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Homework 8 — Multiple Choice
ChE 132A

Exercise 8 (Conservation of energy and the heat equation).

A solid (density p, heat capacity Cp, conductivity k) has volumetric heat-generation rate ¢ and no fluid
motion. The integral energy balance for a fixed control volume V with boundary S is

d A
—/pCpTdV=—/n-qu+/q'dV
dr Jy S 1%

(a) Because V is fixed, the time derivative on the LHS commutes with the volume integral, giving
(A) [;pCp (8T /01) dS
®) [, pCp (0T ]d1) dV
(C) pCp (8T /1) (a single number, not an integral)
(D) /V(a/c')t) (T pCp dV), with dV also differentiated
(b) Applying the divergence theorem to the surface integral converts it to
(A) [,n-qdV
B) [, V-qdV
© [(V-qdS
(D) /S q dS (no change)

(c) Substituting Fourier’s law ¢ = —kVT replaces =V - g by V - (kVT) = kV>T (constant k). The integral
identity holds for arbitrary V, so the integrand vanishes pointwise, giving the heat equation

(A) pCp AT [0t = —kV>T + g
(B) pCpdT/dt = kV2T + ¢
(C) pCp (8T /d1)* = kV*T
(D) pCp VT =k 8T /0t
(d) Dividing by pCp and comparing with the species mass-balance PDE dc /8t = DaVZca + R4 (n0
convection), the role of the diffusivity D 4 is played by
(A) k
(B) pCp
(C) the thermal diffusivity & = k/(pCp)
(D) 4/(pCp)

(e) For unidirectional flow of an incompressible Newtonian fluid the streamwise momentum equation
reduces to du/dt = v #*u/0y>. The kinematic viscosity v = u/p here plays the role of



Homework 8 — Multiple Choice 2

(A) the source term ¢/(pCp)

(B) the thermal diffusivity @ — the momentum-diffusion timescale is set by v exactly as the
heat-diffusion timescale is set by @

(C) the temperature T
(D) the surface flux n - ¢

Exercise 9 (Flux heating of a semi-infinite slab).

A semi-infinite solid (x > 0) at zero initial temperature is heated by applying a constant flux g at the surface
x = 0. In the dimensionless variables ® = kT'/qq, T = at, the problem is

0:0=070, -0,0| =1, O(x,00=0, ©—0 (x> )

(a) The Laplace transform (in 7) of the PDE plus the bounded-as-x — oo condition gives O(x,s) =
A(s) e Vs, Applying the transformed flux BC —d®/dx|y = 1/s determines A(s) as
(A) A(s) =1/s
(B) A(s) = 1/+s
(C) A(s) = 1/s3?
(D) A(s) =1/s?
(b) Differentiating ® = ¢~*V5 /s3/2 once in x gives —90/dx = e~*V5 /s, which inverts to
(A) =00 /0x = e=*1(47)
(B) —00/dx = erfc(x/(2+/7))
(C) —00/dx =1 —erf(x+/7)
(D) —00/dx =1
(c) Integrating —00/dx = erfc(x/2+/7) from x to oo (using ® — 0 at infinity) and integrating by parts
gives
(A) O(x, ) = erfc(x/2v7)
(B) O(x,7) =21/me 14 _ xerfe(x/2v7)
(©) O(x,7) =+7/n
(D) O(x, 1) =x erf(x/27)
(d) Setting x = 0 in the closed-form solution shows that the surface temperature grows as

(A) a constant (independent of 7)
() ©(0,7) =2/1/m o VT

©) 000,7) 1

(D) ©0,7) < e

The /7 growth is the hallmark of diffusive penetration with constant-flux forcing.

(e) The problem has no intrinsic length scale (the slab is semi-infinite). The only length appearing in the
solution is therefore
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(A) a fixed length built into the geometry
(B) the diffusion length /7 = Vat, which grows in time
(©) 1/+/q0

(D) the wavelength of the boundary forcing

Exercise 11 (Startup of plane Couette flow).

A Newtonian fluid of kinematic viscosity v fills the gap between two parallel plates at y = O (stationary)

and y = L. Att = 0 the upper plate is set in motion at constant velocity Up. In the dimensionless variables
n=y/L,t=vt/L? i =u/Uy,

fr =ilyy, w(0,7)=0,4(l,7)=1, a(n0)=0
The inhomogeneous BC at 7 = 1 blocks a direct sine-series attack; we split off the steady piece first.

(a) The steady particular solution i, (n) satisfies i}, = 0 with 41,,(0) = 0 and /i, (1) = 1. This is
(A) i, =1
B) ip=n
©) dp = 3n(1-mn)
(D) i), = sin(nn/2)
the linear Couette profile.
(b) Writing i = i1, + w and substituting, the transient correction w(n, 7) satisfies
(A) wr
(B) wr =wy, withw(0,7) =w(l,7) =0and w(n,0) = +n
(C) wr =wpy, withw(0,7) =0, w(l,7) =1

(D) wr = —wy,;, (a backwards heat equation)

Wyy Withw(0,7) =w(l,7) =0and w(n,0) = —n

(c) Expanding w(n,0) = —n in the sine basis on [0, 1], the coefficients a,, = —2 fol n sin(nmrn) dn evaluate
to
(A) an =-2/(nm)
B) a, =-2foralln
(©) an =2(-1)"/(nnx)
(D) a,, =4/(nn) for odd n, O for even n

(d) Assembling, the full solution is

(A) d(n,7) = ne‘”zT

A 4 1 2.2 .
(B) (1.7) = = Tyoaa €T sin(n)
(_l)n e—nznz‘r

n

2
©) a(m,7)=n+ - 2zl

D) d(n,7) =71 - ™7)

sin(nmn)
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(e) As T — oo every transient mode decays and the velocity profile approaches

(A) @ — 0everywhere

(B) @t — 1 everywhere

(C) @t — n, the linear Couette profile
D) & — (4/m)n

The slowest-decaying transient mode has timescale 7; = 1/7% ~ 0.10, so steady state is reached on the
momentum-diffusion time L?/v.
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