�!�fú�ø9ö1ø�üUö:�pó��pø��fú�Ç÷��.ó����Àø	�#�8óÄû[���.ô�ø9üÄö9±[(�(�± �Ýö#ø�ü����R�.óïø�üÄöØôiö���ö�ô9övóU÷vö:�Ýö�û9ü�?,ô9û`ø
ú8ó��7ø�üUövó¯�Äô��Wdiö�÷�ø�ø�üUö�� �.ó�ø��Üø9üÄö��nó��Àø	�fú54ÿ���
.ö�ó¯�ÜövûiüAý�ùY�pó�ø9övô��m��nú�ø	�2�.ó<-/×üÄöZ��
8övô�ú5#�ú�pÿ��.ô��Àø�ü�� ���3ø�üÄöY±[(�(�±û�Ýö#ø�ü���� �nûÎú8û9����#2����û�¿Y«��pô9ûiø9��ö¨�8ýUø�ú��pó"ø�üÄö¯�nó��Àø	�nú�
÷��8ó����pø��#�.óUû9���8ôÎø9üÄöAú��Wd����pó�øÜû`ù�û`ø�ö�� ý�ù ø�üÄö¯±[( �Ýö#ø�ü���� �8ó/úR
>�pôiø�!,ú�×ó��.óÄú��,ú��Uø��2
8ö¯?,óUö¿ÿ.ô��#�<-/×üÄö�ó0��ö�ø9ô�ú8óUû����.ô�� ú8ó��9�Äô��Wdiöv÷#ø�ø9üÄö�� ø��Êø�üÄö�ú��,ú5�Uø	��
.ö�ÿ.ô��2�\���pø9üÝú�?1B�ö��ÜýF��!Äó��,ú�ôiùØý�!>�Xö�ô²;��.óÄö5-Lþö�ú8ûiû�!��Üö3ø9ü,ú�øÏø�üÄö^���pû9÷vôiö�ø��#;bú~ø	�#�8óÜüÄú8ûCý�övö�ó¹÷�ü��.ûiövó¹û���ø�üÄú�øa±�(Ë�pû�÷��.óÄû��pûiø9övó�øa���Àø�üÝø9üÄö3ú��Wd����pó�ø&)(�* �pó�ø�övôió,ú�2pù�-�/×üÄövóÛø�üUöÊû��,ú�ø��fú�m���nûi÷vôiö�ø	�2;bú�ø��#�.ó0�nó¹ø9üÄöÊým��!Äó��,ú8ô`ù ý1!1�Xö�ô6;��.óUö��nû{ÿ.ö�óÄövô9ú�ø�ö��7ý�ù
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