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Abstract

Linear Gaussian estimation, i.e., estimation of 8 (or a linear function

of ) in the model y = X + e where e ~ N(0,V), is a classic and
ubiquitous problem in statistics. Linear Gaussian estimation under
the most restrictive assumptions (X full column rank, V = ¢2I) dates
back to the late 18th century. Estimates without assumptions on the
rank of X or V were stated in closed-form in the early 1970s. Recently,
linear estimation has taken many new and non-Gaussian formulations
with the popularity of Bayesian regression priors (e.g., Tikhonov reg-
ularization, ridge and LASSO regression, sparse modeling). Given
its distinguished history and prominent role in the fields of statistics,
optimization, and optimal estimation and control, results on linear es-
timation (and least squares) are extensive and widely scattered in the
literature, often with strikingly different but nevertheless equivalent
closed-form solutions appearing in different fields.

This review is intended to serve as a self-contained and compact
resource for these many definitions and closed-form solutions of esti-
mators of the linear model. We survey a wide variety of estimator defi-
nitions, including ordinary/generalized least squares estimators, max-
imum likelihood estimators (MLEs), maximum a posteriori (MAP)
estimators, and best linear unbiased estimators (BLUEs), and derive
closed-form solutions to these estimation problems. While solutions to
the BLUE problem are available in the literature under our assump-
tions, we know of no other literature that has closed-form solutions of
the MLE and MAP problems under these assumptions. Despite the
breadth of estimator definitions available, we show that all of these
can be formulated as an equivalent equality constrained generalized
least squares (ECGLS) problem, i.e., minimization of a quadratic ob-
jective subject to linear equality constraints. Moreover, we show that
the estimator of a perturbed linear model with nonsingular variance
(y = X3+ e where e ~ N(0,V + pI)) is a stable approximation of
the estimator with singular variance. In this review, we also discuss
many of the applications (semidefinite Kalman filtering and optimal
control, saddle point systems, linear inverse problems) and extensions
(nonlinear regression and inverse problems, Bayesian regression, sparse
modeling) of the classical and generalized linear estimation problem,
and show how they arise from specific solution methods in linear esti-
mation.
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1 Introduction

Consider the following linear regression model
y=Xp+e, e~ N(0,V) (LGM)

in which y € R™ are the observations, § € RP are the model parameters, X € R"™*P ig
a (known) predictor matrix, e € R™ are the model errors, and V € R™™" is a (known)
positive semidefinite error covariance matrix. We seek estimators of the parameters 8 of
the model as a function of the observations y and known matrices X, V. While
these estimators are defined later in this section, let us first conceptually describe them as
they are useful in the following historical discussion.

e The ordinary least squares (OLS) estimator B minimizes the squared 2-norm of the
errors [ly — X B|°.

e The generalized least squares (GLS) estimator /3 minimizes the squared H -(semi)norm
of the errors |ly — X 8|3

e The Tikhonov generalized least squares (TGLS) estimator 3 minimizes the regular-
ized objective ||y — X B||% + ||8 — Bol|2, where Sy is an initial guess and T is a positive
semidefinite regularization weighting matrix.

e The equality constrained generalized least squares (ECGLS) estimator B minimizes
the squared H-(semi)norm of the errors ||y — X3||% subject to a linear equality
constraint w = Z0.

e The maximum likelihood estimator (MLE) 3 maximizes the probability density of
the observations f(y; /).

e The maximum a posteriori (MAP) estimator 3 maximizes the conditional proba-
bility density of the parameters given the observations f(fS|y), where § and e are
independent with prior distribution 8 ~ N(fp, X).

e The minimum variance unbiased estimator (MVUE) # has the minimum variance
among all unbiased estimators 6 = f(y).

e The best linear unbiased estimator (BLUE) /3 has minimum variance among all linear
unbiased estimators 6 = Ay.

e The best affine unbiased estimator (BAUE) B has minimum variance among all affine
unbiased estimators 6 = Ay + c.
1.1 History

Estimates of the parameters [ of the model [(LGM)| were first defined and derived by
Gauss [38]E| Gauss’ assumptions are stated, in modern matrix notation, as rank(X) = p

! Although Laplace [61] and Legendre [64] have each been debated as possibly responsible for inventing
what is commonly called the method of least squares, Gauss [38] is generally given credit. Some also credit
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and V = ¢2] for some o > 0. Under these assumptions, the unique BLUE of the parameters
B is

BGauss := (X/X)_lX/y (1)
Aitken [I] considered more general assumptions: rank(X) = p and V is positive definite.
Under these assumptions, the uniqgue BLUE of the parameters § is

Baitken = (X'VIX)TIX'V 1y (2)

Gauss’ and Aitken’s estimators and are often referred to as the OLS and GLS
estimators. However, we wish to consider X with dependent columns and semidefinite
weighting matrices, so we reserve the OLS and GLS labels for a more general class of
estimators. Nonetheless, if rank(X) = p, then and are equivalent to the OLS
estimator and the GLS estimator with weighting matrix H = V!, respectively. Moreover,
our OLS and GLS objectives are equivalent (up to constant scaling and shifting) to the
negative log-likelihood function, making both MLEs under their respective assumptions.
According to Kagan and Salaevskii [55], both and are not only BLUE, but also
MVUE, as all the unbiased estimators of are also linear estimators. Alternatively,
one can use the Lehmann-Scheffé theorem [65] 66] to show that and are MVUE. It
is also easily shown, by differentiating the log-likelihood function, that and achieve
the Cramér-Rao lower bound [16], 24], 87] and are therefore MVUE.

Many statistical treatments of the model stop with Aitken’s estimator
However, X with dependent columns and singular V may occur in practice. In systems with
more predictors than measurements (n < p), X always has dependent columns. Singularity
in V' occurs commonly in economic data with budget constraints [107, Chapter 6.7] or in
physical data with conservation laws.

When X has dependent columns, it is no longer possible to find an unbiased estimator
of 8. However, it is still possible to find an unbiased estimator of the parameteric function
W 3, whenever R(W') C R(X'). Goldman and Zelen [40)] first considered the estimation of
W given the modelwith any X € R™*P and positive semidefinite V' € R™"*". They
found the following closed-form expression for the BLUE of W3 when R(X) C R(V):

WBay = W(X'VTX)TX'Vy (3)

where ()T is the (Moore-Penrose) pseudoinverse [73} [81]. Zyskind and Martin [118] derived
normal equations for the purpose of computing the BLUE, but they did not state a closed-
form expression. Rao [88] derived the following closed-form expression for the unigue BLUE
under no assumptions on X and V:

W Brao = W(X'Vy X)X Vity (4)

where Vy := V + XEX’ and E € RP*P is any positive semidefinite matrix that satisfies
R(X) € R(Vp). The matrix E arises as a free parameter in the pseudoinversion of the

Markov [68] for pointing out that Gauss’ estimator is the BLUE even for non-Gaussian errors, which is why
(LGM)| is sometimes called the Gauss-Markov model, but Gauss’ proof does not require a Gaussian error
assumption [82]. For more information on the early history of least squares, see [82] [104].
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block matrix,
vV X
X 0

which is a key step in Rao’s derivationﬂlﬂ An alternative expression for the BLUE comes
from Albert [3],

W B atbere == WX (I — VS(SVS)*S)y (5)

where S := I — XX7T. Albert’s expression shows how the BLUE deviates from the
OLS estimator, WBOLS ::/I/[\/X+y. Note that the BLUE is unique, so Rao’s and Albert’s
estimators are equal (i.e., W0g.o = WhBAlbert)-

As with and the estimators |(3)[{(5)| are closely related to other estimators.
Zyskind and Martin [II8] showed that any MLE Sypg is equivalent to the BLUE up to
left-multiplication by W (i.e., I/I//TBRaO = Wphwuwg). Seely [96] and Drygas [30] claim that
the Lehmann-Scheffé theorem applies to the estimators|(3)H(5)} and therefore they are not
only BLUESs, but also MVUEs. However, this does not rule out nonlinear MVUEs, so
are not necessarily unique MVUESH We refer the reader to Magnus and Neudecker [67,
Chapters 11, 13] for a modern treatment of Rao’s results that includes equivalences between
the BLUE and least squares-type estimatorsﬂ and to [44] for a modern review of the results
leading to and following from [(3)H(5)]

It is also worth pointing out the estimators |(1)H(5)[ are still the unique BLUE under
non-Gaussian error distributions (with zero mean and covariance V). That is, if the errors
are not Gaussian, and the linear model is more generally stated

y=Xp+e, Ele] =0, varfe] =V (LM)

then the estimators |(1)H(5) are still the unique BLUE under their relevant assumptions
about X and V. However, they are not necessarily MLE or MVUE. A general treatment
of non-Gaussian models is outside of the scope of this paper, so we refer to the model
throughout. However, our derivation of Rao’s estimator does not rely on the
probability density of the errors, so the results are valid for the model We refer the
reader to [39, 58, [86] for examples of nonlinear unbiased estimators with lower variance

than and and to [47), 84], 86] for recent results on finding MVUEs in the context of
(LM)

2Rao used a g-inverse rather than the pseudoinverse, but since the pseudoinverse is a g-inverse, all results
hold when restricted to the pseudoinverse. See [72} [89, 90}, 9], [92] for a further discussion of Rao’s solution.

3While Pringle and Rayner [85] first derived an expression for the pseudoinverse of this block matrix,
they did not include the free parameter E.

4Other methods of showing the BLUE is an MVUE do not work in the general case. Kagan and
Salaevskii’s result [55] requires that X has independent columns, so it cannot be applied to |(3)H(5)] The
Cramér-Rao theorem requires regularity conditions on the probability density function [I6, Proposition
3.4.4] that are not satisfied by degenerate normal distributions, but it may be possible to use a constrained
version of the Cramér-Rao theorem instead [42] [70].

5They show VT/\ﬂRaO = WBGLS where BGLS is the GLS estimator with weighting matrix H = Vo+ [67,
Theorem 13.15]. They also mention an equivalence between Bars and the ECGLS estimator with weighting
matrix H = V* and linear constraint (I — VV*)(y — XB) = 0, but this is left as an exercise and not
proven [67), p. 318].
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1.2 Summary of results

For the purposes of summarizing the main results on estimators of [(LGM), we collect
acronyms of the relevant models, estimators, and optimization problems, and define their
solution sets in table [l

Table 1: Summary of acronyms.
(a) Model acronyms and references.

Acronym | Model Reference
LGM Linear Gaussian model (LGM)|

p-LGM Perturbed linear Gaussian model | [(p-LGM)|
B-LGM Bayesian linear Gaussian model (B-LGM)|

(b) Estimator acronyms and solution sets.

Acronym | Estimator Solution set

OLS Ordinary least squares estimator -

GLS Generalized least squares estimator Bers(y, X, H)

TGLS Tikhonov generalized least squares estimator Breus(y, X, H, o, T")
ECGLS Equality constrained generalized least squares estimator | Brcars(y, X, H,w, Z)
MLE Maximum likelihood estimator Bumie(y, X, V)

MAP Maximum a posteriori estimator Bumar(y, X, V, Bo, X)
MVUE Minimum variance unbiased estimator -

BLUE Best linear unbiased estimator -

BAUE Best affine unbiased estimator WBgauvr(y, X, V, W)

(c) Special problem acronyms and references.

Acronym | Problem Reference
SPP Saddle point problem (SPP)|
MTP Minimum trace problem | |[(MTP)|

The estimator definitions, problem reformulations, and closed-form solutions are dia-
grammed in figures [I] to [dl Figure [I] summarizes the equivalences relating to GLS, TGLS,
and ECGLS estimators. Figure [2] summarizes the equivalences relating to MLEs. Fig-
ure [3| summarizes the equivalences relating to MAP estimators. Figure 4] summarizes the
equivalences relating to BAUEs. Rao’s estimator appears in figures [2[ and [4, Albert’s
estimator appears in figure 2| and the results of Magnus and Neudecker [67] appear in

figures [Ta] [Id, 2| and [4]

Rao’s estimator is derived, in the MLE context, by writing an equivalent saddle

point problem,
o) -0 5°P)

Albert’s estimator is derived as a perturbation result, i.e., as the limit of the MLE of
the perturbed model,
y=Xp(+e, e~ N(0,V +pIl) (p-LGM)
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‘,3 € Bars(y, X, H) ‘ e
[Thm. 25]{G7lch. 13]

~ 1 2
1 Sy - X
B solves min o[ly — X ||

ez

’ Be(X'HX)" X'Hy+ N(X'HX) ‘ N v \ X'HXB = X'Hy \

(a) GLS estimator equivalences and solutions.

PR 5 1 1
|5 € Brovs(y, X, H, fo,T) | BTy | 5 solves min, Sy — X3 + 5115 - foll?

\Berorgﬁo+F3X’H(y—xﬁo)+/\f(r0)\M, € Baws Qy} 7 {X] 7 [1('-)1 1(1

ez

Bo 1

)

(b) TGLS estimator equivalences and solutions, where I'g := X’HX + T

min [y — X5
‘BEBECGLs(y,X,H,w,Z)‘% B solves gerr 2 Y "
s.t.w=2Z8

[Thm. 31} {67lch. 13]

=

BeBo+GTZ Ft(w— ZB) N o

TN(G),w € R(Z) 22

Z 0

w

TP Al

[Thm. 311

[T 3T

B€Z w+ B(BX'HXB)"BX'Hz | rim=s
+BN(BX'HXB),w € R(Z)

B e Z*w+ BBavs(z, X B, H),

w € R(Z)

(c) ECGLS estimator equivalences and solutions, where G := X'HX + Z2'Z, F .= ZG"Z', 3o :

G"X'Hy, B:=1—-2"Z,and z :=y — Z"w.

Figure 1: Problem equivalences and solutions for least-squares-type estimators.
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B € Buwe(y, X, V) ‘ Bl | B solves max f(y; B) s.t. f(y; 8) > 0

ﬂm

B €z w+BDTBX'VTCy 5 solves Minsexr 3lly = XBIIy+
+N(X),w € R(Z) st. w=ZpB

=g flcn. 1 WA e

B € Bo+GHZ'FF(w— Zpo) —
iN(X),wER(Z) 0 @"5EBECGL3(Z/,X,V+,1U,Z)‘

o 53 8 )

Be XVIX)'XV'y | EEmdm |34 4. {X ﬂ ﬂ - [?ﬂ

FN(X),y € R(Vo)

[Thm. 38} 3]
- 5 1
BeXT(I—-XtVS(SVS)TS)y Be pli%h argmin Sy = Xﬁu"‘vp_l,

+N(X),w e R(Z) e R(Z)

= =

Be pl_i)I(I)lJr(X’Vp*lX)*X’V;ly =N Be pl_i)I(I)lJr Bure(y, X, V),
+N(X),w € R(Z) w € R(Z)

Figure 2: MLE equivalences and solutions, where T := I — VV ™, w =Ty, Z = TX,
B:=I1-2%7,C:=I1—-XZ*, D:=BX'VXB, G = X'V*X + Z'Z, F == ZG* 7,
Bo := GTX'V*ty, Vo :=V + XEX' for any positive definite F such that R(X) C R(Vp),
S:=1—-XX*" andV,:=V + pI for each p > 0.



TWCCC Technical Report 2023-01 11

B € Buar(y, X, V, o, 2) | BT [ 5 solves ma (ly) s.t. [(Bly) > 0

uus | ﬂm

B =E[Bly] = Bo + L(y — XPo), e B € Bure(E[Bly], I, var[Bly]),
y—XpBo € RV + XXX') y—XBo € R(V+ XXX')

Llhm. 42] (Lhm. 40|

B=Bo+1im, o+ Ly(y — X o), 5 - y] [x] [v o
ey pese (5] [7) [0 3)
[ e
B € pli%ﬂ BMAP(% X, VmﬂO’ZP)’ Mo 40l 3 S pl_i>r(r)l+ BMLE ([ﬁyo] , [A;(:| ) |:‘gp Z?p:|) s
y— XpBo € R(V + XEX') y—XBo € R(V+XTX')

Figure 3: MAP estimator equivalences and solutions, where V, := V + pI, ¥, := X + pI,
L:=3X'(V+XEX)*, and L, :=3,X'(V, + XX,X')~! for each p > 0.

(5 € Whaxus(X, v, W) | BT, |verlW3()|3] = varld(y)|) where (LGN}
1 for all § € WBAur(X,V,W) and 8 € RP.

, Lem. 44
67lch. 13),[88] / ﬂ Ch. 13]
Lem. 44] T2 A R
B I_I’ WpB(-) = A(-) ¢ WB W, X,V),
WH0) = WOV X X0 [ | 0 T SRR
€ WBaus(W, X, V), RIW') € R(X') mincgmxn tr(AVA") st. AX =W

=

pron2 WB() = A() € WBaur(W, X, V),
where (A4, A) solves

3[4 []

Figure 4: BAUE equivalences and solutions, where Vp := V + XEX' for
any positive semidefinite E such that R(X) C R(Vp), and WBauyp(X,V,W) =
{0() = A() +¢: R(Vo) = R™ | E[0(y)|5] = W5 where [LGM), V5 € R” }.
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which we justify using methods in variational analysis. Using the method of Magnus and
Neudecker [67, pp. 286-287], we derive Rao’s estimator through the following minimum
trace problem

1
min —tr(AVA’) subject to AX =W (MTP)
AeRnLXp 2

1.3 Applications and modern extensions

Linear Gaussian estimation is related to a wide variety of problems in control, optimization,
and estimation. We discuss some of these applications and extensions in this section, going
into more detail in sections [B] and [Gl

1.3.1 Kalman filtering

The Kalman filter (KF) and extended Kalman filter (EKF) equations can be derived as
(generalized) least squares estimates [13], 53, 50, 100]. More specifically, we show in sec-
tion that the full information estimation (FIE) and one-step ahead KF estimates are
MAP estimates using the method outlined in [2, Chapter IX]. These formulations admit
singular noise covariance matrices, which are used when the states have linear equality con-
straints [0, 83, 9] 112]. Stability of the KF has been discussed in both time-invariant [98]
and time-varying [93] contexts.

1.3.2 Linear quadratic regulation

The linear quadratic regulator (LQR) has a Lagrangian dual relationship with the KF.
Stability results are often established first for the LQR before being translated to the KF
via duality [93] 08]. In the singular case (singular input penalties or singular measurement
noise covariance), this duality is subtle and leads to the following situation. While the
singular KF solution is always unique, it may not exist (due to an implied restriction on the
measurements). Conversely, while the singular LQR always exists, it may not be unique
(due to a free parameter corresponding to semidefinite directions of the objective). In
section we derive closed-form expressions that cover the complete set of LQR solutions.

1.3.3 Gradient descent

Gradient descent, gradient flow, and their variants are fundamental numerical algorithms
in a wide variety of applied fields. When gradient descent is used on the OLS problem with
rank(X) = p, both the gradient descent and gradient flow algorithms produce iterates that
solve certain TGLS problems [4]. When gradient descent is used on the OLS problem with
rank(X) < p, the iterates converge to the OLS solution that is closest in 2-norm distance
to the initial guess. These facts are further discussed in section This analysis also
gives insight to the behavior of gradient descent for nonlinear regression algorithms, which
is further explored in section [6}
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1.3.4 Bayesian regression

The MAP estimator is closely related to the topic of regularized regression [211, 22]. With
nonsingular V', the MAP estimator corresponds to Tikhonov regularization [109} [110], and
with V = %I and ¥ = AI corresponds to ridge regression (|| - ||2 regularization) [51], 52].
With other prior distributions on § we can produce other regularized regression models. For
example, if we assume the elements of 3 are independent and identically distributed with a
Laplace distribution, the MAP estimation problem corresponds to LASSO regression (i.e.,
Il - ||1 regularization) [49} 108, 117]. These regularization techniques are commonly used in
machine learning to reduce the variance of estimates [45, [78], as well as in algorithms for
solving ill-conditioned problems [77, 1T1] and inverse problems [211 [22].

1.3.5 Sparse modeling

Sparse modeling, or finding estimates of 8 with the fewest nonzero elements, is an important
problem in signal and image processing [19]. While formulations of this problem with and
without noise are NP-hard [79], small to moderately sized problems can be solved using
mixed integer programming [15, [17].

LASSO regression is particularly useful for sparse modeling problems, as it is equivalent
to the || ||o-regularized problem for a wide class of X matrices [19] 23] 29]E| This is because
Il - |1 is the best convex approximation of || - [[o. Nonconvex approximations of || - ||o also
make useful priors for sparse modeling, with some even producing exact solutions to the
I - ||o-regularized problem [37, 63 101, T02]. For example, Fung and Mangasarian [37]
demonstrate that the solution to the || - ||o-regularized regression problem is the limit of
the solution to the || - ||,-regularized regression problem as ¢ — O+E| We show this fact in
section |§| in a similar manner to our derivation of Albert’s estimator

1.4 Notation

Table [2| lists the notation and definitions that are used in the subsequent sections. It is
worth pointing out some facts relating to table [2| First, note that || - ||y with W positive
semidefinite is a seminorm because it does not have the positive definiteness property.
When 0 < g < 1, we refer to || - [|; as a pseudonorm because, for 0 < ¢ < 1, the triangle
inequality does not hold, and for ¢ = 0 absolute homogeneity does not hold. Moreover,
we have the limit ||z]jo = lim, o+ [|z||d, pointwise in # € R™. Throughout, we may use
A > 0 (A > 0) as a shorthand to denote that A is positive definite (semidefinite). We
use the Painlevé-Kuratowski notion of set convergence [59], as it is suitable for analysis of
optimization problems [95, pp. 108-110].

Define the 0-pseudonorm || - || as an operator that returns the number of nonzero elements of its
argument.

"Fung and Mangasarian [37] showed a stronger result, that there is a positive constant § € Rxo such
that the || - ||q-regularized regression problem produces the same solution for all ¢ € [0,q]. We demonstrate
only the weaker limit result.
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Table 2: Summary of notation.

14

Notation Definition

I,I>0,150 Set of integers, nonnegative integers, and positive integers.

R,R>0,R>0,R", Set of real numbers, nonnegative reals, positive reals, real n-vectors, and real
RMX™ n X m matrices.

I Identity matrix, dimensions implied by context.

At Inverse of A € R™™™ (when it exists).

A AT Transpose and pseudoinverse of A € R™*".

R(A),N(A) Range and null space of A € R™*".

rank(A) Rank of A € R™*™.

a(A),0(A) Largest and smallest singular values, respectively, of a matrix A € R™*".

A is positive defi-
nite

A is  positive
semidefinite
Ty (S1)

(=)

n mn n
D 5D>07 ]D)ZU

diag(As, ..., An)

]l
[l
g

l=llo

[l Al
A+B
AB
AB
d(A,B)

lim A(w)

a—rag

lim A(a)

a—0t

E[z], var[z]

Eq [f], vars[f]

if A= A" and 2’ Az > 0 for all z # 0 € R".
if A= A" and 2’ Az > 0 for all x € R™.

Set of positive definite (semidefinite) n X n matrices.
Loewner partial order on S}, (S} ), defined as A = B (A > B) if A— B is
positive definite (semidefinite).
Set of diagonal, positive definite diagonal, and positive semidefinite diagonal
n X n matrices.
Ay

, the diagonalization of matrices A; € R™*™i,

An

= m, the 2-norm of z € R™.

:= Va'Wz, the W-norm (W-seminorm) of z € R" for W € S, (W € S1}).

= (X0, #4|7)*7, the g-norm (g-pseudonorm) of z € R™, where ¢ > 1 (0 <
g<1).

= #{x #0} =lim,_,o+ ||z||Z, the O-pseudonorm of 2 € R™.

:= max| ;=1 ||Az||, the induced 2-norm of A € R™*".

:={A+ B| B € B}, the matrix-set sum of A € R™*" and B C R™*".

:={ AB | B € B}, the matrix-set product of A € R™*™ and B C R™*™.

:={AB | A € A}, the matrix-set product of A C R"*™ and B € R™*".

:= infpep |A — BJ|, the point-to-set distance between A € R™*™ and B C
R™X™,

={AeR™" | lima—a, d(A, A(a)) = 0}, the limit of the set-valued function
A(a) as a — ap.

={AeR™"|lim,_,o+ d(4, A(a)) = 0}, the limit of the set-valued function
A(a) asa— 0.

Expectation and variance of a random variable x.

Expectation and variance of a function f(z) with respect to the random vari-
able x.
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1.5 Summary

The rest of this paper is outlined as follows. In section [2] we present a basic toolset of
linear algebra, probability, and convex optimization with which one can derive all of the
relevant estimators. Section [3| contains all the estimator definitions, statements on problem
reformulations and closed-form solutions, and any corollaries that are useful for computa-
tions, applications, and extensions. Problem formulation is analyzed from a computational
perspective in section section [} including relating the output of gradient methods with
early termination to the TGLS problem. Applications in optimal control and estimation
are discussed in section [5} Finally, in section [6], we show how the tools of linear estimation
can be applied to modern extensions of the linear estimation problem.

Proofs of many of the results in the body are delayed until the appendix. Appendices [A]
to [D] contain proofs of the results stated in section [3] Appendices [F] and [[] contain proofs
of some preliminary results in section [2| that are required in the proofs of the results stated
in section [Bl

2 Background, definitions, and preliminary results

In this section we present definitions and results that are helpful to derive the results in
figures [I] to [l We defer to appendix [E] the basics of matrix analysis, probability, and
convex optimization that are necessary to follow the proofs in the subsequent sections.
Proofs of the results in this section are deferred to the appendices. Proofs of the results in
this section are deferred to the appendices or left to external references.

2.1 Background and definitions

First, we present background and definitions that can be found in textbooks on linear
algebra [41], probability theory [90], and convex optimization [I§].

2.1.1 Pseudoinverse

Thus far, we have avoided defining two important concepts. First, the pseudoinverse A* €
R™*™ golves the system of equations @ Existence and uniqueness of the pseudoinverse
were established by Moore [73] and later rediscovered by Penrose [81], which is restated
(for real matrices) in the following theorem.

Theorem 1 ([73, B1]). For any matriz A € R™*™ the system of equations
AXA = A, XAX = X, (XA)Y = XA, (AX) = AX (6)
has a unique solution, called the pseudoinverse of A, denoted X = A™T.

Some basic corollaries to theorem [I] are stated below for completeness. They are used
throughout, without reference.

(ANt = A4, AT = (AA)TA = A(AA)T,  R(AM)
(ANt = (ATY, A=A = AAT = AT A, N (A

R(A) = R(A'A),
N(A') = N(AA)
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It was first shown by Albert [2, pp. 19-23] that the pseudoinverse of any A € R™*"
could be defined as the limit of the approximation (A’A + al)~'A’ as a — 0T. Later,
Golub and Van Loan [41], pp. 296-297| proposed an exact form for the norm of the residual
R(a) := A* — (A’A + al)~'A’ in terms of o and g(A). These results are summarized in
the following lemma.

Lemma 2 ([41]). For any A € R™" and o > 0 let R(a) := (A’A+al) 1A' — A*. Then

R(a) = —aVi(al + 21715 MU] (7a)
IOl = @) v a ()
AT = 11%1+(A’A +al)tA (7c)

given the SVD .

2.1.2 Linear equations

lemma [3| provides necessary and sufficient conditions for the existence of solutions to linear
vector equations, as well as closed-form solutions to those problems. This lemma is useful
in solving least squares problems. corollary [] extends the lemma [3] to linear matriz equa-
tions, which is used to solve constrained minimum trace problems The proofs of
lemma, [3| and corollary [4| can be found in appendix Lemma (3| was adapted from [67,
Theorems 2.11-12]. Corollary {4 was adapted from [67, Theorems 2.13], which characterizes
the solutions to the more general linear matrix equation AXB = C.

Lemma 3 ([67]). Let A € R™*" and b € R™. The following statements are equivalent.
1. §:={x € RP| Az = b} is nonempty.
2. beR(A).
3. AATh=b.

If the above statements hold, then S = ATb+ N (A).

Corollary 4 ([67]). Let A € R™*" and B € R™*P. The following statements are equiva-
lent.

1. §:={X e R"P | AX = B} is nonempty.
2. R(B) C R(A).
3. AAtB =B.
If the above statements hold, then S = ATB+ {(I — ATA)Q | Q € R"*P }.
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2.1.3 Projectors

We say a matrix P € R™*" is a projector if P> = P. We say it is an orthogonal projector
if additionally P = P’. Tt follows from theorem [1] that the following functions of the
pseudoinverse are orthogonal projectors,

AYA, AAY, T ATA, T AAT

Moreover, we can write equivalent expressions for R(A) and N(A) in terms of these pro-
jectors,

R(A)={AATq|qeR"} = R(AAT),
NA) ={(I-ATA)q|qeR"} =R — A" A)

and likewise for R(A’) and N (A’). Finally, we have the following results about projectors,
the proofs of which can be found in appendix Finally, we have the following result
about projectors, which is easily demonstrated using theorem

Lemma 5. If P € R™ " is an orthogonal projector, then PT™ = P and (PA)* = (PA)*P
for all A € R™™™,

2.1.4 Singular value decomposition

We say a matrix Q € R™ " is orthogonal if Q’Q = I. Notice that if @) is orthogonal,
then QQ' is an orthogonal projector. The following lemma states some properties of the
pseudoinverse of orthogonal matrices.

Lemma 6. If Q € R™ ™ is orthogonal, then QT = Q' and (QA)"™ = ATQ’ for all A €

RmXTL

We say a matrix U € R™*" is unitary if U'U = UU’ = I. If a matrix U = [Ul Ug] €
R™ ™ is unitary, then UjUy = I, UyUs = I, and U Uy + UxU) = I, where r is the number
of columns of Uj. Clearly, U; and Us are orthogonal matrices, and U;U; and UsUj are
orthogonal projectors.

These definitions allow us to state the existence of the singular value decomposition
(SVD) [41] Theorem 2.4.1].

Theorem 7. For any A € R™™™  there exist unitary matrices U = [Ul UQ] € R™™ and
V = [Vl VQ] € R™™ gnd constants o1 > ... > o, > 0 such that

¥ o] [V
A=[U1 Uy [ 0 0] [Vj =SV (8)
where r :=rank(A) and X := diag(oy,...,0,) € R™*".

The columns of U and V are called the left and right singular vectors, and the diag-
onal entries of ¥, are called the singular values. The singular vectors contain important
information about the range and null spaces of A and A’,

R(A)=R(Mh), N@A)=R(3), RMA)=RMWN), NA)=R()
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given the SVD Moreover, it can easily be shown that
AT =iy

by checking the conditions of theorem |1} given the SVD
A special case of the SVD arises when A € S” | in which case the left and right singular
values are equal [41], i.e.

R Fl 0] [U{

0 0 Ué:| = U121U{ € qu_ (9)

is a SVD. A consequence of this special case is that, given the SVD @, we can define a
matrix square root for each A € S? as A2 = U121/2U{ for which

AV2AV2 = Uy PU 0 5P = U S U = A
and
R(AY?) =R(U1) =R(A),  N(AV?) =R(Us) = N(4)
Notice also that for every A € R"*™, AA’ € S" because
AA = U 23U

has the form of the SVD Likewise, for any A € S and B € R™", with the SVD |(9)
B'AB = (B’Ulzi/Q)(B’UlZ%/Z)’ and therefore B’AB € S7'. Another consequence of |(9)
is that every A € S7, is nonsingular since the inverse can be defined as Al =Uux1U,
given the SVD A = UXU’.

2.1.5 Degenerate Gaussian

Second, we define the multivariate Gaussian distribution for positive semidefinite covariance
matrices. A derivation of this likelihood function can be found in [90, pp. 527-528].
Below, we state a more parsimonious definition of the positive semidefinite covariance
multivariate Gaussian, sometimes called the degenerate or singular multivariate Gaussian
or normal.

Definition 8 ([90]). A random variable x € R™ has a Gaussian distribution with mean
p € R™ and (possibly singular) covariance matriz ¥ € S, denoted x ~ N(u,X), if the
probability density function is

fz):= WGXP (‘é“ﬂf - MHQE+> (10)

on the support x € p+ R(X), and is zero elsewhere, where | - |1 : R™™"™ — R is called the
pseudodeterminant and is defined for all A € R™*™ as the product of the nonzero singular

values of AFP

SWhen ¥ € S 1, the singular values of 3 are strictly positive and the inverse exists, so we have |X| = |3
and ¥ = 7!, Moreover, R(X) = R" so the support is nondegenerate.

9To integrate over this density, one must define, using the disintegration theorem, a Lebesgue measure
over the rank(X)-dimensional subspace p + R(XZ) [90].
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The definition of the singular values is presented later in this section. We refer the
reader to theorem [7] for the definition of the singular values. To ensure the likelihood
functions in [((MLE)|and [(MAP)| produce estimates consistent with the models and
(B-LGM)| we set the likelihood function to zero for impossible values of 5. In a typical MLE
or MAP problem, the likelihood function is equal to the probability density function for all
parameter values, but since we are performing optimization over a degenerate distribution,
we require constraints on the feasible values of 3.

Some properties of non-degenerate Gaussians carry over to the degenerate case with
minor modifications. For example, if x ~ N(u, ), then E[Az] = Ap and var[Az] = AX A"
Moreover, we have the following lemma due to Marsaglia [69].

Lemma 9 ([69]). Let z € R" and y € R™ be random variables such that

HRRI (R EA)
Yy /J'y Emy Ey
Then x|y ~ N(pz + Eﬂ:yzgj(y — Hy), Ba — EmyZ;jZ;y) for ally € py +R(Zy).

A proof of lemma [9] can be found in appendix[E.7] It is worth pointing out that lemmal[9]
leaves x|y (and its density function) undefined when y leaves the support of f(-; ), 3y).
This is desirable because it does not make sense to condition x on an impossible realization
of y.

2.1.6 Convex optimization

We say a set S C R™ is convex if tx + (1 —t)y € Sfor all z,y € S and 0 < t < 1. We say
a function f:R™ — R is convex if

flte+ (1 =t)y) <tf(z)+ (1 —1)f(y)

for all z,y € R" and 0 < t < 1. If a function f : R™ — R is differentiable, then it is convex
if and only if

4

dz

fy) = o)+ (y —x) —=(x)

for all z,y € R™ [I8, p. 69]. An immediate consequence of this fact is that, if f is differ-
entiable and convex and S is convex, then x° solves mingcs f(z) if and only if 2 € S and
(z —2°)(df /dz)(2°) > 0 for all x € S. A further corollary is that, if f is differentiable and
convex, then 2° € R" solves mingegn f(z) if and only if (df /dz)(z") = 0. Lemma [10] pro-
vides necessary and sufficient conditions for the solutions to convex optimization problems

m%gn f(z) subject to Az =b (11)
zeR™

using the method of Lagrange multipliers. A proof of lemmacan be found in [I8] pp. 141
142]. The proof (adapted from [I8, pp. 141-142]) can be found in appendix We use
the necessary and sufficient conditions to solve the convex optimization problems that
we encounter.
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Lemma 10 ([18]). Let f : R™ — R be convex and differentiable, A € R™*™ and b € R(A).
Define the Lagrangian

L(z,\) = f(z) + N (Az - b) (12)
Then z° € R™ solves if and only if there exists \° € R™ such that
OL o yoy _ OL o yoy _

2.1.7 Miscellaneous facts
We present Woodbury’s matrix identity below [97, [114].

Theorem 11 ([97, [114]). For any A € R™" B € R™™ C € R™*™ and D € R™*",
(A+BCD) ' =A"' -~ A7'B(C™' + DA™'B)"'DA™!
subject to existence of the inverses.

All positive definite matrices A € S | are invertible, i.e., A7l e ST, exists. For any
positive semidefinite matrix A € S}, there exists a positive semidefinite matrix A2 ¢ St
such that A = AY2AY2. Moreover, A € S" if and only if there exists a matrix B € R"*"
such that A = BB’ where r = rank(A).

2.2 Preliminary results
Next, we present some preliminary results, most of which are from the linear algebra
literature and the others are corollaries unique to this work.

2.2.1 Block matrix pseudoinversion

As alluded to in section [T} the pseudoinverse of the block matrix

(14)

[t

X0

is essential in deriving results about the estimators of [((LGM)| First, it is useful to state
some consequences of corollary [4| that are not only used in deriving M, but are also useful
in the estimator derivations of appendices [A] [B] and

Lemma 12 ([67]). For any V € S, X € R™?, and E € S, let Vo :=V + XEX' and
Wo = X'Vi"X. If R(X) € R(Vp), then

1. R(V) € R(V),
2. WWr X =X, W v=v,
5. R(X') = R(Wy), and WoW X' = X'

The formula for M, MM™, and MM are given in the following lemma.
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Lemma 13 ([67, B5)). For any V € ST, X € R™?, and E € S%, consider and let
Vo=V +XEX' and Wy := X/VO+X. If R(X) CR(Vy), then

o= [
W0 X V0 WOW0 EWOW0 — Wo
VoVt 0
+ _ as+as — | V0V
MMT™ =M M_{ 0 WOW(T:|

Lemmas [12| and [13| were adapted from [67, Theorems 3.20-21]. In appendix [F| we prove
the generalized versions of these lemmas. as well as an immediate corollary to lemma
which is stated below.

Corollary 14. For any V € S?, X € R"P, and FE € S’i, let Vo :=V + XEX' and
Vi =V+XX" IfR(X)CR(V), then

XV X)XV = (XXX

2.2.2 Pseudoinverse of sum of positive semidefinite matrices

Another important result is a formula, proposed by Minamide [71], for the pseudoinverse
of Vi =V + XX'. Minamide’s lemma is restated below and provenlﬂ in appendix |G| for
completeness.

Lemma 15 (Minamide [71]). For any V € S and X € R"P, let Z = (I - VVT)X,
B=1-72"Z,C=1-XZ", and D=1+ BX'V*XB. Then,
(V+ XXt =C'VTC+2"ZT -C'VTXBD'BX'VTC

Notice that we have lost dependence on E, but can regain it using corollary A
direct consequence of Minamide’s lemma is stated in the following lemma, which can be

used to show |(31c)]

Lemma 16. For any V € S and X € R™P, let Vi = V+ XX', Z = (I -VVT)X,
B=1—-72%vZ,and C =1— XZ7". Then,

(X'Vi"X)* X'Vt = 2T + (BX'VTXB)BX'V*tC

The proof of the above lemma can be found in appendix [G]

2.2.3 Bounds on oblique projectors and weighted pseudoinverses

In order to take the limit of the perturbed solution, we require some bounds on the norms
of so-called oblique pseudoinverses and projectors. Stewart [103] first proposed an upper
bound on these matrices and Vavasis [I11] later proved that the upper bound is exact.
These results are summarized in theorem [17Y

OMinamide proved lemma using a combination of nullspace and projector arguments, but in ap-
pendix |G| we show the formula directly using the definition of the pseudoinverse (theorem .

1YWe take a slight liberty in the statements of theorem [17] and lemma in that we do not require A to
be full column rank. However, the proofs in [0} [103] can easily be extended to A of arbitrary rank using
the thin SVD.
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Theorem 17 ([103|, 111]). For any nonzero matriz A € R™*",

sup (A’ DAYTA'D|| < ————— 15a
S, IADATADI < Ty (152)
1
sup [[A(A'DA)YTA'D|| = —— 15b
o [ A( ) | A (15b)
where
A) = inf — 16
X(4) sexa v Iz = yll (16a)
X(A) :={z eR(A) | [Jz]| =1} (16b)
Y(A):={y|3ID eD?st. ADy=0} (16¢)

The above theorem implies a more general upper bound on approximations to the linear
estimation problem.

Corollary 18. For any X ¢ R"*P and V € §"
1

sup [|((X'VAIX)PXVA < ————— 17a

1
sup | X(X'VX)P X'V < ——— 17b
DE]D);”O H ( D ) D H X(Q/Ul) ( )

where Vp :=V +QDQ', V = QSQ’ is the SVD of V, X = U1X1V] is the economic SVD
of X, and x(-) is defined in |(16a)|.

Finally, we state an equivalent form of the infimum|(16a)|that can be directly computed
from the SVD of A. Note that the computational cost of this problem is exponential in m,
so it may not be desirable to actually compute this bound.

Lemma 19 (Generalized from [80) 103]). For any nonzero matriz A € R™*",

X(A) = min g(U) (18)

UEU(A)

where x(+) is defined in |(16a) and U(A) is the set of all submatrices formed by the rows of
Up, where A = U1X1V] is the economic SVD of A.

2.2.4 Limit of the perturbed problem

One approach to solving is to add a perturbation pI to the positive semidefinite
covariance V' so that it is positive definite, find the MLE with the perturbed covariance
V + pl, and take the limit of that MLE as the perturbation goes to zero. This approach
is inspired by Bellman’s application to extending the symmetric matrix eigenvalue decom-
position from matrices with distinct roots to any symmetric matrix [9) p. 40], and Albert’s
solution to the ECGLS problem with H € ST [2, pp. 119-121]. The following
lemma characterizes the error of this approximation and establishes that the limit of the
perturbed solution coincides with the exact solution.
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Lemma 20. For any V €S} and X € R"*P, there exist constants oy, B; > 0 fori=1,2,3
such that

3
XVIAX)PXV - X XTVS(SVS) TS < ST 2 wps0 (19
[(X7V, " X) f + (SVS) ||_;5i+p P (19)
and moreover,

lim (X'V,' X)XV, = XT - XTVS(SVe)ts (20)

p—0t

where S :=1— XX and V, :=V + pI for all p > 0.

While proving lemma [20]in appendix [[, we derive expressions for the constants a; and
B; in terms of the singular values of X, V', and S V1/2 and the constant x(Q'Uy) defined
in theorem [I7l

2.2.5 Miscellaneous results

A miscellaneous result concerns the connection between the limiting result of lemma
and Rao’s estimator which we show in appendix

Lemma 21. For anyV € S, X e R™*P, and E € St , if R(X) C R(Vy), then
X'V X) P X'V = XT — XTV(SVS)*
where Vo =V + XEX' and S=1—-XXT.

As a corollary to the above lemma, we can show Rao’s estimator is independent of
the choice of E (subject to the relevant range constraint). This corollary may be seen as
an alternative, yet equivalent statement of corollary

Corollary 22. For any X ¢ R"*P, V € 8%, Ep € Sﬁ, and Fq € Sﬁ, let Vo =V + XEpX'
and Vi =V + XE X' If R(X) CR(V + XEyX') and R(X) C R(V + XE1 X'), then

(X' X)F XV = (XVE X)XV
Finally, we state necessary and sufficient conditions for which [(LGM)|is a consistent

model. This lemma is significant because it indicates the set of values where the observa-
tions y can be found.

Lemma 23. Let y e R", X e R™*P, Ve S, E€ S, and Vo =V + XEX', and assume
R(X) C R(Wy). There exists 5 € RP such that [(LGM)| has nonzero probability if and only
ify e R([V X]|)=R(V), almost surely.

Proofs of the above three results can be found in appendix [J|

3 Estimators and their solutions

In this section we define and state results pertaining to estimators for the model |(LGM)|
Proofs of the results stated in this section can be found in appendices [A] to
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3.1 Generalized least squares

Below, we define the GLS estimator of the model [(LGM)]

Definition 24. Define BGLS(:U; X, H) as the set of solutions to

. 9
min o fly — X5l (GLS)

where H € S'} is a positive semidefinite weighting matriz. We say B is a GLS estimator

(of the model with weighting matriz H) if § € Bars(y, X, H).

It is straightforward to solve [(GLS)| using the fact that unconstrained minimization
of a convex objective is equivalent to finding a stationary point of the objective function
[14, [18]. Solutions to |(GLS)| are stated in the following theorem.

Theorem 25. For any y € R", X € R"*P, and H € S,
Bars(y, X, H) = (X’HX)"X'Hy + N(X'HX) (21)

A corollary to theorem [25]is stated below. corollary [26]extends the standard completion
of squares results for positive definite weighting matrices to the semidefinite case and is
used in section |9 to derive the LQR solution set.

Corollary 26. For any y € R", X € R"*?, and H € S}, ifﬁ € BGLS(y,X, H), then

1 1 - 1
V(8) = Sy~ XA = 518 - Aliermx + 21l 22)
for all B € RP where Hy:= H— HX(X'HX)"X'H.

Proofs of theorem and corollary can be found in appendix . Clearly, if rank(X) =
p and H = 021, the unique solution is Gauss’ estimator and if rank(X) = p and
H € S% ,, the unique solution is Aitken’s estimator

3.2 Tikhonov generalized least squares

We can add the regularization term |3 — fo||2 to the objective of |(GLS)| to give the
following TGLS problem.

Definition 27. Define IB%TGLS(y,X, H, 5y,T) as the set of solutions to

1 1
in —|ly — X8|} + =118 — Boll} TGLS
i lly ~ X6l + 518 - Al (TGLS)
where H € St and I' € S are positive semidefinite weighting matrices and By € RP is

a bias parameter. We say f3 is a TGLS estimator (of the model with weighting
matrices H,T' and bias By) if p € Bars(y, X, H, Bo,T').
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It is straightforward to solve (TGLS)| by rewriting the objective in the form of [(GLS)]
Solutions to [(TGLS)| are stated in the following theorem.

Theorem 28. For anyy € R", X e R"™P, H e S, I' € Sﬂ, and By € RP,

) A X|] [H 0
BTGLS(vaa H7 /807F) = ]BGLS <|:§0:| ’ |:I:| ’ |:O ]._‘:|> (238“)
=g Tofo + L(y — X o) + N (To) (23b)
where g := X'HX +T and L :=TJ X'H.

A corollary to theorem is stated below. corollary extends the completion-of-
squares result in corollary [26| to include regularization terms and is also used in section
to derive the LQR solution set.

Corollary 29. For anyy € R", X € R"™P, H € ST, fy € RP, and T € S, ifﬁ €
IBBTGLS (ya X’ H7 507 F); then

1 1 1 A 1
V(B) = Slly — XBI% + 8 Boll? = 518~ Bl + 5y~ XBolR, (2
for all B € RP, where Tg:= X'HX +T and 'y :== H — HXT{ X'H.

Proofs of theorem [28|and corollary 29| can be found in appendix[A] Clearly, if rank(X) =
p, H=0I,T € SZ_LF, and By = 0, then the TGLS estimator is Tikhonov’s estimator, and
if additionally I' = AI for some A > 0, the TGLS estimator is a ridge estimator.

3.3 Equality constrained generalized least squares

Some problems require the imposition of a linear constraint Z8 = w with constraint pa-
rameters Z € R*™ and w € R¢ where ¢ is the dimension of the constraint. Given this
constraint, the ECGLS estimator is defined as follows.

Definition 30. Define BECGLS(?/,X, H,w,Z) as the set of solutions to

1
min —||y — XB||% subject to w=ZpB (ECGLS)

BERP 2
where H € S is a positive semidefinite weighting matriz and Z € R"™ and w € R°
are the constraint parameters. We say ( is o ECGLS estimator (of the model

with weighting matric H and constraint parameters Z € R™ and w € R¢) if B €
BECGLS(anavaaZ)-

There are two ways to solve both of which are captured in the following
theorem. First, the constraint equation Z8 = w is solved up to a free parameter o,
eliminating the constraints and reparameterizing the problem to the new parameters «,
which can then be solved using theorem Second, the method of Lagrange multipliers
are applied to generate an augmented saddle point system [14], 18]. Each method produces
a different closed-form solution to the ECGLS problem.
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Theorem 31. Foranyy € R", X ¢ R™P, H € S}, w € R®, and Z € R*", I@ECGLS(y,X, H,w,Z)
is nonempty if and only if w € R(Z). Moreover, if w € R(Z) then
Brears(y, X, H,w, Z) = Z 7w + BBars(y, X B, H) (25a)
= Z*w+ B(BX'HXB)™BX'Hz + BN(BX'HXB)  (25b)

where B:=1—Z%7 and z :=y — ZTw, and
BECGLS(vaa H,’LU,Z) = 50 + G+Z/F+(U} - ZBO) +N(G) (26)
where G .= X'HX +27'Z, F .= ZGTZ', and By := Gt X'Hy.

The proof of theorem [31] can be found in appendix [A] The reparameterization method
produces the solution set The method of Lagrange multipliers produces the solution
set We refer the reader to [67, Chapter 11] for a modern treatment of the GLS and
ECGLS problems. Two expressions andcan be found in [67, Chapter 11], whereas
the remaining expression is unique to this work.

3.4 Maximum likelihood estimator

The MLE is applicable to a wide variety of estimation problems. As the namesake suggests,
the MLE maximizes the likelihood of y. For certain likelihood functions (e.g., convex and
log-convex) the MLE is easily solved numerically using a wide variety of optimization
software.

The MLE of the model is defined in deﬁnition below. We define the Gaussian

distribution in the case where the covariance matrix is possibly singular in section

Definition 32. Define IEBMLE(y,X, V') as the set of solutions to

max f(y;3) subject to f(y;8) >0 (MLE)
BERP

where f(-;8) is the probability density of y in the model (LGM)|, given the parameters
B eRP l We say that B is @ MLE of the model [(LGM) zf B e Byig(y, X, V).

We present three methods for deriving solutions to [(MLE)l The first method is based
on rewriting ((MLE)| in the form of [((ECGLS)| and invoking theorem to obtain two
expressions for the solution. The second method equates|(MLE)|to the saddle point system
(SPP)f

The third method is based on finding a sequence of MLEs f3, of the perturbed model
p-LGM)|, and taking the limit as p — 07. The problem reformulations in these methods
are state in lemmas B3] to B3] below.

Lemma 33. For anyy € R", X €¢ R™P, and V € S,

EMLE(ana V) - BECGLS(vav V+awaZ) (27)

and ]ﬁ%MLE(y,X, V') is nonempty if and only if w € R(Z), where T := 1 —VV™, w:= Ty,
and Z .=TX.
12Using properties of the Gaussian distribution, y ~ N(X 3, V). See definition [8] for a restatement of the

probability density function of a Gaussian random variable given in [90] pp. 527-528]. Note the probability
measure takes on a degenerate character.
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Lemma 34. For anyy € R", X € R"*?, and V € SY, Be ]ﬁBMLE(y,X, V') if and only if
there exists & € R™ such that [(SPP),
Lemma 35. For anyy € R", X ¢ R™?, and V € S}, if w € R(Z), then

. . 1 2 _ . . ]- 2
i, {al/;g;é};n Slly = Xﬁllvpl} = argmin {plgég slly = XB\Vpl} (28)
where T:=1—-VV*t, Z:=TX, w:=Ty, and V, :=V + pI for all p > 0.

The closed-form solutions that follow from the problem reformulations in lemmas
and [34] are stated in theorems [B6 to B8 below.

Theorem 36. For any y € R", X € R™P, and V € S, if ]ﬁ%MLE(y,X, V') is nonempty,
then
Byre(y, X, V) = ZTy + B(BX'VTXB)*BX'VTCy + N(X) (29a)
=Bo+GTZ'Ft(w— ZB) + N(X) (29D)
where T == 1 - VVT, w =Ty, Z =TX, B :=1—-777Z,C =1—-XZ", G :=
XVIX+2'Z, F:=ZG"Z', and By := GTX'VTy.
Theorem 37. For anyy € R", X e R™P, V € S, let Vo := V + XEX' for some E € S,
such that R(X) € R(Vo). Then Byrr(y, X, V) is nonempty if and only if y € R(Vp).
Moreover, if y € R(W), then
Byee(y, X, V) = Baws(y, X, V') (30a)
= (X'V;" X)T X'Vity + N(X) (30b)
Theorem 38. For anyy € R", X € R™P, and V € ST}, if EMLE(y,X, V) is nonempty,
then

Bure(y, X, V) = lim Byre(y, X, V,) (31a)
p—0t

= lim (X'V,' X)" X'V, 1y + N(X) (31b)
p—0+t

= XTI -VS(SVS)TS)y + N(X) (31c)

where S :=1— XX* and V, :=V + pI for all p > 0.

Proofs of theorems [36] to 38 and lemmas [33] and [34] can be found in appendix [Bl To our
knowledge, no one has solved, let alone rigorously defined for the model
in the case where V' € S". However, there are connections to other literature that are
present in the proofs of theorems [36] and theorem [36] follows straightforwardly from
the definition of the degenerate normal [90, pp. 527-528] and the ECGLS problem [67,
Theorems 11.36], and theorem 38| is similar to a barrier function method originally stated
by Albert [2, Chapter VII]. It appears that theorem uses a novel method to write
as the saddle point system Solutions to the saddle point system
follow straightforwardly from [67, Theorems 3.20-21].

We also provide indirect proofs of theorems [36|and [37] based on equating the expressions
[(292)} [(30b)} and |(31c)l




TWCCC Technical Report 2023-01 28

3.5 Maximum a posteriori estimator

Suppose that 8 ~ N(fy, X) independently of the errors e, i.e., we have the Bayesian linear
Gaussian model,

y=XpB+e, e ~N(0,V), B~ N(Bo, %), e, B independent (B-LGM)

The distribution of § is called the prior distribution. We can form the posterior likelihood
(i.e., the likelihood of S|y) by using Bayes’ theorem. The MAP estimator maximizes the
posterior distribution, which is defined as follows.

Definition 39. Define I@MAP(y,X, V, Bo,2) as the set of solutions to

max f(Bly) subject to  f(Bly) >0 (MAP)

where f(-|y) is the conditional probability density of 5 given y We say that Bis a MAP
of the model |((B-LGM)| if 5 € Byar(y, X, V, fo, X).

We present three methods for deriving solutions to|[(MAP)| The first is based on rewrit-
ing the model [(B-LGM)|in the form of [(LGM)| The second is an application of the con-

ditioning of joint (degenerate) Gaussian random variables, proven by Marsaglia [69] and
restated in lemma [0l The third method is based on finding a sequence of MAP estimators
B, of the following perturbed models,

y=XpB+e, e ~N(0,V + pI), B ~ N(Bo, X+ pI), e, B independent

where p > 0, and taking the limit as p — 0%. The results from these methods are stated
in theorems [0 to 42 below.

Theorem 40. For anyy € R", X e R™*P, V €87, By € RP, and X € Sﬁ,

Briap (v, X, V, B0, Z) = Buiwe ([éﬂ : [)ﬂ ; [‘g gD (32)

Moreover, IEBMAP(y, X,V, Bo,X) is nonempty if and only if y — X By € R(V + XL X').

Theorem 41. Foranyy € R", X e R™P, V € S, By € RP, and ¥ € S, if@MAp(y,X,X/,ﬁo,E)
is nonempty, then

Byapr(y, X, V; Bo, £) = Bure(E[By), I, var[]y]) (33a)
={E[B|y]} (33b)
={Bo+ Ly — Xpo) } (33c)

where L := X X'"(V + XX X')*.

13See definition [8| for a restatement of the probability density function of a Gaussian random variable
given in [90, pp. 527-528].
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Theorem 42. Lety € R", X € R™*?, V €S, By € R?, and % € S%.. If Byap(y, X, V; Bo, 2)
is nonempty, then

Byar(y, X, V, B0, X) = { Bo + Ly — XBo) } (34a)
= plifél"' {Bo+ Lp(y — XBo) } (34b)
= plirégr Buiar (v, X, V. Bo, ) (34c)

where L := SX'(V+ XX, V,=V+pl, 8,=%+pl, and L, := ,X'(V,+ XL, X')7!
for each p > 0.

Proofs of theorems [40] to 2] can be found in appendix [C] Theorem [40]is a consequence of
Bayes’ theorem. Theorem [41| follows straightforwardly by generalizing common techniques
in the Bayesian and regularized regression literature. Then theorem |42 is a corollary to
theorems [38| and and is therefore inspired by Albert [2) Chapter VII]. Those familiar
with state estimation of discrete linear dynamical systems may notice the formulae
and are similar to the Kalman filter formula. Indeed, the L and L, matrices defined
above are analogs to the Kalman gain of problems with semidefinite and positive definite
measurement noise covariance. Moreover, theorem |41|shows that the Kalman filtered state
estimates are MAP estimates of the state, as we show in section

It is worth pointing out that the equations do not hold when y — X By & R(V +
XX X'), because I@SMLE@, X,V) ={Bo+ Ly — XB)} is nonempty despite the fact that
I@%MAP(y, X,V, Bo, ) is empty. Care should be taken to use the formula only when
the solution actually exists. Theorem does not imply that lim, ,o+ L, = L. Instead,
we have the weaker result lim, o+ Lyeq = Leg for all eg :=y — Xy € R(V 4+ XXX'). For
example, consider the model parameters

0 0

vzzz[o .

} , X=1
For the above parameters, L is computed as

0 0
_ ! N+ _
L=3X'"(V+X2X') _[O 1/2]

and L, is computed as

Ly = (Z+pDX'(V +pl + X(S+pl)X') ™ = [1(/)2 192]

for all p > 0. While lim,_,o+ L, does exist, it is not equal to L,

. 12 0 oo
R v EY A A

However, we can take any

o= [0 emwoxsxy=r () 9) = L[] [acn)

to give L,eg = ap/2, Leg = ap/2, and therefore lim,, o+ Lyeo = Leg.
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3.6 Best affine unbiased estimator

To find the MVUE, one must find a function of the observations y that is unbiased and has
minimum variance among the set of unbiased functions of y. Optimizing over the space
of functions is a complex problem compared to optimizing over a parameterized space of
functions, so much of the study on the model has been concerned with finding
an estimator with minimum variance among linear unbiased estimators (i.e., a BLUE).
It turns out the BAUE can capture a wider class of constrained estimators [67, Chapter
13], so we address the BAUE problem. Below, we define (uniformly) unbiased estimators,
affine estimators, and the BAUE.

Definition 43. Let X € R™*P, V € S, and W € R™*", and consider the model (LGM)|
Denote the set of (uniformly) unbiased estimators of the parametric function W3 (given

the model aﬁ

WByg(X,V,W) := {9 RV X]) = R™ E[6(y)|A] :vvgi Xﬁgolere (LGM)| }

Denote the set of affine estimators as
WBAE = {0(-) = A(") +c: R([V X])=>R"|AcR™P cecR"}

Denote the set of (uniformly) unbiased affine estimators of the parametric function W3

(given the model |(LGM)|) as
WAUE(X, V, W) = WAE N WUE(X, V, W)

Define the estimators that minimize variance over the set of (uniformly) unbiased affine
estimators ad™|

var[f(y)|B] = var[f(y)|p]

_ — here ((LGM)
WBpave(X, V. W) := {0 € WBAve(X, V. W) | GV%W\BA ") (BAUE)

V3 € RP

We say V[//'\B is a BAUE (of the parametric function W given the model ifﬂ//\ﬁ €
WBpaAur(X, V,W).

In solving we solve, as an intermediate step, the linear equality constrained
minimum trace problem which, by the connection between the BAUE and the
MLE, is closely related to the least squares problem. This technique is used extensively
by Magnus and Neudecker [67, Chapter 13]. We use it to derive Rao’s result [88] under an
optimization framework via the following lemma.

"“We restrict the domain of all estimators to R([V  X]). This is because e € R(V) (almost surely)
implies y € R([V__ X]) (almost surely).

5While is not defined in the language of optimization, one can view as equivalent to
minimizing a positive semidefinite matrix-valued function over the Loewner partial order <.
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Lemma 44. Let X ¢ R™*?, V € ST, W € R™*", and A(X, V,W) be the set of solutions
to . If WBpavgr(X, V, W) is nonempty and

A=Ay  VALA e AX,V,W),yeR([V X]) (35)
then, for any A € A(X, V., W),
WBpaur(X,V,W) = {A(): R([V X])=R"} (36)

Using lemma we can solve [(MTP)| to show that (BAUE)|is a singleton, where the

unique solution is that proposed by Rao [88]. This result is stated in the following theorem.

Theorem 45. Let X € R™VP, V e ST, W € R™", and Vy := V + XEX' for any
E € S% such that R(X) C R(V/o\). Then WBpaug(X,V, W) is nonempty if and only if
R(W') CR(X"). Moreover, if WBpaug(X,V, W) is nonempty, then

WBpavr(X, VW) = {W(X'VF X)T X'V () : R(Vo) — R™} (37)

It is also clear that if a BAUE exists, it is unique and linear, so it is also the unique best
linear unbiased estimator (BLUE). Moreover, there is a clear connection between|(30b)|and
(37)}, which is stated in the following corollary.

Corollary 46. For any X € R™?, V € S, and W € R™ " if W3 € WBpaur(X,V, W),
then - )

Proofs of lemma [44] theorem , and corollary [46] can be found in appendix

As previously stated, the results also apply to non-Gaussian error distributions with
Ele] = 0 and var[e] = V because the derivation of the BAUE depends only on the first
and second order statistics of the underlying distribution. In appendix we prove the
following theorem and thus derive the unique BAUE solution proposed by Rao [88].

4 Computing the estimators

Computing closed-form solution of the estimators defined in section [3]is intractable for large
and ill-conditioned systems, as computing the relevant pseudoinverses requires taking sin-
gular value decompositions or solving many linear system subproblems, which compounds
errors and amplifies conditioning issues. However, as illustrated in figures [I] to [4] and
stated in the lemmas and theorems of section [3| all of our problems can be reformulated
as either a convex optimization problem (specifically, minimizing a convex quadratic ob-
jective subject to linear equality constraints), or a linear system, each without requiring
the computation of any pseudoinverses to pose the problem. Convex optimization prob-
lems and linear systems are well-studied problems that can be solved by a wide variety of
high-quality, publicly available numerical algorithms. Moreover, gradient descent forms the
basis for many of these numerical algorithms, and it has been shown that early-stopping
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of these algorithms implicitly regularizes the solution [4]. In this section, we discuss the
most numerically attractive reformulations of the estimation problems defined in section
and show how gradient methods with early stopping can be related to [(TGLS), where the
initial guess becomes the bias parameter.

4.1 Convex optimization formulations

Each estimation problem can be written as a convex optimization problem. The estimation
problems|[(GLS)] [[TGLS)] and [[ECGLS)|are convex by definition. While lemmas [33|and [35]
reformulate as a convex optimization problem, they do not do so without requiring
the computation of a (pseudo)inverse to pose the problemm Instead, one can solve the
following problem,

1
min _ ~|lal|¥ subject to y=Xpg+Va (38)

a€R™,BERP 2

which is shown to be equivalent to [(MLE)|in the proof of lemma has
an increased number of optimization variables compared to [((MLE)| but avoids the need

for pseudoinverse or projector matrix computations. A similar strategy can be taken for

(MAP)

y:X6+VOZ17
Bo=pB+Vas

using theorem The other reformulations in theorems 1] and [42] still require pseudoin-
verse calculations, making them poor candidates for optimization. Finally, as shown in
lemma |44] and theorem the problem can be solved by setting W3 = Ay where
A solves

While each of these convex optimization problems can be solved as a linear system
using lemma it is worth stating the original optimization problem because it allows us
to put convex constraints on the argument and retain numerical tractability.

. 1
min —

39
(o,00) ER™HP BERP 2 ( )

1 .
o |3 + 5”042H22 subject to

4.2 Linear system formations

Because the convex optimization problems discussed in section have quadratic objec-
tives and only linear equality constraints, we can use lemma [I0] to rewrite them as linear
systems. In the statistics literature, these linear systems are often called the normal equa-
tions for the problem. From the proofs of theorems and 31} the normal equations
for the problems |(GLS)|, [((TGLS)| and ((ECGLS)| are

X'HXB = X'Hy (40a)

(X'HX +T)8 = X'Hy +TB (40b)
X'HX z'1[8] [X'Hy

IR (09

6The inverse computation in lemma also becomes ill-conditioned as p — 0T, so to get an accurate
solution, one must necessarily make the problem ill-conditioned.
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where A € R¢ is a Lagrange multiplier corresponding to the constraint w = ZS. It is clear
that, in the structure of the coefficient matrix can be exploited. For |(40a)[and |[(40b)}
the coefficient matrices are positive semidefinite. Solution methods for solving positive
semidefinite linear systems are well studied [36], 57, [75, [76]. For the coefficient
matrix corresponds to that of a saddle point system, which is well-studied [1T], 12}, 28] BT,
32, 43, 62, 111], 116]. We already showed in lemma [34] that is equivalent to |(SPP)|
Likewise, it can be shown that is equivalent to

V 0 X| o Y
0 > I Qg | = ﬁo (41)
X I 0] |5 0
and is equivalent to,
o o] ] - W] @
X 0] AN (W

As with |[(40c)}, the fact that |(41)| and |(42)| are saddle point systems may be exploited.

4.3 Gradient methods and early stopping

Gradient descent is the bedrock on which many modern optimization algorithms and linear
system solvers are built. All of the optimization problems described herein can be posed
as solving a linear system. In this section, we consider applying gradient descent and
gradient flow to the OLS problem (i.e., computing elements of BGLs(y, X, I)). Specifically,
we consider the following two algorithms,

B(k) — 5(’6*1) +eX'(y — X@(kfl)% 5(0) =By (43)
Bt) =eX'(y — XB(t)), B(0) = Bo (44)

where, for each algorithm, 5y € RP is the initial guess and € > 0 is a tunable rate parameter.
It is worth pointing out that the algorithms and can be extended to handle the
GLS problem by using the equivalence BGLS(y, X, V) =Bgrs(HY?y, H/2X,I). Moreover,
they can solve (feasible) linear systems by noting that, for any y € R", X € R™*P  and
H e St, y € R(X) implies {B|y=X8} = I@GLS(y,X,I). Therefore, we can solve
[(ECGLS)] [MLE)] [[MAP)], and using any of the normal equation formulations in
figures [Id and [2] to [4]

Ali et al. [4] showed that the algorithms and with early stopping and a zero
initial guess By = 0, implicitly regularize the solution. Theorems [47) and [§] generalize these
results to the early stopping and convergence behavior of the general gradient algorithms
and The early stopping algorithm implicitly regularizes the solution based on
an equivalent TGLS problem with a positive definite regularization parameter and bias
parameter equal to the initial guess 5y. Moreover, the part of the regularization penalty
with columns in the range space of X drops out as the algorithms converge, while the
remaining part of the regularization penalty is always a projector into the nullspace of X.
As a result, both algorithms converge to the element of IEBGLS(y,X ,I) that is closest in
2-norm to the initial guess Sy.




TWCCC Technical Report 2023-01 34

Theorem 47 (Generalized from [4]). For any y € R", X € R"P, 5y € RP, and € €
(0, 1/ X1%), let

X =[th U [Sl o] [“;ﬂ = U5V} (45)
denote the SVD of X. Then the gradient descent iterates 3%) € RP, given by satisfy
Braus(y, X, 1, 6o, T®) = {8}, vk >0 (46)

where T®) .= Vi [(I — eS?)~F — I]71S32V] + VaVi. Moreover,
Jim B = X Ty + VoV By (47)

Theorem 48 (Generalized from [4]). For any y € R", X € R™*P  and [y € RP, let
denote the SVD of X. Then the gradient flow trajectory B(-) : R>g — RP, given by
satisfies

BTGLS(%X; I?/BOJF(t)) = {/B(t)}7 vVt >0 (48)
where T(t) := Vi[exp(eS3t) — I)71S2V] + VoV, Moreover,
Jim 3(1) = Xy + VaVifo (49)

Theorem [47] is proven below. The proof of theorem [4§] is nearly identical, but with
matrix powers and power series replaced by matrix exponentials and integrals, so the proof
is omitted.

Proof of theorem 7 Let k > 0. We can rewrite the gradient descent iterate ") in terms
of the initial guess By using a common linear systems formula,

k—1
B = (I —eX'X)" 5o+ (I —eX'X)I X'y (50)
=0

Next, we rewrite the formula |(50)in terms of the SVD |(45)]

k—1
BE) = Vi(I — eV + VaV3]Bo + Vi | Y (I —eS3) | SiUty
7=0
= Vil — eSH*V] + Vo360 + VAl — (I — eS3)¥]ST ULy
B = By + VAT — (I — eSH¥IST U (y — X Bo) (51)

where the second equality follows from the partial geometric series formula Z;:é ri = 1;”:

for all scalars r # 1]77] Using theorem [28] we have
Brars(y, X, 1, fo, T®) = { fo + (XX +TW) 71X (y — X fio) }
= { B0+ Vi{I +[(T ==87) ™ = 171} 719 Wiy — XBo) }
= {Bo+ WL = (I = =SDIST U1 (y = Xfo) } = {8}

1"We can use the scalar formula here because the matrices in the geometric series are diagonal.
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where the third and fourth equalities follows from theorem [60]and |(51) respectively. Since
leX’X| = €| X||? < 1, all the diagonal entries of I — ¢S? are positive and less than 1.
Therefore limy, ;o0 (I — 52)F = 0 and

Jim BH = By + ViSTIU(y — XBo) = X Ty + VaVyfo

where the first equality follows by taking the limit of [(51)| and the second equality follows
by the SVD O

Proof of theorem A8 Let t > 0. First, we can rewrite the gradient flow at time ¢ in terms
of the initial guess [y using a common linear systems formula,

t
B(t) = exp(—eX'Xt)By + / exp(—eX'X(t — 7)) X ydr (52)
0
Next, we rewrite the formula |(52)|in terms of the SVD |(45)]

t
B@:JAmmﬂ£%W%%+m[/enwfﬁﬁ—fwm,%my
0
= Vi exp(—eS3t)V{ Bo + Vi[I — exp(—eS3)]ST ULy
= Bo + Vil — exp(—eS7t)]ST UL (y — X o) (53)

dr — 1—exp(—at)

where the second equality follows from the integral formula fg exp(—a(t—r)) o

for all scalars a > OE Using theorem we have

Bras(y, X, 1, 5o, T(t) = { Bo + (X' X +T()) " X' (y — XBo) }
= {Bo + Vi{I + [exp(eSit) — I] "'} 18T UL (y — X Bo) }
= {Bo + Vi[l — exp(—eS7t)]ST Ui (y — XBo) } = { B(t) }

where the third and fourth equalities follows from theorem [60] and |(53) respectively. Since
S1 has positive diagonal entries, we have lim;_,+, exp(—eS?t) = 0 and

Jfim B(t) = o + ViST U (y — Xfo) = Xy + VaV3 o
where the first equality follows by taking the limit of [(53)| and the second equality follows
by the SVD O
5 Applications in control and estimation
Consider the following linear time-varying system,

T = Apzy + Bruy, (54a)
yr = Crxy, + Dyuy, (54b)

18We can use the scalar formula here because the matrices in the geometric series are diagonal.
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where k € [> is the time index, z;, € R"* is the state, y, € R is the measurement, and
up € R™ is the exogenous input. We assume that rank [B,/C Djﬁ] = n, for each k € I>¢.
If this were not the case (i.e., rank [B}, D} ] < n, for some k € I>¢), then there would be
inputs that affect neither the state evolution nor the stage cost.

In the LQR problem, we seek an input sequence uy_1 := (ug, u1,...,un—1) that min-
imizes the quadratic objective

N—
Viv(ziun—1) = > [yl + lanllp,

j=
subject to and xg = x, for some user-defined terminal penalty Py € S*. We solve
this problem via a dynamic programming approach, with the current optimal input being
a linear function of the current state. Each stage in the dynamic program is solved by
completing the squares via corollary [26| or corollary An alternative derivation can be
found in [33] 34], which also involves completing the squares, but relies on index shifting to
rewrite Viy(z;uy_1) in a form where squares can be completed for every j = 0,1,..., N —1
simultaneously.

In the KF problem, we seek the probability densities of the random variables x|y and
Zk|yr—1 under the assumption that

zo ~ N(2g, Py ), u, ~ N(0, 1), independently (55)

—

where yi := (v0,y1,- - -, Yk), for each k € I>o. With a slight abuse of notation, we let y_;
denote an empty vector. Conditioning a random variable on y_; returns the same random
variable. This notation lets us include the initial distribution in our KF definition and
use the notation xg = xg|y—_1. Since xx|yx has a Gaussian distribution, it suffices to find a
recursion for the mean and covariance. To do this, we use Albert’s method [2, Chapter IX],
which is a natural extension of Marsaglia’s lemma (lemma@ [69].

Stability of the LQR and KF for the system is an important property for successful
applications. Stability results, under the assumption of positive definiteness in either D} Dy,
(for the LQR) or Dy D), (for the KF), have appeared in many textbooks [, [7, 50, 60]. In
the general (semidefinite) case, Silverman [98] provides necessary and sufficient conditions
for which the time-invariant LQR and KF are stable, and Rappaport and Silverman [93]
provide sufficient conditions for the time-varying LQR and KFE Further discussion of
stability is outside of the scope of this work. For a modern treatment of the semidefinite
case, including solution methods, algorithms, and stability theory, we refer the reader to
the work of Ferrante and Ntogramatzidis [33, 34}, [35].

5.1 Linear quadratic regulator

For the regulation problem, it is convenient to also define the block matrix

S 4 Ng+My
g -0 mes

"These works require stability to hold independently of the choice of Py € S}* (for the LQR) or
}50_ € S (for the KF). For stability conditions that depend on Py € S'}* or 130_ € S, see [20} 25, 126].
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With this definition, it is easy to see that ||yz||*> = kaﬂék + ||u/<;||%%]c + 22} Spuy, for each
k € I>0, which is the traditional form of the stage cost.

Theorem 49. Consider the system |(54) and suppose Sy, = 0 for each k =0,1,...,N — 1.
For each initial state x € R™ and terminal weight Py € Si*, the input sequence u?\,_l =

(ud, ud, ... 7“(1)\f71) solves the following LQR problem,
N-1
VN(@) = min > lyill® + [lanli, (56a)
uy_1€ER”u =0
subject to[(54)|and xg = x (56b)
if and only if
ug € —(B,/ng_HBk + Rk)+B],cPk+1Akl‘k —|—./V’(B,/§Pk+1Bk + Rk) (57&)
Py := A} Poy1 Ay + Qr — Ay Pry1 Bi(B) Prg1 By, + Ri) " B Pry1 Ay (57b)

_ 0() — [|0]12
for each k =0,1,..., N — 1. Moreover, Vy(x) = [|z||5, .
Proof. To shorten the notation, let
Uy, = —R;B;CP]C+1A1€:L‘]€, Ry = B;’CPk+1Bk + Ry

for each £k =0,1,..., N — 1, and let

k—
Vi(wswemr) = Y llysl® + Nl

[y

<

for each k = 0,1,..., N. Since Vi (z;un_1) is the objective function for |(56)} it suffices to
minimize it subject to|(54) and xg = .
Using corollary [29] we have

leklldy, + llurllz, + [ Avzr + Brugl, = lokllb, + lluk — dxll%,

and
Vis1(zsug) = Vi@ ugor) + Jlue — @], (58)

for each k =0,1,..., N — 1. Applying |(58)| recursively gives

N—1
Vi (zsun—1) = llzlf, + D lluy — 4%,
j=1
where we use the terminal identity Vo(z) = |||/}, In this form, it is clear from theorem

that u(])\,_1 minimizes Vi (z;uy_1) if and only if
uf) € Gy + N(Rg) = =R} B Pey1Apty + N (Ry)

for each k = 0,1,..., N — 1. Moreover, Vy(z) = Vy(z;uly_,) = [2[% . O
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Theorem 50. Consider the system |(54)l For each initial state x € R™ and terminal

weight Py € S")*, the input sequence u?v_l = (ug,u(l], e 7“(1)\/—1) solves the following LQR
problem,
N-1
V(@) = min >yl + lanllp, (59a)
uN,1€R”IN =0
subject to|(54)|and zp = x (59b)
if and only if
up € —(ByPrr1Bi + Ri) V(B Pry1 Ak + Sp)ar + N (Ry) (60a)
Py, := A} P A + Qy
— (A} Pis1 By + Sp) (Bj, Pet1 By, + Rp,) " (B Pyt1 Ag + ) (60b)

_ 0/, — 2
for each k=0,1,...,N — 1. Moreover, Vy(x) = ||z[%,-
Proof. For this proof, we use theorem [19] as an intermediate step to solve the more general
case. To shorten the notation, let

Ry, := B, Pyy1By + Ry, Sk, := A} Pyy1 By, + Sk,

;= —R{ By Ppy1 Ay, g, =Gy, — R Spar = —R} S,

Pk_ = A;Pk+1Ak + Qr — A;ngJrlB]C7Q,Z—B;€Pk+1z4]g

for each £k =0,1,..., N — 1, and let

k—
Vi(wswer) =) llyill® + llawlp,

[y

<

for each k =0,1,..., N. Since Vi (z;un_1) is the objective function for |(59)} it suffices to
minimize it subject to|(54) and xg = .
In a similar manner to the proof of theorem we use corollary [29| to give

2 2 2 2 12
lzkli, + llunliz, + 1 Akz + Bruellp, ., = lzxllp- + llue = 4 llw, (61)
Next, since S, = C,. Dy, R, = D} Dy, and Ry, = B; P11 B), + R}, we have
k k k* okt

R(Sk) € R(Dy) = R(Ry) € R(Ri) (62)
using basic properties of R(-). Expanding the square |up — ak”%k = |[(up — ay) +
RZS,’{@;CH%IC gives

lur = rll, = lux — @ I, + IRE Sianl, + 2255k RE Ry (ur — ;)
NP 2
= g — i e, + il g + 2
+ 2x;gSkRZA;ng+lBkmk

lu — %, = lluk — 5, 1%, + 225 Seur + kaHQI; — llzllp, (63)
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where the second equality follows from lemma [12{and |(62)l Combining and |(63)| gives
lzklldy, + llurllz, + 225Skur + | Avar + Brugl,,, = lokllB, + lun — axll%,

and therefore

Viep1 (23 ug) = Vil up—r) + lJug — %, (64)
foreach k =0,1,..., N—1. Given the recursion|(64), the result follows (almost) identically
to the proof of theorem starting from |(58)| O

5.2 Kalman filter

Similarly to the regulation problem, we define the following block matrix (with a slight

abuse of notation),
Qr Sk By, nt
[SIQ r = b, [B,, Dj]esy™

With this definition, it is clear that

Bk Qk Sk
[Dlj ol (0’ {52 Ry,
independently, for each k € I>o. We can obtain a recursion on E[zy|yr—1] and var[z|yx_1]

through Marsaglia’s lemma [69], in a similar manner to Albert [2, Chapter IX].
Theorem 51 ([2 Chapter IX]). Consider the system and assume [(55) Then,
welyr-1 ~ Ny, ) (65)
where
Gy = Ariy + (ARPy O + Sp)(Ch Py O + Ri)t (i, — Crdy)
Py = APy A+ Qi — (AP, Cl + Sk)(Cu Py Cr + Ri) T (Ci Py Aj + Sp)

for each k € I>o. Moreover, R
xk|yk ~ N((i’k, Pk) (66)

where

By = &y + P CL(CLP; Ch + Ry) T (yk — Criyy)

by == Py — P C(CyP, Cy, + Ry) T Oy Py
for each k € I>.
Proof. We prove|(65)| by induction, and is established as an intermediate step towards
proving |(65)l The base case zg|ly_1 ~ N(Z, F, ) is satisfied by assumption (recall that

xo = xgly—1). Therefore we only need to show xp|yr_1 ~ N(fc;,Pk_) implies xg|yr ~
N(ﬁ?k, Pk) and xkﬂ\yk ~ N(i';_’_l, Plc_+1)'
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A

Suppose z|yr—1 ~ N(Z,, P; ). To simplify the notation we let

€L ‘= Y — Cki‘];, L£ = P,;C,’C(Ckls,;(l‘,’c + Rk>+, Qk = Qk — LﬁS,’C,
Wy, := Lgek, LZ = Sk(CkP,;C,Q + Rk)+
for each k € I>¢. By independence of uy and (xo, uo, - . ., ug—1),

el R

Using the linearity property of Gaussian random variables,

Tk 1 0 o ‘y
Brug | |yr—1=| 0 By [ ku:_l}
Yk Cr Dy
iy Po 0 P Cy
~ N 0 , 0 Qr Sk

Criy | |CkPy S, CwPy Ci+ R
Using to condition on y,

Tk Tk Ty, Py ~LiS,
—1, = ~N N ) kR

Taking the marginal distribution in xy|yx gives Using the linearity property again
gives

Try1lyr = (Apzr + Brug)|lye ~ N(2, 4, Pk_+1)

5.3 Sparse control and estimation reformulations

While the closed-form expressions and can be readily used on small-scale control
and estimation problems, large-scale problems may not be amenable to these expressions.
When the system dimensions are large (n for the LQR and p for the KF), the frequent pseu-
doinverse computations may cause numerical issues that compromise closed-loop stability.
In the following discussion, we pose the LQR and KF problems as estimation problems.
These problems can be solved using optimization or linear systems algorithms, as discussed
in section 4] For both problems, when N is large, it is beneficial to consider sparse formu-
lations of the optimization problems and linear systems. We first illustrate this fact with

the LQR.
5.3.1 Linear quadratic regulator

The naive way to solve|(59)| (without recursion) is to rewrite the objective in terms of only
the initial state x and control actions uy_1,
2

[6 2]

Vn(z;un-1) = H [g%] T+ [gﬂ un-_1
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where
Dy
C1Bg Dy
Cn_2Ai1.N-3By ... Cn—2Bn_3 Dn_»
Cn-1A1LN—2Bo ... On-1AN-—2Bn-3 Cn-1Bn—2 Dy-1]
- Co _

ChAg

Cn—2A0:N-3
| Cn-1A0:N—2]

Cy = [Ain—1Bo Aan—1B1 ... An_-1By—2 Bn-1],
Ai:i+j = AiJrj X A,L'Jrj,l X ... X A; \V/Z,] € HZO

This reformulation makes it clear that |(59)|is a GLS problem, i.e.,

« @ g I 0 .
Bars <[A]]\\;] T, — [Cg] , [0 P]\J) = argmin Vy(z;uy_1)

uy_jERMuN

Taking the derivative of the objective, we can use lemma [10| to get that u?\ul minimizes
Vn(z;un—1) if and only if

(GNGN + CNPNCn)UX | = —(GhOn + Chy Py AN )2 (67)

But is a dense problem that scales cubically with N, making it numerically challenging
to compute solutions to this problem for large N.

When N is large, it is better to solve for both uy_; and xy41 = (2o, 21,...,2ZN)
simultaneously, enforcing the dynamics through constraints,

min VN(xn,un—1) subject to cny(xy,uny—1)=0 (68)
XNER"T(N+1),UN_1ERTL“N
where
N-1
Vn(xn,un—1) = Y [yl + lan By
i=0

J:
[ ro — &
x1 — Aogzo — Boug

env(xy,un—1) == 1y — A171 — Biug

lxny — An_1N—1 — By_1un—1
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We can rewrite this as a ECGLS problem,
XN
UnN-1

N 1 N-1
] O Cl 0 @j:O C_;D
Vy = Py 0
N 1 N—1
L Jj=0 CiD 0 ‘ @J =0 D/D_

2

subject to  Zy XN =wy (69)
Vi [UN—-1

min
XNER”I(NJrl),uN_lE]R"UN

Wher@

0 0
Zy := [I [ N—1 ] N-1 ]
] =0 AJ 0 —@jzo Bj

which is clearly a sparse problem. Therefore (x%;, u%_;) solves|(68)|if and only if (x;, u®,_;) €
I@ECGLS (0,1, VN,wWn,Zp). From the proof of theorem we have that (x?\,, u?\,_l) solves
if and only if there exists A%, such that

= (70)

While the sparse normal equations has 2n, N more variables than their dense
counterpart sparse solvers can be used on which have a far lower computational
burden when N is large. It is also worth noting that the optimization problem can be
augmented with additional (linear equality or convex inequality) state and input constraints
while preserving convexity of the problem, allowing the control actions of linear model
predictive controllers to be computed with sparse convex optimization solvers for large
N 54l [94], 113, [115].

5.3.2 Full information estimation

In some situations it is desirable to estimate the entire state sequence, xy|yny—1 where
Xy = (20, %1,...,2N). In this case, we can write the initial state prior as o = T + e
where eg ~ N(0, ;") and the model |(54) and |(55) can be written as

j=Xxn+é
using theorem [0, where

Iy I 0 0 1 0
gi=| 0 |, X:= B4 o], é=1]0 —@jVjB] ueo
N-1I 1 N-1
YN-1 L D= C; 0 J LO ‘ @;:0 Dj J
My
20The direct sum @ is defined as @ivzl My, = for any M; € R™i*"i,
My
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Therefore, by theorems [40| and xn = E[xn|yn-1] if and only if Xy € BMLE@,X, f/),
where .

By 0 0
~ - N-1 N—
Vi=varle] = | 0 D5, BB — @jzol B; D',

N-1 N-1

[0 -®L DiB; [ @i% DiDj |
From theorem we have that xy = Elxy|yny—1] if and only if there exists ay €
RMN+DHPN guch that (X, &) solve

min HO‘NH%} subject to 7 = Xxy + Vay (71)
xny ERPM(N+D) oy eRP(N+1)+pN

or equivalently, Xy = E[xy|yxn_1] if and only if there exists &y € R*N+D+PN guch that

Vo | X]Ja j

[V_| X][aw] _[d (72)
X" | o] [xx] [0

The formulations |(71)[ and |(72)| are again amenable to sparse convex optimization solvers

and sparse linear solvers. If we wish to add (linear equality or convex inequality) constraints

to the estimates xy, we can add them to |(71), However, in both problems, we do not

estimate the error covariance for this computation, so the computational tractability of the
large-scale problem comes at the cost of additional information about the error statistics.

6 Modern extensions

We conclude this paper with a summary of related areas of research that might benefit
from methods discussed herein.

6.1 A generalized perturbation method for degenerate distributions

A generalized proof of theorem (38| could utilize [95, Theorems 7.17, 7.33] to show that

argmin{ lim gbp(ﬁ)} D lim {argmin¢p(6)} (73)

BeRrr | p—07T p—0% | BeRrr

holds for a more general class of objectives@ This approach of exchanging the limit and
minimizer has applications in the estimation of parameters of other degenerate distributions
(e.g., singular elliptical distributions [8], 27]). If the inclusion holds, one can solve the
(easier) non-degenerate problem and take the limit of the solution as p — 0 to obtain a
solution to the (harder) degenerate problem. Moreover, the non-degenerate problem with
arbitrarily small p is arbitrarily close to a solution of the degenerate problem, so a limit
need not be taken if the problem can be solved with small enough p to meet the desired
tolerance.

21This result holds, for example, when the limit ¢ = lim,_,o+ ¢, exists (pointwise); @,,¢ are convex,
lower semicontinuous, and proper for all p > 0; and the right-hand side limit of exists.
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6.2 Nonlinear regression

Consider the following nonlinear regression model,

The problem of finding an estimate of 8 given the observations y and function f : R? — R"
is often called the nonlinear inverse problem [22), [46] 48| [74, 105, 106]. Development of
algorithms for solving the problem is a current and ongoing research topic [10} 22, [46].
While deriving estimates of is outside of the scope of this paper, concepts from linear
estimation can be generalized to the nonlinear setting. In particular, the gradient methods
discussed in section 4] can be extended to compute (locally) optimal estimators.

Consider the nonlinear least squares problem,

1 2
i = —||ly — 75
min ¢(6) := 3 lly = F(B)] (75)
The nonlinear map from parameters to observations complicates computation of the solu-
tions to|(75), as we no longer have convexity. However, gradient methods can still be used
to compute locally optimal solutions to |(75)l The gradient flow algorithm for |(75)|is

df
dp

It can be shown that, for any stationary point 8y € RP of the function V(8) :=
o(B) — ¢(Bo) is a local Lyapunov function and therefore the gradient flow is locally stable
about . If we also assume that (df /dj3)(F) is full column rank in a neighborhood of Sy,
then we can also guarantee local asymptotic stability about §y. Existence of the asymptotic
Lyapunov function also implies local optimality of By because V(3) > 0 = V(fy) for all
B # By in a neighborhood of Fy. In other words, the gradient flow algorithm can converge
only to locally optimal points.

B(t)Z—[ <ﬁ<t>>] y— F(B))] (76)

6.3 Bayesian regression

In section [3.5] we considered a model with a Gaussian prior on 5. However, more general
priors can be used, which produce different properties of the estimator. Suppose the
parameters 8 have a prior distribution of the following form,

f(B) = crexp (—c2|| B = Bol5?) (77)
where || - ||y : R — R>g is a norm and ¢, ¢2, c3 > 0 are chosen such that f is a probability

distribution?] Then the MAP estimator for the model

y=Xp+e, e ~N(0,V), B~ f, B, e independent

22We could also choose any distribution such that f(8) is log-convex, but the form makes it clear
how the estimation problem relates to commonly used regularization methods.
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is given by

max f(ylB)f(B)  subject to  f(y|B)f(B) >0 (78)

Similarly to the proof of lemma we can reformulate |(78)| as a convex optimization
problem,

min Slalp +els - Al subjectto = X5+ Va
When || - || = |- 12, |(77)| and |(78)| corresponds to classic 2-norm regularization [51}, 52],
which is widely used in machine learning [45] [78], algorithms for ill-conditioned linear
systems [77, 1], and algorithms for inverse problems [2T} 22]. When |- [[$* = || - ||,
and corresponds to 1-norm regularization, or LASSO regression, Wthh is often used
to promote the sparsity of estimates [49, 108, [117].

6.4 Sparse estimators

A common situation in signal processing, image processing, nonlinear system identification,
and machine learning arises when there are many more parameters than observations. In
these situations we wish to find a sparse estimator, or more specifically, one which minimizes
the 0-pseudonorm ||3||o := # { 5; # 0}. We can define these estimators as an augmentation
of the estimators discussed herein by augmenting the estimator objective with an additive
penalty A||S|lo or multiplicative penalty exp(—A||S|lo). The sparsity (hyper)parameter
A > 0 requires tuning to achieve the desired level of sparsity in the estimate. For example,
we can define sparse versions of the ECGLS and MLE problems as follows@

min ||y — X85+ AllBllo subject to  Z8 =w (79)
max f(y|5) exp(=Al|Bllo) subject to f(y]5) >0 (80)

The sparse MLE problem - can be reformulated as

min Sl + NSl subject to 5= X5+ Va (s1)
Due to the nonconvex and discontinuous objective functions of problems and esti-
mators cannot be computed exactly in polynomial time [79]. However, small to moderately
sized problems can be solved using mixed integer programming methods [15] [17].

Alternatively, we can approximate the sparse solution with a (possibly nonconvex)
shrinkage penalty or prior. Recall that the O0-pseudonorm is the limit of the ¢-(pseudo)norm
as ¢ — 0T, ie. ||Bllo = lim,_,o+ ||B|%, pointwise in B € RP. For some g, A > 0, consider the
following generalized normal prior on £,

\L/a

2Note that the sparse MLE problem is not a MAP problem because the multiplicative penalty
exp(—A||Blo) cannot be used to formulate a probability density over 8 € RP. Instead, the sparse MLE
problem should be viewed as a modified MLE problem.

B~ f(Big,\) = exp (=AlIBI19)
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and define the ¢-pseudonorm MAP (¢MAP) with shrinkage penalty A as follows@

max fWlB)f(B;q,A) subject to  f(y|B) >0 (82)
Again, |(87)| can be reformulated as a convex optimization problem,
. 1
min -
a€R™ BERP 2

Moreover, the objective of |(81)|converges uniformly to the objective|(83)l Therefore, taking
the limit of the set of solutions to as ¢ — 0T gives a limit set that is a subset of the
set of solutions to [95, Theorems 7.15, 7.33]@ In other words,

||oz||%/—|—)\||ﬁ||g subject to y= X8+ Va (83)

o1 o1
. argmin = |lo[{; + Al argmin = [l + All5]lo
lim < aern gerr 2 C { acRn,BeRp 2

(84)
=07 subject toy = X5+ Va subject toy = X8+ Va

Fung and Mangasarian [37] showed that there exists constant g > 0 such that
and have the same solution sets for all ¢ € [0,q] [37]. Therefore, the limit may not
need to be taken completely, and early stopping of the limit may produce exact solutions.
In fact, for some cases of (y,X), solving with ¢ = 1 can give the exact solution
to [(86)| [19, 23, 29]. This convex relaxation of the problem is equivalent to LASSO
regression and is similar to compressed sensing.

Definition 52. Let BSECGLS(y, X, H,w,Z,\) be the set of solutions to the problem
min [y — X% +MBllo - subject to 28 =w (85)
€

where H € S} is a positive semidefinite weighting matriz, Z € R"™ and w € R are
the constraint parameters, and A\ > 0 is the sparsity parameter. We say B is a sECGLS
estimator (of the model with weighting matriz H, constraint parameters w, Z, and
sparsity parameter \) if f € Bspoars(y, X, Hyw, Z, \).

Definition 53. Let BSMLE(y,X, V,A) be the set of solutions to the problem
max Ly(Byy, X, V) exp(=AllBllo) (86)

where Ly(-;y, X, V) is the likelihood function of the obsemations We say that 3 5 a
SMLE of the model with sparsity A ifﬁ € IB%SMLE(y,X, V. A).

*Bayes’ rule justifies maximizing over f(y|8)f(8;q, A) rather than f(B|y; g, ), and using the constraint
f(y|B) > 0 rather than f(8|y;q,\) > 0.

25We have skipped some technical detail here for the sake of brevity. In particular, the following additional
facts are required in the hypotheses of [95, Theorems 7.15, 7.33]. Let ¢ and ¢4 denote the extended-
value objective functions (i.e., let them be equal to co when the constraint is violated) of and [(83)},
respectively. Denote the c-sublevel set of a function f: R™ — R as levef :={z € R" | f(z) < c}.

1. ¢, is level-bounded (i.e., leveg,leveg, are bounded for all ¢ € R), for all p > 0.

2. ¢, ¢, are lower semicontinuous (i.e., leveg,leveg, are closed for all ¢ € R [95, Theorem 1.6]) and
proper (i.e., ¢, ¢, never equal —co and do not always equal co), for all p > 0.

26This is the same likelihood function as the one defined in definition
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Definition 54. Define Iﬁ%qMAp(y,X, V., A) as the set of solutions to the problem

L X,
max 8ly(Biy, X, V,q,\) (87)

where Lﬁly( ¥, X, V,q,\) is the likelihood function of the parameters conditioned on the

observations given that  ~ qN (0, A . We say that ,B is a gMAP of the model m
with prior B ~ gN(0, \) if B € IB%qMAp(y,X V. A).

Using the gMAP definition, we have a convenient interpretation of the sparse MLE as
the limiting estimator of a class of non-Gaussian MAP estimators, that is the limit of any
gMAP estimator as ¢ — 07 is a sparse MLE. The proof of this fact follows similarly to the
argument using [95, Theorems 7.15, 7.33].

Conjecture 55. Let y €¢ R", X e R™P, VS, and T=1-VV*. Ifye R([V X]),
then

Bavre(y, X, V,A) = Baroars(y, X, VT, TX, Ty, \) (88a)
D lim BqMAP (y> X7 Vva )‘7 Q) (88b)
q—0t

Proof. The equality [(88a)| follows in the same way as in the proof of lemmal[33] We show the
inclusion by rewriting the gMAP problem |(87)| as a minimization over the negative
log-likelihood. Denote the feasible set as

B={BeR|y—XpeR(V)}={BeRP|TXE=Ty}
Using Bayes theorem and dropping constants, we have the negative log-likelihood

—InLg, (Bly; X, V,q,A) o< —In Ly 5(y, B; X, V,q, A) o |ly — XBI[3+ + A|BIIE

for all 8 € B. Therefore we can optimize over the objectives

%W%Z?M—Xm@++kw%,ﬁeﬁ

o0, otherwise
¢W%_?M—Xﬂ@++kwmvﬂeﬁ

o, otherwise

for the gMAP and sMLE problems, respectively. For every ¢ > 0, ¢, is lower semi-
continuous as it is the sum of lower semi-continuous and proper functions [95, Proposition
1.39 E As ¢ — 0", we have ||8|T — ||B]|o for all 3 € RP. Therefore, ¢, — ¢ uniformly as
q — 0%. The result m follows from [95, Theorems 7.15, 7.33]. O

As a result of conjecture one can find an approximate sMLE by solving for the
gMAP for some small ¢ > 0.

2"We can replace the posterior density function with the joint density function using Bayes’ theorem
gN(0, ). We do not need to consider the density of y because it is not a function of 3, and it exists when
Py B; X, V) exists.

28We say a function f : RP? — R is proper if f # co. We say a function f : R? — R is lower semi-continuous
if, for every a € R, the sublevel set {z € R? | f(z) < a' } is closed [95, Theorem 1.6].
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A Least squares proofs

In this appendix we prove theorems and [31] and corollaries [26] and [29] using the
method of Lagrange multipliers [14. [I§].

A.1 Generalized least squares proofs

Proof of theorem [25 If suffices to show B e Bars(y, X, H) ifand only if 8 € (X'HX)" X'Hy+
N(X'HX). By definition, 8 € Bagrs(y, X, H) if and only if it solves Denote the
objective as

1
6(8) = 5lly — X8Il

Using lemma we have 3 is a solution to if and only if

gg(ﬁ) =2X'HXB —2X'Hy =0
By leplma solutions to the above equation exist because X'Hy € R(X'HY?) =R(X'HX),
and 3 is a solution if and only if 3 € (X'HX)"X'Hy+ N(X'HX). O

Proof of corollary 26]. First, we expand the objective function,
1 o N
V(B) = lly - X(B-5) - XBI%
1 A 1 . A .
=18 = Bl%mx + 5lly = XBlH — (8- B)X'H(y — XB) (89)

Next, recall that 3 € Bqrs(y, X, V) if and only if 3 = (X’HX)"X'Hy + é& for some
& e N(X'HX). Then HX& = 0 and

Hy—XpB)=Hy—-HX(X'HX)*X'Hy=H(I — X(X'HX)*X'H)y
Moreover, the cross term in is zero,
X'H(y — XB) =(X'H-X'HX(X'HX)"X'H)yy=(X'H—-X'H)y=0 (90)
and we can rewrite the normed error in as follows,

ly — XBI% = /(I - HX(X'HX)" X')H(I - X(X'HX)"X'H)y
— y(H — HX(X'HX)" X'H)y = |yll%, (91)

Finally, combining |(89)H(91) gives |(22)! O
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A.2 Tikhonov generalized least squares proofs

Proof of theorem [28] Tt is clear that the objective of |(TGLS)|is equal to %Hg}—f(ﬁ”% where

- |y = X ~ |H 0
A ®
This shows |(23a)l To show |(23b)], we use |(23a)| and theorem

Bravs(y, X, H, Bo,T) = Bars(, X, H)
= (X'HX)"X'Hj+ N(X'HX)
= (X'HX +D)"(X'Hy+TB) + N(X'HX +T)
= (X'HX +T)"(X'HX +T)pq
+(X'HX +T)"X'H(y — XBo) + N(X'HX +T)
=T§Tofo + L(y — XBo) + N (p)

O
Proof of corollary 29, Using the definitions and corollary we have
1 ~ ~ 2 1 A2 1 ~112
V(B) = 35— XBI% = 518 - Bli% gz + 5 il (93)

where Hy = H — HX(X'HX)*X'H. The first terms in the right-hand sides of and
(93)| are clearly equivalent because

X'HX =X'HX +T =T (94)
Moreover, by lemma we have the following identities,

ITdX'H=T\I'§X'H—-X'HXT{X'H=X'(H- HXT{X'H) = X'Ty
P —TI{T=T—-TT{To+IT¢{X'HX = X'(H - HXT{X'H)X = X'T1 X

which imply

111%, = v/ Hy + BT — (y HX + ByT)T§ (X' Hy + T Bo)
=y (H—-HXT{X'H)y+ B,(I —ITaT)Bo — 268,I'T§ X'Hy

=y'Ty + B X'T1XBo — 260X Ty = |ly — XBollf, (95)
Combining (95)| gives [(24) O]

A.3 Equality constrained generalized least squares proofs

Proof of theorem[31]. If w ¢ R(Z), the feasible set is empty (lemma [3) and therefore
Brcocrs(y, X, H,w, Z) must be empty. It suffices to assume w € R(Z) and show

and
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To show|(25), we eliminate the constraint and reparameterize the optimization problem.
By lemma [3] 3 satisfies the constraint w = Z if and only if

BeZtw+N2Z)=Z w+{(I—-Z"Z)a|a R}
=Z%w+{Ba|a R}

In other words, 8 = ZTw+Ba for some o € RP. Under this parameterization the constraint
is eliminated, and the error is y — X8 = z — X Ba. The objective function can be written

1 1
#(Z w+ Ba) = Slly - X84 = 5|l= — XBal}

and therefore B € I@ECGLS(y,X, H,w,AZ) if and only if 8 = Z*w + Ba for some & €
Bars(z, X B, H). By theorem & € Bars(z, X B, H) if and only if

ac (BX'V*XB)*BX'Hz + N(BX'VtXDB)
Therefore 3 € BECGLS(y, X, H,w, 7) if and only if
BeZ w+ BBX'VTXB)*BX'Hz + BN (BX'VTXB)

To show [(26)| we use the method of Lagrange multipliers. The Lagrangian is defined
as

£(8.0) = 5l — XBI% + N (28— w)

Since the ECGLS objective is convex and constraint is linear, B is a solution if and only
if there exists A € R such that (0L£/98)(5,\) = 0 and (OL/ON)(5,A) = 0 (lemma .

Taking the derivative, we have

OL (3.5 = X'HXS — X'Hy + 75 =0, 9L 3.5 =28 -w=0
op oA
which are equivalent to the linear system
X'HX Zz'1[B]  [X'Hy
Al 50

Using properties of the range space, X'Hy € R(X'HY?) = R(X’HX) C R(X'HX +
7'Z) = R(G) and by lemma[3] GG*X'Hy = X'Hy. Moreover, by lemma[12and lemmal[3]
w € R(Z) = R(F) and FFTw = w. Then by lemma

X'HX 777 [X'HX 2| [X'Hy] [GG+ 0 |[X'Hy] [X'Hy
Z 0 Z 0 w || 0 FFT w || w

and by lemma has solutions and (ﬂA ) ;\) are solutions if and only if

N N ()
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In other words, there exists A € R such that B solves if and only if

Gelr o [X’gX ZOT[Xfy]HI o}N([XéIX ZO’D

Simplifying the constant term, we have by lemma

/ M+ /
UN[ng‘%] Fﬁ”}zﬁwc#ZFﬂwZ%>

Likewise for the null space term, we have by lemma

X'HX Z’])

(1 0]N<[ p 0
iy o}{(f—[X?X ZOT[XgX %Dq

={I-GGMq1 | q1 eRP} = N(G)

qc R”+c}

Combining these results, we have that there exists A € R such that 3 solves (and
equivalently 8 € Brcars(y, X, H,w, Z)) if and only if

B € Bo+GTZ'Fr(w—ZBy) + N(G)
]

An immediate corollary to theorem is that both of the solutions have equivalent
minimum norm and null space components. corollary [56[is inconsequential to the subse-
quent sections and therefore the proof is omitted. At the time of this writing, we do not
know of a direct (algebraic) proof of the following result.

Corollary 56. For any y ¢ R", X ¢ R"*P, H ¢ S, Z € R", and w € R(Z),
Ztw+ (BX'VTXB)YYBX'Hz = By + GTZ'Ft (w — ZB)
BN(BX'VtXB) = N(G)

where B=1-2%Z, z=y—XZ%tw,G=X'HX+2Z'Z, F = ZG*Z', and By = G+ X'Hy.

B Maximum likelihood proofs

In this section we examine several methods for solving the MLE problem There
are three methods to do this, and all are shown to give distinct but equivalent closed-form
solutions. The first method is based on solving an equivalent ECGLS problem, the second
is based on solving an equivalent saddle point system, and the third is based on taking the
limit of the perturbed MLE.
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B.1 ECGLS equivalence

Proof of lemma[33] By theorem ]E%ECGLS(y,X, V* w,Z) is nonempty if and only if
w € R(Z). Therefore it suffices to show |(27) We start with the probability density of y.
Since y ~ N(X 3, V), we have, by definition

J 1
) = ) 5V exp (-5l - XalF ) >0

for all y — X8 € R(V) and f(y;5) = 0 otherwise. Therefore the constraint f(y;5) > 0
is equivalent to y — X3 € R(V). The range constraint can be rewritten as the following
linear equality constraint,

y—XBeR(V) & ([I-VV)(y—-XB)=w-ZB3=0
Maximizing the likelihood (subject to w = Zf) is equivalent to minimizing the negative

log-likelihood (subject to w = Zf3), which is given by

P 1 1
=Inf(y; B) = 5m(2m) + 5 [V + 5 lly = XBI3+ (97)

for all 8 such that w = Zf3, and is undefined otherwise. After dropping the constant
terms in it is clear that minimizing the negative log-likelihood (subject to w =
Z3) is equivalent to with the stated weighting matrix and constraint parameter
definitions, which demonstrates O

To prove |(29), we require the following preliminary lemma.

Lemma 57. For any orthogonal projectors A, B € R"*"™ if AB = A and BA = B, then
A=B.

Proof. Using the definition of orthogonal projectors and the hypotheses, we can check the
conditions in theorem[I]to show A* = B. But by lemmal[5 we have AT = A,;s0 A= B. O

Proof of theorem [36] First, note that, by lemma [33] and theorem
Buie(y, X, V) = Becas(y, X, V', w, 2)
=Z"w+ B(BX'VTXB)*BX'V*(y — XZ"w) + BN(BX'VTXB)

Using lemma we have Ztw = (TX)"Ty = (TX)ty = ZTy and moreover, y — X ZTw =
(I — XZ*)y = Cy. This effectively demonstrates equivalence of the minimum norm com-
ponent,

Buie(y, X, V) = Zty 4+ B(BX'VYXB)*BX'VTCy + BN(BX'VYXB)  (98)

Next, we show Xt X = M := Z+*Z+ (BX'V*XB)TBX'V*XB by lemmal[57 Noting
that M is the sum of orthogonal projectors, it is symmetric, and moreover M? = M
because the cross terms of M? are zero,

Z*Z(BX'V*XB)"BX'V*XB = Z*ZB(BX'V*XB)*BX'VTXB) =0
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by lemma Therefore M is an orthogonal projector. Next, we have MXTX = M
using the facts where Z7TZX X = ZTTXXTX = Z*Z and XBX™X = XXX —
XZvZXT*X =X — XZ*Z = XB. Finally, we have X T XM = XX using the facts
XB=(I-VVt+VVN)XB=ZB+VV XB=VV*tXB
XTX(BX'V*XB)"BX'VTXB=X"XB(BX'VtXB)"BX'V*XB
= X'VVtXB(BX'VtXB)"BX'VTXB
=X'VVtXB=X"XB
which follow from lemmas Bl and [[2] and the fact
R(BX'V*') C R(BX' (V%) = R(BX'V*XB)
Therefore M = XX by lemma [57, and

BN(BX'VTXB) = B(I — (BX'VtXB)"BX'V* XB)R?
=(I—MR=(I-XTX)RP = N(X) (99)

by lemma [5| Finally |(29a)| follows from and
For |(29b)| note that by lemma [33| and theorem

BMLE(?/, Xa V) - JBECGLS (ya X7 V+7 w, Z)
= Bo+GYZ'Ft(w— ZBy) + N(G) (100)

Rewriting G, we have G = X'Vt X +Z7'Z = X'(Vt +T)X. It is easy to see from the SVD
S /
V= [Ql Qz] [ ! 0] [8’1] = @Q15:1Q}
2
that
—1 / Sfl /1
VI +T =0Q157'Q1 + Q:205=[Q1 Q2 o

2

and (V* 4 T)/2 must be invertible. Therefore

N@G) =NX' (VY +T)X) = N(VT +T)2X) = N(X) (101)
Finally, follows from |(100)| and |(101)} O

B.2 Saddle point equivalence
Proof of lemma B4l From the proof of lemma we have f € I@MLE(y, X, V) if and only
if 8 solves

1 9 .
Fekp §HZJ—XBHV+ subject to y—XpBeR(V) (102)
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Using the definition of the range space R(V) = {Va | a € R"}, it is clear that y — X3 €
R(V) if and only if y — X3 = Va for some v € R". Therefore 3 solves if and only if
there exists & € R™ such that (&, 3) solves

aeﬂégl,g’leRp 5 ||Z/ X8|+ subject to y=XB+Va
or equivalently,
- bject t =X \%4 103
min slalf subjectto  y= X5+ Va (103)

The Lagrangian is defined as
1
Lo, B,A) = §||a||%, +N(XB+Va-—y)

Since the objective is convex and constraint is linear, by lemma (&, B) is a solution to
if and only if there exists A € R" such that

oL . » .
A A A=
8a( B, A) =Va+VA=0
oL . » « .
—(&,B,\) =X'A=0
aﬁ (a7 /67 )
gf(a BN =XB+Va—y=0
which, after making the substitution Va = —V, is equivalent to the linear vector equation,
VX7 [-A y
w51 o8
But we can always choose A = —d, so A € R” satisfying exists if and only if & € R"
satisfying [(SPP)| exists. O

Proof of theorem 37, We have that Be EMLE(y,X, V) if and only if there exists & € R"
such that |(SPP)| by lemma By lemma (3| solutions to [(SPP)|exist if and only if

[ S BT L B a0

v X7V X7 [yl VoVt
X 0]|X O 0] 0
and therefore if and only if y € R(Vp) (lemma(12). In other words, the system [SPP)|

has a solution (and by lemma |34, Byg(y, X, V) is nonempty) if and only if y € R(Vp).
Moreover, if y € R(Vp), then (&, 3) solves ; SPPE if and only if

m c {(Vo+ - WXWJX’W)?/] n [f - VoV 0 ] R7HP

B Wy X'Vyty 0 I —WoW,

Using lemma [13] we have
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by lemmas |3 and Clearly, there exists & € R" such that if and only if 8 €
W X'Vity+ N (Wo) = Bars(y, X, V). The result follows by noting that R(Wy) = R(X’)
(lemma is equivalent to N (W) = N (X). O

Another proof of theorem [37] follows indirectly from theorem [36], where the expressions
[(29a)| and |(30b)| are equated using facts from section

Proof of theorem [37| (indirect). Using theorem lemma , and corollary

Bure(y, X, V) = Zty + (BX'VTXB)*BX'VTCy + N(X)
= (X'(V4+ XXV X)"X'(V+ XXy +N(X)
= (X'V" X)TX'Vity + N(X)
From lemma we have R(X’) = R(X'V;7X) and thus N(X) = N(X'V,"X). Using
theorem
Bars(y, X, Vi) = (X'VoF X) P X'Vhy + M(XTVyX)
X'ViE X) T X'Vt y + N(X)
= Byr(y, X, V)

—~~

B.3 Barrier function method

Proof of lemma 35 Let ¢,(8) := 3|y — Xﬂ“%,1 and ¢(B) := lim, o+ ¢,(53), and denote
P

the SVD of V as ,
v=la @[3 | [

Taking the limit as p — 07 gives

1 )
#(8) = lim ;5 ly - X573

. 1 2 1 2
Jim Wy = XBllQusi+on-101 + 3,19 = XBllgua

_ [y -XBIR. y—-XBeR(V)
o0 y—XBZ&R(V)
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Because ¢, — ¢ and ¢, ¢, are convex, we can use [95, Theorem 7.33] to ShOW@
lim 4 argmin¢,(f) p C argmin ¢(/3) (106)
p—0t BERP BERP

To show equality it suffices to show that each side of |(106)| are affine sets of equal
dimension. Starting with the left-hand side, we have, by theorem

lim {argminqbp(ﬂ)} = lim Buie(y, X, Vp) (107a)
p—0t BERP p—0t
= { lim (X’VP1X)+X’Vp1y} + N(X) (107b)
p—0t

which is clearly affine with dimension dim(MN (X)) when the limit exists, and it does by
lemma [20} For the right-hand side, we note that

By, X, V) = argmin ¢(6) (108)

BeRP
Therefore, since w € R(Z), the right-hand side is affine with dimension dim(N (X)) (the-
orem [36)), and [(106)| must hold with equality. O

Proof of theorem 38 First, we have w € R(Z) by lemma[33] Therefore, lemmal[35/and[(107)]
and [(108)| imply [(31a)| and [(31b)} The remaining equality [(31c)| follows by lemma O

Finally, we can indirectly prove theorem 3§ by equating the expressions[(30b)|and|(31c)}

Proof of theorem 38 (indirect). By lemma [33| and theorem [25}°Y
BMLE(:U’ X, Vp) = BGLS(y, X, Vp_l)
= (X'V, ' X)" X'V, ly + N(X'V X))
= (X'V, ' X)XV 4+ N(X)

where we have used the fact N'(X'V,1X) = N(Vp_l/QX) = N(X). Taking the limit of
both sides completes the second part of the proof,

pl_i>r(§l+ BMLE(ya X7 Vp) = pl_i>%l+ (lepilX)+X/Vp71y + N(X)

= XTI -V(SVS) Ny +N(X)

29We have skipped some technical detail here for the sake of brevity. In particular, the following facts
are required in the hypothesis of [95, Theorem 7.33]. Denote the c-sublevel set of a function f: R® — R as
levef:={z eR"| f(z) <c}.
1. ¢, ¢, are level-bounded (i.e., lev.g,lev.¢, are bounded for all ¢ € R), for all p > 0.

2. ¢, ¢, are lower semicontinuous (i.e., leveg,leveg, are closed for all ¢ € R [95, Theorem 1.6]) and
proper (i.e., ¢, ¢, never equal —oco and do not always equal 00), for all p > 0.
Both of these facts can easily be shown by observing that ¢, is strictly convex on RP, and ¢ is strictly
convex on the feasible set { 8 € R? |y — X5 € R(V) }.
30The constraints for this problem are trivial since V, is nonsingular, so the ECGLS problem reduces to
a GLS problem.
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where the second equality follows from lemma Finally, the proof is completed using
lemma [2I] and theorem

XTI = V(SVS) )y + N(X) = (XV"X)*X'Vo'y + N(X) = Bue(y, X, V)

C Maximum a posteriori estimator proofs

To show theorems [A0] to [42], we first require the following preliminary lemma.

Lemma 58. For anyy € R", X ¢ R™*P, V € S, 5,80 € RP, and X € St_, let

O A A I

and L := X X'(V + XX X")*. Then the following statements are equivalent.
1. y—XBeR(V) and 5 — By € R(X).
2. 57— XBeR(V).
3. B—Bo— L(y — XBo) € R(E — LXE) and y — X By € R(V + XTX').

Proof. (1. < 2.) The first two statements are easily shown to be equivalent via the definition
of R(+).

(1. & 3.) First, let V) := V + X¥X' and ¥y := (¥ — LXY), and note the following
identities due to corollary and the fact that R(V) C R(Vp) and R(X¥Y?) = R(XEX') C
R(Vo),

LV =3XX'V;'V = X'V V) — X'V XEX = 50X/
(I-XL)Wo=V+XSX' - XSX'VitVo=V
X¥o=XT - WV XZ+ VP XE =V xs

(=) Suppose y — X € R(V) and 5 — 5y € R(X). Then there exist a1 € R" and ay € RP
such that y — X8 = Vg and 8 — By = Xag. Moreover,

V1/2
y—XBo=y—XB+X(B—Bo)=Var+XSay = [V/2 X%1/2] [ 1/20‘1]

er (v x)=r (v x| 0 ]) =row)

and
B—PBo— Ly —XBo) =1 —LX)(B—Bo) — Ly — XB)
= —-LX)Yas — LV
= Yoo — EoX/Ozl S 'R(Eo)
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(<) Suppose y— Xy € R(Vp) and S—Bo— L(y— X o) € R(Xo). Then there exist ay € R"
and ag € RP such that y — Xy = Voa; and f — By — L(y — X o) = Epag. Moreover,

B—Bo=pB~PBo— Lly—XBo)+ Ly — XPo) = Xoaz + L(y — X o)
=%(I - X'V;F XS)as + TX Vo(y — XBo) € R(E)

and

y—XB=y—Xpo— X(B~— B~ Lly— XBo) + Ly — Xpo))
= —XL)(y— XBo) — X(B—Bo— Ly — XB))
= (I — XL)Vooy — XXpaa = Vag — VVi XSy € R(V)

O

Proof of theorem [0 To show we show that the MAP and MLE problems have the
same feasible set their objectives are proportional for all 8 in that feasible set.
Consider the shorthand notation |(109)| and the joint density of y and 3,

Bl (O™ X))

Bly ~ N(Bo + L(y — X o), ¥ — LX) (110)

By lemma [9] we have,

for all y — XBy € R(V + XX X’). Therefore, the probability density corresponding to
(MAPYis given by

F60) = (2m) 312 - X[ e (318~ 6o — Ly — XAy ) >0 (111

whenever f—fy—L(y—Xfy) € R(E—LXY)and y— X5y € R(V+XXX'), and f(Bly) =0
otherwise. In other words, the MAP problem has the feasible set

B_BO_L(Q_X/BO) GR(Z_LXE)v} (112)

{5 €R y— X8 € R(V + X2X')

Note the second constraint y — X5y € R(V + XX X') only serves to make the feasible
set empty when the conditional density function is ill-defined. We can always choose
B = Po+ Ly — XPp) to satisfy the first constraint, so the feasible set is empty (and by
implication, I@%MAP(y, X,V, B, Y) is empty) if and only if y — X3y € R(V + XX X').

For the MLE problem, we have the probability density

_ _ntp =1 L. 5
13:8) = () 171 exp (<315~ K81, ) >0 (113
whenever § — X € R(f/) and f(y;5) = 0 otherwise. In other words, the MLE problem

has the feasible set R R
{BER? |g—-XBeR(V)} (114)
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By lemma [58] the feasible sets|(112) and |(114)| are equivalent. Let 3 be in the feasible
set. Then, by lemma we also have y — X3 € R(V) and 5 — By € R(X). Using basic
facts about the pseudoinverse and pseudodeterminant of block diagonal matrices@ we can

rewrite |(113)[ as
7 e 1 2 _nia i 1 9
F(@:8) = 2m) 2|V 2 exp | —5lly = XBly+ ) 2m) 72 [Z].% exp { =5 160 = Blls+
= f(y|B)f(B)
which is clearly proportional to by Bayes’ theorem. O

Proof of theorem 1] To simplify the notation, let 5 := E[Bly] = Bo + L(y — X Bo), X =1,
Si=I-XX =0,and V:= var[f|y] = ¥ — LXX, where the formula for the expectation
and variance follow from By theorem I@MAP(y,X, V, B, 2) being nonempty
implies that y — X8y € R(V + XX X’), and the probability density corresponding to

(MAP)|is given by whenever
§—XB=po+Lly—Xpo) € R(E— LX) =R(V)

and f(Bly) = 0 otherwise. But the probability density [(111)|is clearly equivalent to the
probability density corresponding to the MLE problem

Buie(Bo + Ly — XBo), IS — LXY) = Bure(y, X, V)
and by theorem [38], we have

IB3MAP<y7 X: V, 607 E) = IFBMLE(@? Y: V)
=X (I -V5@VSS)y+N(X)
={y}={E[B|yl}={Bo+ Ly — Xpo) }

where the third equality follows from the fact that S = 0 and NV(X) = {0 € RP }. O

Proof of theorem A2 Equations [(34a)] and [(34c)| follow from theorem To finish the
proof we show that the first and last expressions are equivalent,

Briap(y, X, V, B0, Z) = Buiwe <[50} ’ [)ﬂ ’ [‘(; g])

A Yy X |V o
e (R R

= lim Byap(y, X,V + pI, Bo, % + pI)
p—0t

where the first and last equalities follow by theorem |7£f| and the second equality follows by
theorem [38 O
0]" [AT o
Bl ~ |0 BT

31For all A € R™*™ and B € RP*P, [13 :| and

A 0
B BH;M'HBH-
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D Best affine unbiased estimator proofs

In order to prove lemma [44], theorem [45] , and corollary [46] we first require the following
preliminary lemma.

Lemma 59. Let X e R™P, V e §%, W € R™*" Vy:=V + XEX' for any E € S'_ such
that R(X) C R(Vp), and A(X,V,W) be the set of solutions to (MTP)| Then the following

statements hold.
1. R([V X])=R(W).
2. WBAuR(X,V,W) = {A(): R(Vy) = R™ | AX = W }.

3. WBAUE(X; V,W) is nonempty if and only if R(W') C R(X’).

~

4. A(X,V,W) is nonempty if and only if R(W') C R(X’).
5. WBpavr(X,V,W) C {A(-) : R(Vp) = R™ | A e A(X,V,W)}.

Proof. (1.) Noting that R(V) € R([V X]), R(X) C R([V X]), R(V) C R(V,), and
R(X) C R(Vy), we have

WV X] = RV W] = [V X]
and

v X][v X]"w=[v X][v x]"v+[v X][v X]"XEX
=V +XEX' =V,

which implies that R([V  X]) = R(Vb) (corollary [4).
(2.) Let WB(X, W) := {A(:): R(Vy) = R™ | AX = W }. Note that all functions in

—

mAUE(X, V,W) and WB(X, W) have the same domain because R([V X]) = R(Vp).

(C) Suppose 0(-) = A(-) + ¢ € Y\K’I\BAUE(X, V,W). Then
WB =E[f(y)|8) = E[Ay +¢|8] = AXB +¢é

€ RP. For this to be true, we must have ¢ = 0 and AX = W. Therefore,
) € WB(X,W).

(
(2) Suppose 0(:) = A(-) € WB(X, W). Then
E[0(y)|6] = E[Ay|6] = AXB =W}

for any 8 € RP, and therefore 6 € mAUE(X, V,W).

(3-4.) According to the second part of this lemma, the feasible set of the BAUE
“optimization” problem @’TB%AUE(X VW) = W(X , W) is nonempty if and only if there
exists A € R™*" guch that AX = W. Likewise, the feasible set of is nonempty if
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and only if there exists A € R™*" such that AX = W. But AX = W has solutions if and
only if R(W') C R(X' ) by corollary [4] so the third and fourth statements are true.

(5.) Suppose 0 € WBBAUE(X V,W) C WB(X, W). Then 0(-) = A() for some A €
R™*"_ Tt suffices to show A is a solution to| MTP)l By |(BAUE)|and (2.) of this lemma,
we have

var[0(y)|8] < var[f(y)|8] VB € R?,0 € WBaur(X,V,W) = WB(X,W)  (115)

But 6,0 € WBBAUE(X V, W) implies that 6(-) = A() 5( )=A(), AX =W and AX =W
for some A, A € R™*". Rewriting in terms of A, A,

AVA' < AVA' VYA {AcR™"|AX =W} (116)
The Loewner is preserved under tracﬁ SO implies
tr(AVA") <tr(AVA') VAec{AecR™"|AX =W}

and therefore A is a solution to O

Proof of lemma[d4] Let Vo := V + XEX' for any E € S such that R(X) C R(Vp).
Then R([V X]) = R(Vy) by lemma Suppose [(35)| holds and WIB%BAUE(X W) is
nonempty. Then A(X,V,W) is nonempty (lemma [59) and the functions A;(-) : ( b) —
R™ and Ay(-) : R(Vp) — R™ are equivalent for any A, Ay € A(X,V,W). We can rewrite
the set of so-called minimum trace estimators as a singleton,

{A():R(Vp) = R™ | Ac AX,V,W)} = {A1() : R(Vp) — R™} (117)
for any A; € A(X,V,W). By lemma we have

WBpAur(X,V, W) C { () R(Vo) = R™ | A e AX,V,W)} (118)
={A(): R(Vp) > R™}

But mB AUE(X, V, W) is nonempty, so must hold with equality, which demonstrates
(36) O

Proof of theorem 45, We aim to use lemma to derive the BAUE. Let Wy := X’V0+X
and suppose \7\‘/?5%3 AUE(X, V, W) is nonempty. Then A(X V., W) is nonempty by lemma
It suffices to show that, WWOJFX’VOJr € A(X, V, W) and holds.

We first solveby the method of Lagrange multipliers. The Lagrangian is defined
as

L(AA) = %tr(AVA’) +tr(A(AX — W)

32That is, A < B implies trA < trB for all A, B of suitable dimensions.
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Since has a convex objective and linear constraints, lemma implies that A €
A(X,V,W) if and only if there exits A € R™*" such tha

CLAN=VA xR =0, ARy = Ax W =0

ol (3= [w] o

By corollary 4| and lemma R(W') C R(X') = R(Wp) and WoW, W' = W’. Using

lemma, |13]
v x]T[v x][0o] W% o 0] [0
X 0] | X o] W[ | 0 WWS| W] (W

By corollary (fl, A) is a solution to if and only if

AT {5 3 1 3])e|ocme]

B Vot XWrw! (I =VoVe)Q1 | | [@1] . prtpxm
- + 1! +or| T + eR
WoW,F EW Wi W’ — Wit w (I = WoWq)Qa] | Q2

where the equalit follows from lemma In other words, there exists A € R™" such
that A solves if and only if

or equivalently

Ae AX, VW) =WW, X'Vy" +{QUI - WV;") | Q e R™"}

Choosing @ = 0 shows that WW;"X'V,™ € A(X,V,W). Let Ay, Ay € A(X,V, W) and
y € R(Vy). Then there exists @1, Q2 € R"™*™ such that

Ay = WWFX'ViE + Qi1 — Vo)

for i = 1,2. Moreover, (I — V()Voﬂy =0and Ay = Ayy = WWOJFX’VOer, which demon-
strates |(35)] O]

Proof of corollary[46]. Let Vo := V + XEX' for any E € S such that R(X) C R(Vp).

Then R([V X]) = R(Vo) by lemma [p9} Suppose y € R([V X]) = R(Vp) and W3 €
WBpaur(X, V, W). Then WA(y) = W(X'ViH X)+ X'V;ty by theorem[4s| Since WBpaug (X, V, W)
was assumed nonempty, we have R(W’) C R(X’) by lemma Then theorem [37| gives

WByie(y, X, V) = W(X'V5" X) T X'Vify + WN(X) = { W(X'V;" X)* X'ViTy }
where WN(X) = {W(I — X*X)q| g€ RP} = {0 € RP} by corollary [4 Finally, we have
that { WA(y) = W(X'V5" X)"X'Vity} = WBuwe(y, X, V). O

33While we have shifted to matrix arguments from vector arguments, lemma [10|still applies. To see this,
consider vectorization of the constraint AX = W and note the identity tr(A’B) = [vec(A)] vec(B). Since
vectorization is bijective and differentiable, the unvectorized derivatives are zero if and only if the vectorized
derivatives are zero.
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E Background

In this appendix we collect background results which are referenced in the main text and
subsequent appendices.

E.1 Linear algebra

Throughout we use the following properties of the range and null spaces,
R(A)CSR([A B]), R(A)2R(AB)

and
R(A) C R(B) & N(A) D N(B)

for A and B of suitable dimension. We present Woodbury’s matrix identity and two
corollaries to it [41].

Theorem 60. For any A € R™*", B € R™™™ (C € R™*™ and D € R™*",
(A+BCD) ' =A'—A'B(C"'+ DA 'B)"'DA™!
subject to existence of the inverses.
Proof of theorem[60] First note the following identities,
BC(C™'+ DA™'B) =B+ BCDA'B=(A+BCD)A™'B
(A+BCD)'BC=A"'B(C™' +DA™'B)™!

where the second follows from the first by multiplying (4 + BCD)~! on the left and
(C~'+ DA'B)~! on the right. Then
A = (A+ BCD) YA+ BCD)A™!
= (A+ BCD) ' 4+ (A+ BCD) 'BCDA™!
=(A+BCD) '+ A'B(C™'+ DA™'B)"'DA™!

Below, we prove theorem

Proof of theorem[I] Existence follows from the fact that X = V4%, 'U7 is a solution to|(6)
where A = U131 V] is the economic SVD of A.

To show uniqueness, suppose both X, X € R™*" are solutions to @ Then by the
third equality of @ we have AX = AXAX, and by symmetry of AX and AX, we can
take the transpose to show AX = AXAX. We also have XA = XAXA = XAXA by a
similar argument using the last equality of @ Combining these results gives

X = XAX = XAXAX = XAX = XAXAX = XAX = X

and clearly AT = X = X is the unique solution to @ O
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E.2 Projectors
Below, we prove lemmas [b| and [61| which are stated but not proven in section

Proof of lemmapl. The first identity is shown by noting that PP = P is symmetric and
PPP = P, which covers all conditions in @ The second identity is also shown by
substitution into @

(PA)TPPA = (PA)TPA
PA(PA)TP = (PA(PA)YY P = (PPA(PA)™)
= (PA(PA)') = PA(PA)"
PA(PA)YPPA = PA(PA)"PA = PA
(PA)YTPPA(PA)TP = (PA)TPA(PA)TP = (PA)TP

O]

Lemma 61. If P € R™ " is a projector such that 0 < rank(P) < n, then ||P| > 1 and
1Pl = [lI = Pl

Proof of lemma [61]. For the first part, we have ||P|| = ||P?|| < ||P||*> which can only be
true if [|[P|| > 1 or | P|| = 0. However, || P|| # 0 because rank(P) > 0, so || P|| > 1.

For the second part, it suffices to show ||P| < |[I — P|| since I — P is a projector
and therefore ||[I — P|| < |[I — (I — P)|| = ||P||. Let v € RP such that ||u|| = 1. Denote
x=Puandy =u—x = (I — P)u. If z = 0, we have ||[Pu| = 0. If y = 0, then
|Pul| = ||ul| =1 < |[I = PJ|. If z # 0 and y # 0 (which is guaranteed to happen by the
rank constraint), then let w = & + § where

sl el
- ) Yy = Yy
] 1yl
Then ||w|? = ||y||? + ||z||* + 22’y = ||u]|* = 1, and we have the equivalence

[Pull = |lz| = [lg]] = [I(l = P)wl| < [[I - P

Taking the maximum of both sides over all ||u|| = 1 gives the result. O

E.3 Linear equations

Below, we prove lemma [3] and corollary 4 which was stated but not proven in section [2]

Proof of lemma[3] (1. < 2.) By definition, Az = b has solutions if and only if b € R(A).
(1. = 3.) Suppose there exists € RP such that Az = b. Then b = Ar = AATAx =
AATD.
(1. <= 3.) Suppose AATb =b. Then with z = A*b, we have Ax = AATH =10.
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Suppose b € R(A). Then with g = x — A*b, we can rewrite the (nonempty) solution
set as desired,

S={zcR|Az=0b}={ATb+ 20 cRP | A(ATb+120) =b}

={ATb+20€RP | A2y =0}
=ATb+ {20 €RP | Azg =0}

= ATh+ N(A)
O
Proof of corollary[d. The above statements can each be rewritten,
1. the linear vector equation Ax; = b; has a solution for x; for i =1,...,p,
2. b e R(A) fori=1,...,p,
3. AATb; =b;fori=1,...,p,
where x; and b; are the i-th columns of X and B. The result follows by lemma ]

E.4 Singular value decomposition

Proof of lemma6] These identities follow directly from the definition of orthogonal matri-
ces (Q'Q = I) and substitution into [(6)] O
E.5 The matrix 2-norm

The 2-norm is convex and submultiplicative, that is
1A+ B[ <[[Al+ B,  [AC] < [[A[lC
for any A, B € R™" and C € R™P. Under an orthogonal transformation, the vector

2-norm is preserved,
|Uz|| = Va'U'Uzx = Va'z = ||z||

for any orthogonal matrix U € R™*™ and vector z € RP. Therefore the matrix 2-norm is
also preserved,

\wave| _ AVl o AVVE A
] veRt lzf  eern [Vl zerm 2]

|[UAV'|| = max 1Al
zeRY

for any orthogonal matrices U € R™*" V € R?*P and matrix A € R"*P. From this result,
we can write the 2-norm of a matrix and its pseudoinverse in terms of the singular values,

1A= [l = VIl = %1l = o1, AT = 1TV = 127 = 07!

given the SVD It is also clear that ||U|| = 1 for any orthogonal U € R™ ™, and
[AA|| = | 5305 || = [[53]] = [|A]? for any A € R™™.
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E.6 Matrix limits
Proof of . Rewriting R(«) in terms of the SVD matrices,

R(a) = (AA+al) Y (A — (A'A + al)AT)
= (AA+al) Y (A — AAAT — aAt)
= —a(AA+al) TAT
= (VX + o) '3ty

and using theorem
R(a) = —a(a™'T —a2Vi(a T+ 7)) V)WY

= —Vl[oz(oz_ll — a_2(a_1.7 + EIQ)_I)Efl]U{
= —Vila(al + X3)7'57 10

where r = rank(A). Noting that the final expression of R(«) is a SVD (up to the ordering
of the singular values) with maximum singular value m, we have

(01

IRl = @) o

and therefore lim,_,o+ || R()| = lim,_,o+ m = 0 and lim,_,o+ R(a) = 0. o

+a
E.7 Probability
Below, we prove lemma |§| using the method outlined by Marsaglia [69].

Proof of lemmal9 First note that since the joint covariance

Y X
N = T acy:|
|:22vy Ey

is positive semidefinite, there exist U € R™*" and V € R™*" where r = rank(X), such
that ,
it
ViV vu' vv’

and therefore R(%),) = R(VU') C R(V) = R(VV') = R(¥y), and by corollary 4} we have
Yy By = Ugy. Let z = 2 — XX y. Using the linearity of Gaussians, we have the joint

distribution of
2 |1 —ExyE; T
y| |0 I y
is Gaussian with mean

o1 M1 P 1 ol B vl
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and covariance

z I —-¥..2 = . I 0
vat - AR N S B
Y 0 I Ty Yy Ty Hay

- [Ex—zwz;;z;y o] [ I o]

N =y 2] -85, 1
[ DOFE Y 30 YA
N 0 Zy

Since z and y are uncorrelated and Gaussian, they are independent. Then for any a €
R(Ey)v

zl{y=a}=2z+3pyE a0 ~ N(pe + Zoy 5 (y — p1y), Eo — Ty B 27,)

E.8 Optimization
Below, we prove lemma [10| using the method outlined in [I8] pp. 141-142].

Proof of lemma[I0, By lemma [3] the feasible set S = {x € R | Az = b} is nonempty and
S = Atb+ N(A). We have that 2° € RP solves if and only if 2° € S and
d
(x — mo)'d—f(xo) >0 Ve eS (120)
T
Moreover, if z° € S, we have that Az° = b, ATb — 2 € N(A), and S = 2° + N(A).
Therefore we can rewrite the condition [(120)| as

Wi

o (%) >0  VYueN(A) (121)

But v/(df /dz)(x°) is linear in v, so for it to be nonnegative for all v € N'(A), it must be
zero for all v € N(A). Therefore [(121)] is equivalent to

v’%(ggo) =0 WYveN(A) (122)

As a range space condition, can be written as (df /dz)(2") € R(A’), which is true if
and only if there exists A\’ € R? such that

df . o N
— AN =0 123
7z () + (123)
Taking derivatives of the Lagrangian we get that 29 € S and are collectively
equivalent to |(13)| O
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F Block matrix pseudoinversion proof

In this appendix, we prove lemmas[12|and In this appendix, we prove lemmas[12|and
and corollary

Proof of lemma[12] (1.) R(V) CR(V + XEX') = R(V).

(2.) The hypothesis R(X) C R(Vp) and first statement R(V) C R(Vy) are equivalent
to VoVt X = X and VpV,"V = V by corollary

(3.) First, let F := (V;")/2 so that R(X’) D R(X'F) = R(X'Vy" X) = R(Wp). Next
we show R(X') C R(Wy). Let G := X'F so that

Wo=X'V;"X = X'F?X = GG’
By the second statement and symmetry of V and V0+, we have
X' = WV X) = X'V
Finally, using properties of the psuedoinverse, we have
WoWm X' = WoW, X'V;t Vo = (GG') (GG TGFV,
=GFVy=X'F*Vy = X'V Vo = X’
which by corollary 4! is equivalently stated R(X’) = R(Wp). O
Proof of lemma([I3] Let N be defined as

N = [N Nl [V = VXWXV Vo XW,
" [Nap Noo| Wi X'Vy" WoW,m EWoWgm — Wi |~

Then we can write M N as

|4 X} [Nn Nm} _ [VN11+XN21 VN12+XN22]

MAN = [X’ 0] [Nor N XNy XNy,
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Using lemma [12| we can rewrite each block in M N as

V N11 + X Noy
= (Vo — XEX')(Vg" = Vg XWF X'Vi) + X Wi X'V
=WV, — XEX'Vot = VoVt Xwih X'Vt + XEWo W X'VF + Xwf X'V,
=WVt — XEX'V)" — XWH X'Vt + XEX'VyE + XWXV,
=WV,
V N1z + X N
= (Vo — XEX"\Vot XW5 + X(WoW EWoW, — W)
= VoVt XW, — XEW W + XWoW, EWoW," — XW,©
= XW" — XEWoW," + XEWoW, — XW,"
=0
X'Nyy = X'V = X'VPxwih XVt
= X'ViF = WoWm X'V,
— X/VO+ _ X/VO+
=0
X'Nip = X'ViF Xwih
= WoW;"
which gives
VoVt 0
0 WoWy

since M and N are symmetric. Using lemma [12] we can write M NM as

MN = [ ] = (MN) =N'M'=NM

B\A%S 0 vV Xl [ WV WXl [VvoXT
MNM_[ 0 WOWJ] [X’ 0] - [WOWJX’ 0o |Tlx o]=M
and NMN as
NMN = -VOJF - %1XW(ZX,%+ +VO+XW€: +] [VDVJ ; +]
I Wy X'V WoW," EWoW,™ — W, 0 WoW,
_ VoV — Vif XWXV P v Vg Vot XWrwow
WXy (Wl EWTWy — Wi Wy
Vo — Vo' XWXV Vol X W
= + v+ + + +| =N
Wy X'V WoW," EWoW,™ — W,

and therefore N = M™ is the pseudoinverse of M, and MN = NM = MM+ = M+ M are
the orthogonal projectors. O

Proof of corollary[14]. By lemma [I3] we have the pseudoinverse

VoXT V- VXWX Vit X W
X ol ~ Wi X'V, WoWg EWoW, — Wi
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where Wy = X'V;" X. Moreover, since R(X) = R(XX') CR(V + XX') = R(V1), there is
an alternate expression for the pseudoinverse,

+
[V X} _[1/1+—V1+XW1+X’V1+ v XW

X0 W X'Vt wiw; —wit
where W; = X' Ver and the simplification Wy Wfr W1W1+ = W1W1+ has been applied. By
uniqueness of the pseudoinverse, the (2, 1) block of each expression must be equal. ]

G Pseudoinverse of sum of positive semidefinite matrices
In this appendix we prove lemmas [15] and First however, consider the following defini-
tions
T=I1-VV* Z=TX w="Ty (124a)
B=1-2"Z C=1-Xz* D=I1+BX'V'XB (124b)
and the following lemma, which collects identities for the matrices
Lemma 62. For any V € S and X € R"*7P,

VtZ =0 2t X =7%7
ZtV =0 CV=V
CX =XB CVVt =vvT
VVtC =VVT —-XZT 4+ 227" VVtXB=XB
CzZzt =22 -XzZ* D 'BX'VtXB=I-D!

given the definitions .
Proof. The first fact is VTZ = VTTX = 0. Using lemma |5 the next two facts are shown
ZYX=(TX)*X=(TX)'TX =22
ZYV =ZTTV =0
The next two facts are corollaries to the previous facts,
CV=(1-XZNHW=V
CX=(I-XZ"YX=X-XZ'Z=XB
CVVT=(1-XZHVVvt=vvt
Finally,
VVITC=VVTI-XZ)=VVT - (I-T)XZ*
=VVt-XZt+2727*
VVTXB=(I-T)XB=XB-ZB=XB
CzZt=(I-XZNz2zt=22" - X7+
D'BX'V*XB=DYI+BX'V*XB)-D'=1-D"!
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Before proving lemmas 15| and [16] we show in the following lemma a sufficient condition
for which the pseudoinverse of a sum is equal to the sum of the pseudoinverses.

Lemma 63. For any matrices A, B € R"*™ such that B =0 and BA' =0, (A+B)" =
At + BT,

Proof. Noting that A’'B = 0 < R(B) C N(A') and BA' = 0 & R(A’) C N(B), we also
have

R(B) CN(A) =N(AT) & ATB =0

& R(A) C N(B") = N(B™) & BTA=0

R(A') = R(A1) C N(B) & BAt =0

& R(B)=R(B%) CN(A) & ABt =0

The result follows by substitution into @
(A+ B)(AT + BT) = AA" + BB™
(At +B")(A+B)=A"A+B'B
(A+B)(AT+B")(A+B)=(A+ B)(ATA+ B*B)
=AATA+BB"B=A+B
(At + BT (A+ B)(AT +B") = (ATA+ B*B)(AT + B™)
= ATAAT + BTBBT = AT + BT

Finally, we prove lemmas [15] and [T6] below.

Proof of lemma[l5 Let H = C'VTC + Z'TZT — C'VTXBD 1BX'V*C. We show that
this is the unique pseudoinverse of Vy = V + X X’ by directly checking @ We use the
results of lemma [62] throughout and without reference. First consider the following results,
C'VICVyp=C'VTOV +C'VTOXX'
=C'VYV+C'VYXBX'
=VVt-Z"X'+Z2ZT +C'VtXBX',
ZNZ Vo =22 XX =72 722X = 7 X
C'VTXBD'BX'VTCVy=C'V*XB(D'BX'VYCV + D 'BX'VTCXX')
=C'VTXB(D'BX'V'V + D'BX'VtXBX')
=C'V*XB(D'BX'+ (I - D YBX')
=C'V*XBX'
From these results we can rewrite the product HV| as
HVy = (C'VYC+ 2"z —C'VTXBD 'BX'VTC)V,
=VVt-Z"X'+Z2Z*+ C'V'XBX'+ Z"" X' - C'VtXBX'
=VV*t4+2zz*
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which confirms the third Moore-Penrose condition. The fourth condition is verified by
noting that V) and H are symmetric,

VoH = (HVy) = (VV T+ ZZ1Y =VvV*t + ZZ*
The first condition follows from substitution of the above formula,

VoHVy = (VVt 4+ ZZT)(V + XX')
=VVTV+VVTXX' +ZZTXX'
=V+ XX -TXX' +2X'
=V+ XX

Notice that VoH = VV+ + ZZ7" is a projection, and we can show each term of H is in the
range space of that projection,

C'VTCVoH =C'Vrevvt +C'vtczz ™
=C'Vt+CVT(ZZT -XZT)
=C'VTC,
257V H=2""2 22" =227,
C'VTXBD'BX'VTCVoH = C'VYXBD 'BX'(VTCVVT +VtCZZ")
=C'V*XBD 'BX'(Vt + VT (ZZt - XZ1))
= C'V*XBD 'BX'VTC
from which the second condition follows,
HVoH = (C'VTC + 272t —C'VTXBD'BX'VTC)(VVT + 22T
= C'VtC+ 2"zt —-C'VTXBD'BX'V*tC
Therefore H satisfies @ and is the unique pseudoinverse of V. O
Proof of lemma[I6. The first statement is shown directly. Due to lemma[62 and lemma
Vif X =C'VICX + 22X - C'V*XBD'BX'VTCX
=C'VIXB+2'"tZtZ-C'V*XBD'BX'V*XB
=CVYXB+272"2YZ -C'V*XB(I-D™1)
=Z%+0vtxXBD!
which implies
XVt X =X'Z"+X'C'VtXBD!
=Z7'7'"" + BX'VtXBD™!
=]-B+I-D"!
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Using theorem [60], we have
I-D'=1-(I+BX'V*XB)! = BAB
where A = X'W(I + WXBX'W)"'W’'X and W = (V)'/2. which implies (I — B)(I —
D Y =0and (I — D~ (I — B) = 0. Moreover, using lemmawe have
(I-DYHYr=BUI-D Y "=U-DH™B
D 'B=(-BAB)B=B(I - BAB) = BD™!
(I-D H*D™! = (BAB)" (I — BAB)
= (I — BAB)(BAB)" =D Y1 -D™ 1)t
Using lemma [63] we can write
X'V X)"=I-B+I1-D Y =I-B+(I-DH*

We show that (I — D~1)*D~! = (BX'V*XB)* by checking [(6)]
(I-DYHY'D'BX'VTXB=(I-D Y (I-D"
BX'V*XB(I-D YD '=BX'VTXBDY1-D )"

=(I-DH(I-DHF
BX'VTXB(I-D Y)'D'BX'V*XB
=D Y1-DYHia-DHt1-D™
=D Y1-D™
=BX'V*XB
(I-D YD 'BX'V*XB(I-D')"D™!
=([I-DH*I-DH(I-D H*D!
=(I-DYHYtD™!
Finally, we have that
X'V;PX) P X'Vt =(I-B+I-D YY) (ZT+ D 'BXV*C)
=(I-B)Z"+(I-D Ytz
+(I-B)D'BXVTC+ (I -D YD 'BXVTC
=Z"+(BXVtXB)"BXV*tC
since (I -D)*Z=(I-DY*BZ=0and (I - B)D™'B= (I -B)BD~!=0.
To show the second statement, first notice that
BN(XB)=B{(I - (XB)"XB)q|q<cRP}
={B(I - (XB)"XB)q|qeR"}
={(B-B(XB)"XB)q|qe R}
={(I-Z"Z—-(XB)"XB)q|qeR"}
NX)={(I-X"X)q|qeR"}



TWCCC Technical Report 2023-01 74

Therefore it suffices to show ZTZ + (XB)*XB = X" X to prove BN (XB) = N (X). We
can show that Z*Z + (XB)*XB = (X*X)T by checking [(6)]

(ZYZ+(XB)"XB)X"X =Z'Z+(XB)"XB
XtX(Z"Z+(XB)*XB)=2"Z+ XTXB(XB)"XB
=77+ XtXB
=724+ XTX(I-2"2)
=XtX
XtX(ZTZ+(XB)"XB)XTX =XTXXTX =XTX
(ZYZ+(XB)"XB)XTX(Z'Z+(XB)"XB)=(Z"Z+ (XB)*XB)X+tX
=77+ (XB)*XB

Finally, since XX is an orthogonal projector, it is its own pseudoinverse, and ZTZ +
(XB)"XB=(XtX)" = XtX. O

H Global bounds on the perturbed problem

Proof of theorem 17| ([103, [111)]). First, we show that [(15b)| implies |(15a)l It follows by
substitution into |(6)| that (A’DA)* = V4% (U] DU;) ' V] (theorem 1} ) Moreover,

A(ADAYTA'D = Ul(U{DUl)_lU{D
(ADAYTA'D = vix Y (U DU,)'U{D = ATA(ADA)TA'D

Using the last equality, we have that, if [(15b)| holds, then

/ + A/ o + / + 47 + / + a7
[(ADA)TA'D|| = [[ATA(ADA)TA'D|| < [[A™]| - [|A(ADA)TA'DI| < S AIX(A)
Therefore it suffices to show

Next, we show that X(A) and Y(A) are disjoint, where Y(A) denotes the closure of
Y(A). Suppose that z € X(A) N Y(A). Then ||z|| =1 and 2 = Aw for some w € RP. Since
z € Y(A), there exists a sequence { 2 } C R™ such that z; — 2, and a sequence of matrices
{ Dy } € DT such that A'Dyz, = 0 for all k € Ig. Therefore, 0 = w' A’ Dyyy, = yDyyj, for
all k € Isg. But since zp — z, there must be some ¢ € I sufficiently large such that, for
each nonzero entry of z, the corresponding entry of zy has the same sign. Since ||z|| = 1,
there is at least one nonzero entry of z (and z;). Then 2z’ Dyzy > 0 which contradicts that
Z'Dyz, = 0 for all k € 1.

Next, we show that X(A)NY(A) = @ implies | A(A’'DA)TA'D|| <3 ) for all D € DT,

Since X(A) is compact, Y(A) is closed (by construction), and they are d13301nt, there ex1sts
p > 0 such that p < ||z — y|| for all z € X(A) and y € Y(A). In other words, x(A) > 0.
Let D € D and z € R™ such that ||z|| = 1. Define 2 = A(A’'DA)TA'Dzand y = z—x
so that A'Dy = A’'D(z —z) = A'Dz — AADA(A'DA)T A'Dz = 0 by lemma Then with
a = 1/||z||, we have
ar + oy = oz
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Noting that ax € X(A) and —ay € Y(A), it is clear that

1
x(4) < flax + ayll = [|ez] =

(el

Taking the reciprocal of both sides, we have

LS a) = | A4 DAY A'Dz|

x(4)
and taking the maximum over ||z|| = 1 gives ﬁ > [|[A(ADA)TA'D|.
Finally, we show that ||A(A'DA)TA'D| > ﬁ for some D € D7, Let x € X(A) and

y € Y(A). Then there exists D € D7) and w € RP such that A’'Dy = 0 and 2 = Aw.
Moreover,
A'D(z —y) = A'Dx = A'DAw

and therefore we can write w = (A’DA)TA’D(z — y) by lemma Moreover, we have
r = A(A'DA)TA'D(x — y). Taking the norm of x and using submultiplicativity gives
1< [[A(A'DA)TAD| - ||z —yl|

since ||z|| = 1 by z € X(A). Taking the infimum of both sides over z € X(A) and y € Y(A)
produces the desired result. ]

Proof of corollary[I8. The proof follows straightforwardly by taking the SVDs of X and V/
and rewriting in the form |(15)} Using the SVDs gives
X'V X)T X'Vt = Vi(X'DX) X' DQ’
XXV )" X'Vt = @ X(X'DX) ' X'DQ’
where D = (S+D)~!, X = Q'U1%1, and X'DX is clearly positive definite (and invertible).
Taking the norm of both sides of both of the above equations and noting that the norm is
invariant to orthogonal transformations, we get
X'V X)XV | = (X' DX) ' X' D)
IX(X'Vp ' X)XVl = | X(X'DX)"'X'D|
Since the image of DT through (S + D)1 is a subset of DT, itself, taking the supremum

over the former yields a smaller result than taking the supremum over the latter. In other
words,

sup [[(X'V5 ' X) " X'Vp'| < sup [[(X'DX)T XD

DebZ, DeDm,
sup | X(X'V5' X)XV < sup | X(X'DX)'X'D||
DeD7, Depm,

Finally, lemma [19[imples |(17)] O
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Proof of lemma (19| ([80, [103]). Noting that
X(A) = X(th), Y(A) = Y(Uh), U(A) = U(h)
it is clear that |(18)| equivalent to

X(A)=x(U1)= min ¢(U)= min o(U)

Uel(Uy) UeU(A)

and therefore we can assume A = U; without loss of generality.
(<) First, we show that
Up) < i U 126
x(U1) < Uer%l(llljl)g( ) (126)

using the method in [103]. Let Uy 1 € RP*" be the submatrix of U; that solves the right hand

side of [(126)] Then there exists a permutation matrix P such that PU; = [U{,l Ué’l]/
where Up 1 € R™7P*" contains the remaining rows of U;. Denote the SVDs of Uy ; as

- Sl 0 !

= wa [3glv
where S = diag(sy, ..., sk) and k = rank(U; ;). Moreover, the smallest singular value sy, is
equal to the right hand side of Noting that U; and U1V’ have the same left singular
vectors, and that both sides of |(126)| are invariant to row permutations, we see that |(126)|

is equivalent to
X(PULV')<sp= min o(U) (127)

UeU(PULV")

Rewriting PU; V' in terms of the columns of Uy 1 V' and Us V', we have

PU1V/ _ |:U171Vi:| _ |:81U}1 .. SEWE 0 e 0
UQJV Z1 . Zk Zk+1 -+ Rpr
It is clear that {sjwi,...,spwg } and {z1,...,2, } are sets of orthogonal vectors since

PU, V" is an orthogonal matrix.
Since X(PU;V’) is nonempty and 0 € Y(PU;V’), we have

(PUV) = inf le—yll <1
zeX(PULV'),yeY(PUL V)
This implies s < 1, but we can assume s < 1 without loss of generality. Under this as-
sumption, ||z > 0 because PU; V" is an orthogonal matrix and therefore || [s,w}, Z;c]/ | =
sk + ||zk]| = 1. Choose € > 0 and define

. 2
y= |k D~ diag (1, Sk 1
2k (E7A

so that

2
ESy

(PUL\V') Dy = —es, VU] jwy, + mVUngk = —esiey +este, =0
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where ey is the k-th elementary vector in R", and clearly y € Y(PULV’'). Let x =
[spw), z,;], which is clearly in X(PU;,V’). Then

el

Taking the limit as e — 0T, we recover and equivalently
(>) Next, we show that x(U1) > mingey(y,) o(U) using the method in [80]. Define the

scalar sign function as
if 0
sign(a) = {a/\a| ifa 7

0 otherwise

=+

And define the vector sign function component-wise. Let y € Y(U;) and § € R™ such that
sign(y) = sign(y). Then define the scaling matrix S € DT as

S, — {yi/ﬂi ify; #0

1 otherwise

which gives U DSy = UjDy = 0 and § € Y(U;) for some D € DZ. Note also that since
|IUiw| = |Jw|| for all w € R", we have R(U;) = { Uyw | ||w|| = 1}. Applying the preceeding
results to [(16a))

()= it o]
yeY(Ur)

= inf inf llx — gl
yeY(Uy) zeX(U1)
sign(y)=sign(§)

= inf inf |Uiw — g
yeY(Ur) [lwll=1
sign(y)=sign(§)

With the signs of each g fixed by the choice of y € Y(U;) in the outer infimum, we can
now select, by scaling, the components of § to create a lower bound on the solution to the
inner infimum. First, note that for every § € Y(U;) and w such that ||w| = 1, we must
have sign(Uyw) # sign(g). To see this, suppose we had sign(U;w) = sign(y). Then we
could always find a scaling matrix S € D so that Sy = Uyw € Y(U;). But that implies
x(U1) = 0 which contradicts theorem [17}

Let |jw|| = 1. Denote the set of indices ¢ such that sign((Ujw);) # sign(y;) as Z. For any
matrix (or vector) B, let Bz denote the submatrix formed by the rows of B corresponding
to the index set Z. For this w, define 3 as

- (Ulu))i if ¢ € T
vi= gisign(y;) ifiel

where ¢; > 0 is arbitrarily small. The resulting value of ||§ — Ucq|| is no less than
({Uyw)z||=||(U1)zw| and therefore || — Uc/|| is bounded below by the smallest singular
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value of (Uy)z. In other words,

x(Uy) = inf inf |[Uiw — gl > min o(U)

yeY(Ur) [Jw||=1 UeU(Uy)
sign(y)=sign(y)

I Proof of the limit of the perturbed problem solution

In this appendix we prove lemma First, we state a few preliminary definitions that are
used in the proof. Consider the following SVDs,

2 0] [V
X=[U1 U [01 o] [V;,] = UV (128a)

S1 0] [@]
V=1[Q1 Q)] [01 0] [gﬂ = Q15:Q) (128b)

v, 0] [Z
A=ULS? = Wy Wy [01 0} {Zﬂ = WY1 27, (128¢)

and use the following definitions,

V,:=V +pl, Q:=[Q1 Qo] B :=UiQx, (129a)
C:=pS;'—1, S:=1—-XXt=UUj} (129b)

where p > 0, r = rank(V'), and ¢ = rank(X).
To prove lemma [20] we use a series of three approximations to the perturbed solution,
which facilitated by the following lemma.

Lemma 64. Let X € R"*?, V € S, p > 0, and consider |(128)| and |(129)} Denoting the
residuals,

Ri(p) == UV, 'U)~'ULV, ' — (I + BCB') (U] + BCQ}) (130a)
Ry(p) := (I + BCB')"' (U] + BCQ) — Ul + B(Q1SQ1 + pST1) Q1S (130b)
Rs(p) :== B(Q1SQ1+ pS; ") 'QIS - UV (VSV)* (130c)

we have the upper bounds,
a;p

; 1=1,2,3 131
Bi+p ( )

[Ri(p)|| <

z F(SV1/2 /2
where oy := W; Qg = @,(US;V ra.l/Q)(V')} a3z = W(l‘//z))z B :=a(V), B2 = B3 :=

o?(SVY?), and x(-) is defined byj 16a)|
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Proof. Throughout the proof, we use without reference the submultiplicativity of the ma-
trix 2-norm (i.e., [|[AB|| < ||AJ|||B]| for all A, B of suitable dimensions) and the equivalence
between the maximum singular value and the 2-norm (i.e., ||A]] = ||A|| = T(A) for all
A). Note that the second fact implies ||U|| = ||[U’|| = 1 for all orthogonal matrices U, and
[ DIl = max;—; . max{m,n} | Dii| for all D € R™*™ such that D;; = 0 for all i # j.

It is also worth pointing out that the singular values of SV1/2 and A are equivalent.
To see this, we rewrite SV1/2 in terms of the SVD of A,

.....

V12— 1RUHQ1S12Q = UaAQh = (LaW)Va(Qi 24

which is the SVD of SV/2 with left and right singular vectors Us W1 and Q17 .
(R1) First we write the SVD of V,,

V=V +4+pl=[Q1 Q] [Sl oo pl} [g’ﬂ

and therefore V;l can be written,

-1 _ (S1+pD)~! @
V;) - [Ql QQ] |: p_lf Q/;
= Q1(S1+pI) Q) + p 1 Q20
Using theorem |60}, we can expand (S + pI)~! and rewrite Vp_l as

Vo= @ilST = ST (T T+ ST TSR+ 07 Qe
= Q157 1Q1 = pQuST I+ pST) IR+ 07 (T - Q@)
V=07 I+ QiCQY) + Rialp) (132)

where Ry1(p) := —pQ1S7%(I + pS7)~1Q). Rewriting ULV, tun,
UV, UL = p~ (I + BCB') + Ui R11(p)Us

Note that U] Vp_lUl is invertible because it is positive definite. Rewriting the sum I+ BCB’
as a product,

pST!

I+ BCB =I1+UlQi(pS{' — QUL = ULQ [ 1} Q'U; (133)

it is clear that I + BCB' is positive definite (and invertible). Using theorem (60, we have

U1V, 'U1) ™" = p(I + BCB')™! + Ria(p) (134)
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where Ry »(p) := —p(I+BCB)~'U{R1,U1(U{V, 'U1)~". Combining the results and

we can write Ri(p) as
Ri(p) = [p(I + BCB')™ + Ri2(p)|Ui[p~ (I + Q1CQ}) + Ru1(p)]

— (I +BCB')" (U] + BCQY)

(I +BCB')"'UiR11(p) + Ri2(p)Ui[p~" (I + Q1CQY) + Ria(p)]

(I +BCB')"'U{R11(p) + Ri2(p)ULV, !
*(I+BCB')'UiR11(p)(I — Ur(U1V, )0V, )
Ri(p) = pR13(p)Rr,a(p)R15(p) (135)

where Ry 3(p) := p(I + BCB')™'B, Ry4(p) := S{2(I + pS;H) ™', and Ry 5(p) := Q) (I —

U1(U{Vp_1U1)_1U{Vp_1).

To bound the norm of the residual Ri(p), we find bounds on the norms of Rj3(p),
R14(p), and Ry 5(p). First, we use to rewrite Ry 3(p) and Ry 5(p),

-1 1 1
- (505 Jon) o[ ][]
-1 -1 1
Ri5(p) = Q1Q (I - QU (U{Q [psl I} Q’U1> U1Q [pSl ID Q'

Bounds on R 3(p) and Ry 5(p) follow from theorem

IRis(o)l| < X("C(QVU)) 1R8] < oy (136)

The bound on Ry 4(p) is directly computed,

p)
P)

1
T DD D

1
a*(V)(e(V) +p)
Finally, the desired bound on the norm of R;(p) follows from |(135)H(137)
a(V) p a1p
R <p|R R R < =
[R1(p)]| < pllBya(p) [ Bra(p)ll[[ Ras(0)]l < 2O eV £p  Britr
(R2) For this residual, it suffices to derive a bound on the norm for all p > 0 such that
I + CB’'B is invertible. This is because I + C'B’B is invertible for almost every p > 0, and
since the residual is continuous for all p > 0, we can use the limit to ensure the bound
holds for any p > 0 such that I + C'B’B is singular.
Using theorem [60] we have
(I + BCB')"Y (U] + BCQ})
= (I - B(I+CB'B)"'CB"\U| + (I + BCB")"'BCQ)
=U, - B(I +CB'B)"'CcQ\U,U] + (I + BCB")"'BCQ),
=Uj + B(I+CB'B)"'CQ}\s
=U; - B(I+CB'B)'Q\S + Ra1(p) (138)

[R14(p)|l =

(137)
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where Ry (p) := pB(I + CB'B)~'S;'Q}S. Using theorem |60 and the fact that B'B =
QIULU{Q1 = I — Q) SQ1, we have
(I+CB'B)™ =(I-B'B+pS;{'B'B)"!
= (Q1SQ1+pSr' = pST'Q1SQ) QLS
= (Q15Q1 +pS7) ™! + Rap(p) (139)

where Roo(p) := p(I + CB'B)7157'QSQ1(Q1SQ1 + pS;1)™!, and Q1 SQ1 + pSy*t is
positive definite (and invertible). Combining the results [(138)|and |[(139), we have

(I + BCB")~Y (U] + BCQ})
= Ul — B[(Q1SQ1 + pS ) ™! + Raa(p))Q1S + Ra(p)
= Ul = B(Q1SQ1 + pST ") Q1S + Raa(p) — BR2a(p)@1 S
which implies
Ra(p) = Ra,1(p) — BRa2(p)Q1S
= pB(I + CB'B)"'S1Q1S(I — Q1(Q1SQ1 + pSy ) ' Q1S)
= p(I+BCB')"'BSQ1S(I — Q1(Q1SQ1 + pS; ) 7' Q1S)
= p*(I+BCB')"'BS *(Q1SQ1 + pS; ) 'Qy S
where the third equality follows from theorem [60] and the fourth is shown below,
QST — Q1(Q1SQ1 + pST )1 QLS)
= Q15 - Q1SQ1(Q15Q1 + pST) QS
= Q1S — (@15Q1 + pST" — pST)(Q1SQ1 + pST) @S
= SN (Q1SQ1 + pSTH)TQLS

Therefore, we can rewrite Ry(p) as follows,

Ry(p) = pRo3(p)Raa(p) (140)

where Ry 3(p) := p(I + BCB')"'BS;*/? and Ry 4(p) := S; /2 (Q,SQ1 + pS;y)~1Q} S.
To bound the norm of Ry(p), we again find bounds on the norms of R 3(p) and Ra 4(p).
Since Ry 3(p) = Rl,g(p)Sl_?’/?, we can use [(136)| to rewrite it as

-1 -1 -1 -1/2
Raato) = (viQ |7 Jew) v 1510]

and by theorem [I7] we have

1
(Q'Ui)a' (V)

[1R23(p)l| < . (141)
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by |(136)l Second, we rewrite Rg 4(p) in terms of A := Uélell/2 = Wiy 75,

Roalp) = (SV2Q,8Q18Y% + pI) 18728
= (AA+pl) LA

Y2 4 ol AN
(i P ) e

= Z1(Y{ + pI) "' VAW Uy

and therefore

o(A)
R < -
[1R24(p) | < 22(A) 1
Combining the results |(140)H(142)}, we have
a(A) p

Q20

[R2(p)ll < pllRe3(p) | R2.4(p) || < N
(R3) By lemma [2| we have
(A'A+pI) "' A" = A" + Ry.1(p)
where R31(p) = pZ1 (Y + pI)~'Y; 'W{. Moreover,

Q1812 AT U = Q1812 A (AA) U
= Q151Q1U2(Us@Q15Q1Uz) " U,

= Q151Q1U2U5(UxU3Q15Q UaUs) T Us Uy

— VS(SVS)*ts

Combining results |(143)| and [(144)| gives

B(Q1SQ1 + pSy )@y S
= UjQ1S*(A'A + pI) ' AU}
= U{Q15,>A* U, + U}Q15,* Ry 1(p)Us
= U{VS(SVS)*S + UQ15,* Rs,1(p)Us

and therefore U
R3(p) = BS* Ry 1(p)Us

Taking the norm of |(145)| gives

cl2(Vv)  p azp

1IR3 (o)l < 1511 Ra1(p)]| <

o(A) 2(A)+p B3ty

QUG P(V)a2(A) +p  Batp

82

(142)

(143)

(144)

(145)
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The proof of lemma [20] follows directly from lemma [64]

Proof of lemma 20, Using the SVD [(128a)| we can rewrite the residual matrix in terms of
the intermediate residuals of lemma [64] as follows,

R(p) == (X'V, ' X)* X'V, = Xt + XTVS(SVS)*TS
=W UV, 1U1) UV, = U+ UV S(SVS) TS
= WS [Ri(p) + Ra(p) — Rs(p)]

and therefore we have the following bounds on ||R(p)]|,

_ a;p
0 < IR0 < IZT IR ()] + [1R2(p) | + || R3(p Z :
Bi+p
Absorbing the factor 1/0(X) into the constants «;, we get Taking the limit on the
inequalities gives lim, ,o+ || R(p)| = 0 and therefore lim,_,o+ R(p) = 0, which is equivalent
to O

J Miscellaneous results

In this appendix, we prove lemma [21| and corollary
Proof of lemma 21 Let r = rank(X) and denote the SVDs of X and V as

v s Y vero wifs )

Since R(U1) = R(X) € R(Vo), we have R(U]) = R(U;V, Uy) by lemma Moreover, U]
is full row rank so R” = R(U{) = R(UjV; Uy) and U]V, U, is nonsingular.
We show Z = VX U]V, U) 'SV is the pseudoinverse of X'Vi' X by checking

ZX'ViP X = s OVt o) T T VIS UV U S V] = VY
X'V X7 = (X' VOX) '7' = (ZX'VEX) =wniV]
X'ViPXzX'Vit X = X'Vt un s vivivy = X'Vt vy = XTVPX
ZX'ViP Xz =wnis i uvton) ey 1V1V1V1
= ViS (U ) IS Y =
and therefore Z = (X'V;" X)*.
Let Y = F+U{(V —VUy(UyVUy) UV )U; where F = 31 V/EV;%;, which we propose
is the inverse of UV, U;. By corollary 4] and the fact that R(U;) C R(Vp),
VorVoUr = VoV Uy = Un
UV VoUy = UjUy = T
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Since USUy =0 and Vo =V + XEX' =V + U1 FU{, we have
VUy = VU + Uy FU Uy = VyUs
UVt VU = UVt VoUs = U{Us = 0
By corollary 4] and the fact that R(USV) C R(U,VUs),
UsVUo(UVU)TULV = ULV
Using the above identities,
UVt UhY = UVt UL F + U (V = VU(USVU) ULV U |
= UiV; [(V + U FU) Uy — (I — D UDVT,
— DU VU (URVU) T UV UL
= U1V [VoUr — Us UV Uy — VU(USVU) TUVU;
+ UUs VU (USVUR) T UV U,
= U1V [VoUr — UxUV Uy — VU (USVU) TUV U, + UsUs VU]
=1
YUV, U = YUV, UL = (UL VUL Y)Y =1
and therefore Y = (U{V,"U;1) 1. Combining these results,
(XVe X)X = Vs (U U) T ST Vs
= VS (F + ULV = VU (UsVUy) T ULV UL UY
= VIS (I EVAS + Uy (V = VU(U3VUz) U V) UL U
= XTXEX' + XT(V - VU(UVUy) T U VUL UY
Before deriving the final result, note that
VU (UsVUR) UV VE = V(SVS) T VoV,
(VI28)H(SVI2) 1 veh
(VI29)*(svi2y*
(SVS)*
where we have used properties of the pseudoinverse, lemma, [5, and

R((VY28)T) = R(VY2S) C R(VY/2) = R(V) C R(Vp)

|4
Vv
V

Combining the above identities gives
(X'ViPX) P X'ViE = [XTXEX' + XH(V = VU (UVU) T U VUL U VT
=[XTVo— XTV({I - WU} — XTVU(UVU2) TULVUL UL |Vt
= X1 — [XTVULUS + XTVUL(UVUS) T ULV
— XTVU(UsVU) T UV U UV

= Xt — [XTVULUy + XTVUL(USVU,) T ULV — X TV ULUR VG

= Xt - XTVU(UVU) T ULV VS
=XT - XTV(svs)T

84
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O
Proof of corollary 22| By lemma
(X'VFEX) XV = XT — XTV(SVS)T = (X'Vi X)F X'V
O

Proof of lemma 23] Suppose § € RP such that [(LGM)| with nonzero probability. Noting
that e € R(V) C R(Vp) (almost surely) because e ~ N(0,V), we have VV e = ¢ (almost
surely) by lemma |3| Then

Vte
B

almost surely. Suppose that y € R([V X ]) (almost surely). Then there exists § € R"
and 8 € RP such that

y=XBte=XB+VVie=[V X][ ]eR([V X))

y=1[V X] [g] =XB+VH

where e = V' with nonzero probability.
Noting that R(V) C R([V X]) and R(X) CR([V X]), we have
W' [V X = W'V Wi X] = [V X]
& R([V X]) C R(W)
v x][Vv x]"vw=[v X][Vv X]"v+[v X][V X]"XEX'
— V4 XEX' =V,
& RV CSR(V X])

by corollary 4l Therefore R([V  X]) = R(Vy) and the proof is complete. O
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