CHAPTER 2:The Stoichiometry of Reactions—Introduction
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@ Stoichiometry: the determination of the proportions in which chemical elements
combine or are produced and the weight relations in any chemical reaction.’

@ the stoichiometric matrix, v

@ linearly independent reactions

@ mass conservation in chemical reactions
@ reaction rates, r;, i=1...n

@ production rates, R;, j=1...n

\Webster's New World College Dictionary, fourth edition, 2000.

Chemical Reactions and Stoichiometry

@ Nitric oxide, smog formation in the atmosphere. 1 reaction among 3 species.
@ Water-gas shift reaction. 3 reactions among 6 species.

© Chemical vapor deposition. 20 reactions among 14 species.
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2NO + O2 == 2NO2

One chemical reaction and three different chemical species:
NO, OQ, and N02

Water-Gas Shift Reaction
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H2O + CO — CO2 + H»
OH+CO— CO2+H

Three chemical reactions and six different chemical species:

H, Hs, OH, H20O, CO, and COa.

Let A; represent the jth species

A1 = H, A2 = Hg, A3 = OH, A4 = HQO, A5 = CO, and A6 = COQ
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Species Vector and Sign Convention

H20 + CO =— CO2 + H»
OH+CO— CO2+H

A1 = H, A2 = H2, A3 = OH, A4 = HQO, A5 = CO, and A6 = COQ

A. + A — A + A
AA + AA — A + A
A3 + As — A + A
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Species Vector and Sign Convention

AA + A — A + A
A, + AA — A + A
A + A5 — A + A

—As—As+ A+ A2=0
—As— A+ A+ A3 =0
—As —As+As+ A1 =0

products have positive coefficients
reactants have negative coefficients
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The Stoichiometric Matrix

A1
01 0 -1 -1 1 22
-1 1 1 -1 0 0 A3 =
4
1 0 -1 0 1 1 As
stoichiometric matrix v
A column vector of A;j, j=1,...,6
vA=0

The ith reaction and the jth species

(2.7)

7/70

vA=0

Ns
E V,'J'AJ'ZO, i:1,...,n,
J=1

i runs from 1 to n,, the total number of reactions in the network
J runs from 1 to ns, the total number of species in the network
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Stoichiometric matrix for a single reaction

A1 = NO, A, = O3, A3 = NOs.

Ai
—2A1—A2+2A3:[ -2 -1 2 } As =0
As

The stoichiometric matrix for a single reaction is a row vector.

v=[ -2 -1 2]
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H>0 + CO == CO2 + H»
OH+CO— CO2+H

A1 = H, A2 = H2, A3 = OH, A4 = HQO, A5 = CO, and A6 = COQ

is H?
Modified species vector:
A} = CO,, A, = Hy, A, = OH, A, = H20, A; = CO, and A; = H.

Instead of A1 = H and Ag = CO3, what is the stoichiometric matrix if A; is CO3 and Ag
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Columns of v

Ay + A — A 4+ A
A, + A = A + A;
Ay + A — A1+ A

0 -1 -1 0
1 -1 0 -1
-1 0 -1 1

= O = {—
o= =

11‘70

@ Switching species one and six in the A implies switching the first and sixth columns
in the stoichiometric matrix.

@ Connection of the columns of v and the species taking part in the reactions.

© The jth column of the v matrix supplies the stoichiometric numbers of the jth
species in all of the reactions.

12 /70



H2O + CO = CO2 + Hs
H>-O +H+— H,; + OH
OH+CO = CO2;+H

A1 = H, A2 = Hg, A3 = OH, A4 = HQO, A5 = CO, and A6 = COQ
Exchange the first and third reactions

OH+CO— CO2+H
H>0 + CO — CO2 + H»
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A+ A — A + A
A, + AA — A + A
Aa + A — A + A
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@ Exchanging the orders of the first and third reactions causes us to exchange the first
and third rows in the v matrix

@ Connection of the rows of v and the reactions.

@ The ith row of the stoichiometric matrix contains the stoichiometric numbers of all

species in the ith reaction.

@ Since there is no reason to prefer one ordering of species and reactions over another,
one may permute the columns and rows into any order and maintain a valid

stoichiometric matrix.

Silicon chemical vapor deposition (CVD)

SiHy4 + SiH»
SigHy + Ho
SiHy + H
SiHy + SiHj
SiHy 4 SiH
SiHy + SiH
SiHy + Si

Si + Ho
SiHy + SiH
SiHo + Si
SiHs + Sig
Hy + SigHo
Hy + SigHy
Ho + SiH
Ha + Sig

Hs + SigHgz
SigHg + H
Si + Siz

SiHy4 = SiHg + Ho
SiHy — SiHs3+H
—— SigHg

— SiHy + SiH,
= SiHj + Ho
= SigHs + Ha
— SiH3 + SiH,
— SigHs

— 2SiH,

= SiH,

— SigHg

— SizoH2

== SigHg + Sig
T SigHy

—— SigHg

— SiH,

— SigHg

— SigHs

— SigHg

\:\ 2Si2

16 / 70



Silicon chemical vapor deposition (CVD)

© The CVD reactions are a simplified version of 120 reactions that were originally
postulated for this reaction network [1].

@ Combustion chemistry: several hundred reactions.

© Polymerizations and long-chain-producing reactions: thousands of species and
associated reactions.

@ The stoichiometry of these complex problems is intractable if we do not develop a
systematic, automated procedure.

Stoichiometric matrix for CVD chemistry

There are 20 reactions, n, = 20.

There are 14 different species, ns = 14.

A possible assignment to the A vector is: H, Hs, Si, SiH, SiH2, SiHs, SiH4, Siz, Si2Ha,
SioHgs, SioHy4, SioHs, SioHg, Sis.
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Stoichiometric matrix for CVD chemistry

r o 1 0 0 1 0o -1 0 0 0 0 0 0 0 1
1 0 0 0 0 1 - 0 0 0 0 0 0 0
0 0 0 0 -1 0 -1 0 0 0 0 0 1 0
0o -1 0 0 1 0 1 0 0 0o -1 0 0 0
—1 1 0 0 0 1 - 0 0 0 0 0 0 0
0 1 0 0 0o -1 - 0 0 0 0 1 0 0
0 0 0 -1 1 1 -1 0 0 0 0 0 0 0
0 0 0 -1 0 0 -1 0 0 0 0 1 0 0
0 0o -1 0 2 0o -1 0 0 0 0 0 0 0
U= 0o -1 - 0 1 0 0 0 0 0 0 0 0 0
- 0 0 0o -1 - 0 0 0 0 1 0 0 0 0
0 0 -1 0o -1 0 0 0 1 0 0 0 0 0
0 0 0 0o -1 0 0 1 1 0 0 0 0o -1
0o -1 0 0 0 0 0 0o -1 0 1 0 0 0
0 -1 0 0 0 0 0 0 0 0 -1 0 1 0
0o -1 0 -1 0 1 0 0 0 0 0 0 0 0
0o -1 0 0 0 0 0o -1 1 0 0 0 0 0
0 -1 0 0 0 0 0 0 0o -1 0 1 0 0
—1 0 0 0 0 0 0 0 -1 1 0 0 0 0
L O 0 -1 0 0 0 0 2 0 0 0 0 0o -1

Stoichiometric matrix for CVD chemistry

v is a 20 X 14 matrix; it contains many zero entries.

A matrix with many zero entries is called sparse

Physical fact: very few molecules can take part in a particular reaction. Why?
All of the reactions in the CVD chemistry are unimolecular or bimolecular.
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Conservation of mass

Show conservation of mass in a chemical reaction can be stated as
vM =20

in which M; is the molecular weight of species ;.

What is conserved?

@ In a chemical reaction, the number of molecules is not conserved
@ In a chemical (i.e. not nuclear) reaction, elements are conserved

@ In a chemical (i.e. not nuclear) reaction, mass is conserved
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Conservation of mass

2NO + O2 == 2NO2

The molecular weights of reactants and products are related by 2Mno + Mo, = 2Mno,.

Mxo
—2Myo — Mo, + 2Mno, = [ -2 -1 2 } Mo,
MN02

0

vM =0
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Conservation of Mass

H20O + CO = CO2 + Hs
H-O +H = H,; + OH
OH+CO = CO2+H

A1 = H, A2 = H2, A3 = OH, A4 = HQO, A5 = CO, and A6 = COQ

M = [ My MH2 Momn MHQO Mco MCOQ ]T

the superscript T means the transpose of the matrix
For the first reaction, HoO + CO = CO3 + H>, we know

Mco, + Mu, — Mu,o0 — Mco =0
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Conservation of Mass

My
M,
Mou
M, 0
Mco
Mco, |

vM =0
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Independent Reactions

H20 + CO = CO2 + Hy
H-O +H = H,; + OH
OH+CO— CO2+H

Question: can we express any reaction in the network as a linear combination of the
other reactions?

If we can, then the set of reactions is not independent.

Can we express the first reaction as a linear combination of the second and third
reactions?
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Independent Reactions

By inspection, the first reaction is the sum of the second and third reactions, so the set
of three reactions is not independent.

H:0 + [H] = H. + [OH]
+ [0 + co = co. + [H
H,0 + CO = (0. + H,

If we deleted the first reaction from the network, would the remaining two reactions be
independent? Why or why not?

H>-O +H — Hs + OH
OH+ CO — CO2 +H
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Independent Reactions

There is nothing wrong with the first reaction
Can we write the second reaction as a linear combination of the first and third reactions?

H.0 + [€O] = [@0z2] + H.

- {oH + [CO] = [€G;] + H}
H-O + H — H, 4+ OH

So the first and third reactions could be chosen as the independent set of two reactions.
For this example, any two of the reactions comprise an independent set.
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Independent Reactions

Consider the stoichiometric matrix for the water gas shift reaction

0 1 0O -1 -1 1
v=| -1 1 1 -1 0 O
1 0 -1 0 -1 1

Whether or not the ith reaction is a linear combination of the other reactions is the same
as whether or not the ith row of the v matrix is a linear combination of the other rows.

Independent Reactions

@ The linear independence of the reactions in a reaction network is equivalent to the
linear independence of the rows in the corresponding stoichiometric matrix.

@ The rank of a matrix is defined as the number of linearly independent rows (or
equivalently, columns) in the matrix.

@ Therefore, the number of linearly independent reactions in a network, n;j, is equal to
the rank of v.
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More species than reactions

Our first use of mathematics to tell us something nonobvious about reactions

Show that mass conservation implies that any independent set of reactions has more
species than reactions.

We know that mass conservation is equivalent to

vM =0

Consider the columns of the v matrix as column vectors.
Matrix-vector multiplication can be expressed as a linear combination of the columns of
v with the elements of the M vector as the coefficients in the linear combination

More species than reactions

_ M,
vin V2 -+ UVln, M,
vM =
| VUnj1 Vn2 - Vn;ng M
Ns
145! Vi2 Ving
= My + Mo+ -+ M,
| Un;1 Un;2 Vnins
[ 0
| 0
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More species than reactions

The last equation implies the columns of v are linearly dependent because the molecular
weights are nonzero.

Because the rows are linearly independent, we conclude there are more columns (species)
than rows (independent reactions), ns > n; and v is a wide matrix (i.e. not a square or
tall matrix).
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The fine print

Notice that one must consider linearly independent reactions for the statement in the
example to be true.
2NO + Oz == 2NO3
ANO + 202 == 4NO2
6NO + 302 == 6NO2
8NO + 402 == 8NO>

2 -1 2
-4 2 4
Y1 -6 -3 6

8 —4 8
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Maximal sets of linearly independent reactions.

Please read the book for this discussion.
| will skip over this in lecture.

Reaction Rates

Consider the third reaction in the CVD chemistry

SiH4 + SiHo = SisHg

The reaction rate, r, is defined as the number of times this reaction event takes place
per time per volume.
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Reaction rate for SiH> + SiH4s = SisHg

%4

-

J

Turn SiH4, SiH2 and SioHg molecules loose in a box of some fixed volume V

The reaction extent, ¢, keeps track of the number of times this reaction event occurs.
Count up the net number of times an SiH4 molecule hits an SiHs molecule and turned
into an SioHg molecule during a short period of time.

Reaction rate for SiH> + SiH4s = SisHg

%4

. J

The change in the reaction extent, Ag, is the net number of reaction events that occur in
the time interval At.

The reaction rate is then

Ae

NV
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Sign of r, forward or reverse?

@ If the forward event (an SiH4 molecule and an SiH2 molecule turning into an SioHg
molecule) occurs more often than the reverse event (an SioaHg molecule
decomposing into an SiH4 molecule and an SiH2 molecule), then the change in ¢ is
positive and the reaction rate is positive.

@ If the reverse event occurs more often than the forward event, then the change in ¢
and reaction rate are negative.

@ If the system is at equilibrium, then the change in ¢ is zero and the forward and
reverse events occur in equal numbers.
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The extent € is a number of molecular change events.

The units of r are molecules/(time-volume).

Or divide by Avogadro's number,

The units of extent are moles and the units of reaction rate are moles/(time-volume)
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Continuum assumption

%4

- J

Ignore the discrete nature of the molecules. How?

Take the volume V large enough to average the random fluctuations of the molecules,
but small enough that there is negligible spatial variation in the average concentrations of
the components or the reaction rate within V.

Under this continuum assumption, we can speak of the reaction rate as defined at a
point in space within some larger reacting system or physical reactor equipment.

Production Rates

It is difficult to measure reaction rates directly, because we do not directly sense
molecular transformation events.

We can measure concentrations.

A major goal is to connect the reaction rate to the rate of change of the concentrations
of the various species in the reactor, which are the quantities we usually care about in a
commercial reactor.

production rate, R,

the rate at which a given species is produced (moles/(time-volume)) due to the chemical
reactions taking place.
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Production Rates

SiH4 + SiHs = SiyHg

Each time the forward reaction event occurs, an SiaHg molecule is produced.
Each time the reverse reaction occurs, an SiaHg molecule is consumed.
The production rate of SioHg, Rsi,Hg, is therefore directly related to the reaction rate,

Rsiyrg = r

Notice that if r is positive Rsi 4 iS positive as we expect because SioHg is being
produced.

Production Rates

The three production rates are:

RSiH4 = —r
Rsin, = — r
RSi2H6 — r
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Production rate vector

The production rate vector, R,

Rsin,
R = | Rsin,
RSi2H6

The connection between the three production rates and the single reaction rate
-1

R = -1 |r
1

Our friend, the stoichiometric matrix, emerges

SiH4 + SIH2 \i SiQHG

v=[-1 -1 1]
—1

R=| -1 |r
1

The column vector in this equation is the transpose of the row vector v
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Multiple Reactions

Recall the water gas shift

H>0 + CO =— CO2 + H»
OH+CO— COz+H

Three reaction rates are required to track all three reactions.
ri denotes the ith reaction rate
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Multiple Reactions

H20 + CO =— CO2 + H»
OH+CO— CO2+H

@ Production rate of atomic hydrogen, H
@ H is consumed in the second reaction

@ H is produced in the third reaction.

Ry = (0) n + (—].) rn + (1) nR=—mNn-4+n
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Multiple Reactions

H20O + CO =— CO2 + Hs
H>-O+H = Hs; + OH
OH+ CO — CO2+H

@ production rate of molecular hydrogen, Ho.

@ Hs is produced in the first reaction

@ Hs is produced in the second reaction
Ri,=(1)n+1)n+0)n=n+nr
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Multiple Reactions

Fill in remaining four species

Ru 0 -1 1

R, 1 1 o0 "

Rou | _ 0 1 -1 .,

Ri1,0 1 -1 0 .

Rco -1 0 -1 3
| Rco, | | 1 0 1
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Fundamental Relationship

"Ry 1 [ 0 -1 17 [ A1
gHz (1) } _(1) n o1 0 -1 -1 1 QQ
ROH = 1 1 o r -11 1 -1 0 0 A3

H20 rs 1 0 -1 0 -1 1 4
Rco -1 0 -1 As
| Rco, | L 1 0 1] | As |

The two matrices are transposes of each other.

Fundamental Relationship

Y o WY o WY ¥

R=v'r
in which 7 denotes the transpose of the stoichiometric matrix.
is a simple matter of matrix multiplication.

The reverse problem, deducing the reaction rates from the production rates, is not so
simple as it involves solving a set of equations.

We can always compute the production rates from the reaction rates. That computation
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Computing Production Rates from Reaction Rates

Computing R from r is a simple
Consider again the water gas shift reaction chemistry,

H

01 0 -1 -1 1 g% 0

11 1 -1 0 0 o | =10
2

1 0 -1 0 -1 1 o 0
_COQ_

In Chapter 5 we discuss means for predicting reaction rates given species concentrations,
but for now just assume we know the three reaction rates are, in some chosen units of
moles/(time-volume),

Computing Production Rates from Reaction Rates

Assume we know the reaction rates are:

n 1
rn = 2
r3 3

The production rates of the six species due to these reactions are then computed as:

Ry 0 -1 1 1
Ri, 11 0|, 3
Ron _ 0 1 -1 5 | - -1
Ru,0 -1 -1 0 3 -3
Rco —1 0 -1 —4

| Rco, | | 1 0 1 | | 4]
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Computing Production Rates from Reaction Rates

H2O + CO =— CO2 + Hso
H>-O+H +— Hs + OH
OH+CO — CO2+H

rn 1
rn = 2
rs 3

The effect of the three reactions is to produce H, H2 and COs, and to consume OH,
H20O and CO at the given rates.

Computing Reaction Rates from Production Rates

Linearly independent set: the first two water gas shift reactions

H20O + CO = CO2 + Hy
H>-O +H +— H, + OH

Production rates:

Ru 0 -1
Ry, 1 1
R()H - 0 1 l rn :|
RH20 -1 -1 r
Rco -1 0

| Rco, | 1 0 |
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Errors in the Data and Least-Squares Estimation of Rates

We can compute the production rates when the two reaction rates are

[2]=12]

we obtain

57 /70
Errors in the Data and Least-Squares Estimation of Rates

Assume the production rate of H is in error

Rmeas ==

Six equations and only two unknowns, the equations are inconsistent, no exact solution.
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Errors in the Data and Least-Squares Estimation of Rates

Least-Squares Approach:
Square the error in each equation and sum
Inconsistent equations (no exact solution).

-
R= v r

Least-squares solution.
T \—1
r=wvv' ) VR
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Impact of measurement error

=21 ]
3
B 2 [ 0.98333
Rimeas = L3 | T et = l 2.03333 }
1
i 1 |

instead of the correct

-3

A small error in the H production rate has translated into small errors in both inferred
reaction rates.

60 /70




Impact of measurement error

[ —2.05 —-2.06 -—-193 —-197 -—-2.04 -1.92
2.94 3.02 3.04 2.93 3.06 3.04

R B 2.01 1.94 2.01 1.92 2.01 2.04
meas Tl —208 —298 —298 —-2.99 -—-296 -—2.96
-1.03 -1.03 -098 -—-1.07 -0.95 -1.08
0.97 1.05 1.06 1.09 1.00 1.07

Take each column of Ry.eas, and compute the least squares estimate of r for that
measurement

A 097 1.03 1.03 1.06 0.98 1.05
st 1 201 1.99 1.98 192 203 1.96
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Estimating reaction rates from production rates

2.2

21 - B

2.05 + B

r 2+ i

1.95 - B

1.9 - :

1.85 - B

18 L L L L L L L
0.8 0.85 0.9 0.95 1 1.05 1.1 1.15 1.2

n

Figure 2.2: Estimated reaction rates from six production rate measurements subject to
measurement noise.
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Estimating reaction rates from production

2.2

215 i

21 + s

2.05 +

rn 2 -

1.95 -

1.9 - :

1.85 |- B

18 L L L L L L L
0.8 0.85 0.9 0.95 1 1.05 1.1 1.15 1.2

n

Figure 2.3: Estimated reaction rates from 500 production rate measurements subject to
measurement noise.

Summary — stoichiometric matrix

Keeping track of the stoichiometry of chemical reactions,
nNs
> viAi =0, i=1,2,...,n
j=1

A; represents chemical species j, j = 1,..., ns ns species in the reaction network

vjj is the stoichiometric coefficient for species j in reaction i, i = 1,...,n, n, reactions in

the network

vA=0
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Summary — linear independence

@ A set of reactions is linearly independent if no reaction in the set can be written as a
linear combination of the other reactions in the set.

@ The rank of a matrix is the number of linearly independent rows (equivalently
columns) of the matrix

@ The rank of v is the number of linearly independent reactions in the network

Summary — Reaction and Production Rates

@ We define the rate of reaction i, r;, to be the net number of times a reaction event
occurs per time per volume.

@ Given the rates of all reactions, we can calculate directly the production rates of all
species,

nr
Rj: E vijti, j:].,...ns
i=1

T
R=v r
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Summary — exchanging rates

Given the rates of reactions, it is a simple matter to compute the species production rates
In general, one cannot solve uniquely the reverse problem, namely given observed
production rates, compute the corresponding reaction rates.

We require additional information, such as rate expressions for the elementary reactions
in a reaction mechanism.

If the set of chemical reactions is linearly independent, then one can uniquely solve the
reverse problem.

Summary — measurement and least squares

R=v'r (2.60)

If the observed production rates contain experimental errors, there may not exist an exact
solution of reaction rates, r, that satisfy Equation 2.60.

Find the reaction rates that most closely satisfy Equation 2.60.

The closest solution in a least-squares sense is easily computed with standard linear
algebra software.

68 /70



Notation

;  Jth species in the reaction network
aj  chemical formula number in species j corresponding to element /

E'  Ith element comprising the species

i reaction index, i = 1,2,...,n,
J species index, j = 1,2,...,ns
M;  molecular weight of the jth species

n; number of independent reactions in reaction network

n,  total number of reactions in reaction network

Ns total number of species in reaction network

r; reaction rate for ith reaction

i  production rate for jth species

vij  stoichiometric number for the jth species in the ith reaction
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