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We report in the statement of some results and the proofs omitted from the paper “The Stochas-
tic Quasi-Steady-State Assumption: Reducing the Model but Not the Noise” [3]. All numberings
are referred to the paper [3].

S1 Example 1: Derivation for Pap operon regulation

Dividing both sides of equations (1)—(4) of the paper by r1 + r3 and defining € = 1/(r; + r3) gives

e% = —P) +ergPy +eryPs (1)
e% = —€(ry+r5)P + K1 Py + ergPy (2)
e% = —€e(ry +17)P3 + K3P) + ergPy (3)
6% = —€(re +18) Py + ers Py + er7 P (4)

(5)

in which Ky =ry/(r1 + r3) and K3 = r3/(r1 + r3) are O(1) terms.
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S1.1 Fast time scale solution

In the fast time scale we rescale time ¢ to 7 = t/e. Using 7 we rewrite (1)—(4) on the fast time scale
as

dP - - -

2 —P1 +ergPo 4 ery P3 (6)

dr

dP. : : ;

d—TQ = —e(ra+715) P2+ K1 P + erg Py (7)

dpP. - : ;

Tj = —e(ry +r7)Ps + K3P) + ergPy (8)

dPp. : : g

T: = —€(re + 1r3) Py + ers Py + er7 P )
(10)

in which we denote probability on the fast time scale by P, We expand P ina power series
P, = Wio + Wit + Wiz + O(®) (11)
Substituting (11) into (6) and retaining terms up to order €' give

dWio N 6dWH
dr dr

+---= —(Wm-I—EWH+"')+6T2(W20+6W21+"‘)+
era(Wao + eWsp +---)  (12)

Comparing O(e") terms in (12) gives

dWig 5
=—-W 13
dr 10 (13)

with initial condition Wio(7 = 0) = 1. The solution of (13) is
WIO =e 7 (14)
which is the equation (5) of the paper. Rewriting equation (7) using equation (11) gives

dWag edwzo

dr dr

o= —e(ra +15) (Wag + €War + -+ ) + K1 (Wig + Wiy + -+ )+
erg(Wao + eWar ++-+)  (15)

Comparing O(e") terms from (15) gives

= K1 Who (16)

with initial condition Wag(r = 0) = 0. We substitute Wiy from (14) into (16) and solve the
differential equation to obtain X
Woo = Kl(l — 6_7) (17)

which is the equation (6) of the paper. We obtain the expansions of the probabilities of states g3
and g4, i.e., W3p and Wy, analogously.



TWCCC Technical Report 2011-03 3

S1.2 Slow time scale solution

In (1) we substitute expansion of P;, 1 <i <4
P =W+ eWi + 62Wi2 + 0(63) (18)
giving

AWy — dWiy
ot

+) =(—Wio+eWii+---) +era(Wag + eWay + -+ )+
67‘4(W30+6W31) (19)

Collecting O(€") terms from (19) gives
Wio =0 (20)

which is equation (9) of the paper. Next we collect O(e!) terms from (19) to obtain
Wiy = r2Wao + 14 W3 (21)

A better approximation for the probability of state 91,151, is obtained by approximating P, up to
O(e). .
P, =W+ eWpq (22)

Using equations (20) and (21) in equation (22) gives
Py = e(roWag + r4Wao) (23)

which is equation (13) of the paper.
Next we substitute (18) into (2) to obtain

6(CWVQO 6OWV21
dt dt

+) = —6(7“2+T5)(W20+6W21+"‘)+K1(W10+6W11+"')+
6T6(W40 + Wy + -+ ) (24)

Comparison of O(e?) terms from (24) leads to equation (20). Thus comparison of O(e") terms from
(24) does not lead to any new information. Comparing O(e') terms from (24) we obtain:

dW-
dt20 = —(’I"Q + 7“5)W20 + reWao + K1W11 (25)

Substituting Wi from (21) into (25) gives

dWayg
dt

= —[r1 + r5]Wao + 72 W30 + r6Wao (26)

which is the same as equation (10) of the paper. Evolution equations for W3y and Wyy can be
obtained similarly.
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S2 Example 2: Derivations for robustness to noise in a biochem-
ical oscillator.

S2.1 sQSPA reduction

We consider reaction network (15) of the paper These reactions include the transcription events to
form M 4, translation to form A, and degradation of M 4. These reactions do not lead to change in
the populations of species D4 and D'y, hence we write P(D 4, D'y, M4, A) as P(M4, A).The master
equation for this system is

dP(M 4, A)

7 =aaDaP(My—1,A) + Oé;lD;lP(MA —1,A)+dpa(Ma+1)P(Ma+1,A)+

BaAMAP(My,A—1) — [aADA + Oz;‘D;‘ + (0ara + ,BA)MA] P(My,A) (27)
When the condition 84,04 > a4, d’y holds, the mRNA species M4 is a QSSA species. We further

define
1

= oA = €6 By =
= Batond) MA=€0pa  Ba=eBa
Multiplying (27) with € gives us

_AP(My, A)

i = e(aaDp+ o/yD')P(Ma — 1, A) + dppa(Ma + 1)P(Ma + 1, A)+

BAMAP(Ma,A—1) — [e(caDa + /4 Dy) + (6pa + Ba)Ma] P(Ma, A) (28)
We expand P(My4, A) in a power series
P(My, A) = Wo(Ma, A) + eW1(Ma, A) + €Wo(Ma, A) + - - (29)
Then by grouping like powers of € in (28), we obtain
et 0="0na(Ma+1)Wo(Ma+1, A)+BaMaWo(Ma, A—1)— (6pra + Ba) MaWo(Ma, A) (30)
Expressing this result for M4 =0,1,... yields
Wo(My,A) =0 for My >0 forall A (31)

Similarly, equating terms of O(e!) yields

dWp(0,A)
e, My=0: Od(t) = 6paWi(1,A) — (aaDa + /4 D'y) Wo(0, A) (32)
e My=1:  Wi(1,A) = BaWi(1,A — 1) + (aaD + /s D )Wp(0, A) (33)

Solving the last equation for Wi (1, A) gives
A
Wi(1, A) = (aaD s + &4 D' )W (0, A) + Z (gD + /4 D' )Wo(0, A — §)

Substituting this result into (32) gives

dWo(0, A)

A
7t = SMAZBA(O[ADA + Oé;xD;‘)Wo(O,A —J) — BA(OJADA + 0414D£4)W0(0,A) (34)

j=1

The catalytic reactions in the paper, reaction sets (16) and (17), follow from this equation.
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S2.2 Deterministic quasi steady state classical (dQC) reduction

Again we consider the reaction network (15) of the paper. The master equation describing the

species M4 can be written as:
dM 4
dt

Under the condition 4, 0a4 > aa, oy, 04, My is a QSSA species. To apply dQC we set left hand
side of equation (35) to 0 to obtain following expression for the population of My.

= aaDp+ 4Dy — dppaMa — faMa (35)

asDy + Oz;lD‘,A

My = 36
4 orma+ Ba (36)
The rate of formation of A is equal to the rate of last reaction of the network
dA _
o —PaMa=PalaaDa+ a4 D)y) (37)

Since M 4 is already removed from the network. The only species that changes with time is species
A. Equations (36) and (37) give rise to the dQC reduced reactions (18) and (19) of the paper.

S3 Example 3: Derivation for Fast fluctuation

We apply €2 expansion as outlined by van Kampen [4] on the master equation of reactions (20)
— (22) of the paper. The master equation for these reactions is

dp(aa c, g) kl

ks
p Q( a+1)gP(a+1,c—1 g)+5(c+ 1)(g—1)P(a—1,c+1,9g—1)
]{53 k1 k2 k3
+ 59+ gP(a,c.g+1) — (Qag + 59t 99— 1)) P(a,c,g)  (38)

There are two phases of time evolution of the species population. In the first phase, species G
increases and species A and C start fluctuating. After species G has risen above a certain threshold
value, we switch the simulation methodology to the SSA-{) approach. We write g as a continuous
random variable:

9= Q¢ + QY% (39)
where ¢¢ is the deterministic mean concentration of species G in the regime of SSA-Q and Q1/2¢ is
the noise in G. For the transformed variable g, the probability P(a,c,g) corresponds to II(a,c,§).
In (38) we can write

dP(a,c,g) _ M(a,c,§) 91/2% dll(a,c,§)
dt ot dt 0&

Under this change of variables, (38) becomes

OMl(a,¢,€) _ 17240 OM(a, ¢, )

ot dt ¢
= B4 1) (06 + QO 1 e-1,6)
k 0 0?
+ é(c—i—l)[l O 1/265 +Q 1(3—52—---}(Qd)g—i—Ql/z{)H(a—l,c—l—l,f) (40)
k: 0 0?
+ g -9 1/285 +07! 7a - ](Qoa+QY28) Qe +Q 2~ D)I(a, ¢, §)

T

- (Qlamqbaml/?&) + %e(ﬂqscml/?f)+%<Q¢G+Ql/2£><ﬂ¢c+nl/% - 1)) l(a, c,€)
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For the rate constants of the system, we have ki, ks > k3. We define the following parameters

Following Mastny et al. [2], we express II as a power series in Q1
H(aa ¢, 5) = WO(a7 ¢, 5) + Q71VV1 (CL, &) é) + QiQWQ(a7 ) 6) +-
and substitute into (40) to obtain the following expanded master equation

1 aWO(CL,C7€) _18W1(CL,C,§) A —1/2d¢G 8W0(CL,C,£) —18W1(a’707§)
Q(at +Q 8t+>th< o +Qa€+>

= K19 Ya+1)(Qbg + Q%) (Wo(a+1,c—1,)+Q  Wila+1,c— 1,6)+-+)

—1 —1/2 0 -1 82

82

o ](Q¢G+Ql/2§) (Wo((L—l, C+1a£)+Q_1W1(a_1a C+1a£)+ : )

+ kgﬂ”[l—@‘l/?ﬁm‘lf - ](Qoa+ 28 Qo+ QM2 -1) (Wo(a, ¢, €) + Q' Wi(a, ¢,6) + -+ )

o€ €2
— (K17 a(Q06+01/2€) + 97127 Qo6 +QY26)) (Wola, e,€) + Q7 Wia, ) +--+)

_k3g_2(Q¢G+QI/2£)(Q¢G+Ql/2£ - 1) (Wo((l, ¢, 5) + Q_lwl ((1, ¢ E) +e )
(42)

QY terms. Collecting Q° terms from (42) gives

0= Kl(a + 1)¢GW0(G + 17 Cc— 175) - (Klad)G + fyilcd)G) W()(CL,C, 5)
+7 e+ DpaWola—1,c+1,8) (43)

Since none of the terms multiplying joint densities in (43) contain &, we can integrate (43) to
obtain an equation for marginal density as a function of a and ¢ only. Also we note that because
of the stoichiometry of the problem a + ¢ = Ny and we can replace ¢ with Ny — a. Making these
substitutions in (43), we obtain

0=Ki(a+1)Wy(a+1) — KjaWpa(a) — W_INOWOQ(CL) + v_laW()a(a)
+ 7 I NgWoa(a — 1) =77 Ha — 1)Woa(a — 1) (44)

An analytical expression for marginal density Wo,(a) can be obtained by taking the z-transform of
the equation (44). That produces equation (23) of the paper. The distribution in (23) is a binomial
distribution Wy, ~ Bin(%q,No) in which ¢ = 1/(vK1). Since a + ¢ = Ny equation (24) is an
immediate consequence of (23). From equation (43), it is also clear that Wy(a, &) = Woa(a)Woe(§).

Q~1/2 terms. Collecting Q~1/2 terms from equation (42) gives

. d¢G aW/VO ((l, ¢, 5)
FTRRY:

=K1 (a+1)Wy(a+1,c—1,8) - K1atWo(a, ¢, &)+ e+ 1)EWp(a—1,c+1,€)

0 (QZ)%;WO (CL, ) 5))
23

— 7 etWola, ¢, €) + ks
(45)
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We recall that argument c in function Wy is redundant because a + ¢ = Ny at all times. Summing
equation (45) over all the values of a and c along with using the independence of a and £ gives us

_dea _

£ =~y o) + ket (16)

which is (25) in the paper. Equations (23) and (46) together give an approximation of the popula-
tions of A, C' and G when G has risen over a threshold value.

Q~! terms. Collecting 27! terms from equation (42) gives

aWO(a‘a ¢, 5)

o =Ki(a+1)y¢pcWi(a+1,¢c—1,§) — KrapgyWi(a — 1,c + 1,€)

c+190 c+1 92
5 8§(§Wo( —1,c¢+1,%)) +787§2

- C¢GW1(G’7 Cvf)) + 2k3¢G (€WO( a, 75)) + d)

(pcWo(a —1,¢+1,¢) (47)

8 9 07

G852W0(a ) f)

23

Summing equation (47) for all values of a and ¢ gives

OWoe(€) {c) 0

b= G W) g

52
G Wae(e) +2hadc

k 0?
S W€+ 2% Waele) (49

Rearranging equation (48) gives

W) _ 0 T( gy emice)] + 1 2 [

Equation (49) is a linear Fokker-Planck equation and is the same as equation (26) of the paper. Its
equivalent stochastic differential equation is given by

(c)dc

ot o€ + ksﬂ%) Wog(é)} (49)

+ksg?, AW (50)

¢ = (?—2k3¢c>§dt+ (e >7¢

in which dW is a normally distributed random variable with zero mean and variance dt [1]. Equation
(50) here is the same as equation (27) of the paper.
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