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Abstract

We present the first general stability results for nonlinear offset-free
model predictive control (MPC). Despite over twenty years of active
research, the offset-free MPC literature has not shaken the assump-
tion of closed-loop stability for establishing offset-free performance.
In this paper, we present a nonlinear offset-free MPC design that is
robustly stable with respect to the tracking errors, and thus achieves
offset-free performance, despite plant-model mismatch and persistent
disturbances. Key features and assumptions of this design include
quadratic costs, differentiability of the plant and model functions,
constraint backoffs at steady state, and a robustly stable state and
disturbance estimator. We first establish nominal stability and offset-
free performance. Then, robustness to state and disturbance estimate
errors and setpoint and disturbance changes is demonstrated. Finally,
the results are extended to sufficiently small plant-model mismatch.
The results are illustrated by numerical examples.

1 Introduction

Offset-free model predictive control (MPC) is a popular advanced control method for offset-
free tracking of setpoints despite plant-model mismatch and persistent disturbances. This
is accomplished by combining regulation, estimation, and steady-state target problems,
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each designed with a state-space model that is augmented with uncontrollable integrating
modes, called integrating disturbances, that provide integral action through the estimator.
Despite over twenty years of applied use and active research, there are no results on the
stability of nonlinear offset-free MPC.

Sufficient conditions for which linear offset-free MPC stability implies offset-free per-
formance were first established by Muske and Badgwell (2002)); Pannocchia and Rawlings
(2003). While Muske and Badgwell (2002); Pannocchia and Rawlings| (2003)) do not ex-
plicitly mention control of nonlinear plants, the results are widely applicable to both linear
and nonlinear plants with asymptotically constant disturbances, as controller stability is
assumed rather than explicitly demonstrated. In fact, Pannocchia and Rawlings (2003)
demonstrate offset-free control on a highly nonlinear, non-isothermal reactor model.

Offset-free MPC designs with nonlinear models and tracking costs were first considered
by Morari and Maeder| (2012). For the special case of state feedback, Pannocchia et al.
(2015) give a disturbance model and estimator design for which the offset-free MPC is
provably asymptotically stable and offset-free. In |[Pannocchia et al. (2015)), the state-
feedback observer design is generalized to economic cost functions, and convergence to
the optimal steady state is demonstrated. A general, output-feedback offset-free economic
MPC was first proposed by [Vaccari and Pannocchial (2017), who use gradient correction
strategies to ensure the economic MPC, if it converges, achieves the optimal steady-state
performance. For further developments of offset-free economic MPC, we refer the reader
to [Pannocchia (2018); |[Faulwasser and Pannocchial (2019); Vaccari et al.| (2021]).

To the best of our knowledge, there are no stability results for offset-free MPC in
the intended setting: persistent disturbances and plant-model mismatch. The results dis-
cussed thus far have assumed closed-loop stability rather than proven it. Some authors
have proposed provably stable nonlinear MPC designs for output tracking (Falugi, 2015;
Limon et al.| [2018; [Kohler et al, [2020; Berberich et al.], 2022} |Galuppini et al., 2023}, [Solop-
erto et al., [2023), but access to the plant dynamic equations is assumed and process and
measurement disturbances are not considered.

In this paper, we propose a nonlinear offset-free MPC design that has offset-free perfor-
mance and asymptotic stability subject to plant-model mismatch, persistent disturbances,
and changing references. Based on the results in |Kuntz and Rawlings| (2024), we use posi-
tive definite quadratic costs and assume differentiability of the plant and model equations
to ensure the plant-model mismatch does not prevent stability with respect to the steady-
state targets. To ensure the controller is robustly feasible, we soften any output constraints
in the regulator using an exact penalty method, and to guarantee nominal regulator stabil-
ity, we apply constraint backoffs to the steady-state target problem. Lipschitz continuity
of the steady-state target problem solutions is required to guarantee robustness to estimate
errors and setpoint and disturbance changes.

The remainder of this section outlines the paper and establishes notation, definitions,
and basic facts used throughout. In the offset-free MPC design is presented.
In we establish asymptotic stability of the nominal system. In we
establish robust performance with respect to estimate errors, setpoint changes, and distur-
bance changes. In we extend these results to the mismatched system using the
approach in Kuntz and Rawlings (2024)). Finally, in we conclude the paper with
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a discussion of limitations and future work.

Notation Let R, R>p, and Rso denote the real, nonnegative real, and positive real
numbers, respectively. Let I, I>q, I-o, and I,,., denote the integers, nonnegative integers,
positive integers, and integers from m to n (inclusive), respectively. Let R™ and R™*™
denote real n-vectors and n x m matrices, respectively. For any matrix A € R™*", we
denote by A(A) the set of eigenvalues of A, we call p(A) := maxyey(4) |A| the spectral radius
of A. We say A is Schur stable if p(A) < 1. We denote by o(A) and 7(A) the smallest
and largest singular values of A € R™". We say a symmetric matrix P = P! € R™"
is positive definite (semidefinite) if 2" Pz > 0 (zT Pz > 0) for all nonzero z € R”.  We
define the Euclidean and Q-weighted norms by |z| := VzTz and |z|g := /2" Qu, for
each x € R™, where (Q is positive definite. For any positive definite Q € R™*™, we have
a(Q)|z* < \m\% < 7(Q)]x|? for all x € R™. For any function V : X — R and p > 0, we
define lev,V :={x € X | V(x) < p}. For any signal a(k), we denote both infinite and finite
sequences in bold font as a := (a(0),...,a(k)) or a := (a(0),a(1),...). A subsequence of
a is denoted a;; = (a(i),...,a(j)) where ¢ < j. We define the infinite and length-k
signal norm as ||a|| := supy>q |a(k)| and ||aljo.x := maxp<;<i |a(i)|. Let K be the class of
functions o : R>9 — R>q that are strictly increasing and a(0) = 0. Let Ko be the class of
unbounded class-K functions. Let XL be the class of functions 3 : R>g X I>9 — R>¢ such
that 5(-, k) € K, B(r,-) is nonincreasing, and lim;_,o 5(r, i) = 0, for all (r, k) € R>¢ x I>o.
Let 1D(+) := (-) € K denote the identity map.

2 Problem statement

2.1 System of interest

Consider the following discrete-time plant:

xg = fp(xp,u,wp) (1a)
y = hp(xp,u, wp) (1b)

where xzp € X C R"” is the plant state, v € U C R™ is the input, y € Y C R™ is the
output, and wp € W C R™ is the plant disturbance. The functions fp and hp are not
known. Instead, we assume access to a model of the plant,

v = f(x,u,d) (2a)
y = h(z,u,d) (2b)

where x € X C R" is the model state and d € D C R™ is the model disturbance. Without
loss of generality, we assume the nominal plant and model functions are consistent, i.e.,

f(z,u,0) = fp(z,u,0), h(z,u,0) = hp(x,u,0) (3)

for all (z,u) € X x U. The plant disturbance wp may include process and measurement
noise, exogenous disturbances, parameter errors, discretization errors, and even unmodeled
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dynamics. The purpose of the model disturbance d is to correct for steady-state output
errors introduced by the plant disturbance wp. The model disturbance d may include any
of the plant disturbances and/or fictitious signals accounting for the effect of the plant
disturbances on the steady-state output.

Example 1. Consider a single-state linear plant with parameter errors,

fp(xp, u,wp) = (d + (wp)l)a:p + (i) + (’LUP)Q)U
hp(.??p, u,wp) =xp + ('U}p)g

and a single-state linear model with an input disturbance:
f(z,u,d) = ax + b(u + d), h(z,u,d) = x.

For this example, the plant disturbance wp includes both parameter errors and measure-
ment noise, whereas the model disturbance only provides the means to shift the model
steady states in response to plant disturbances.

The control objective is to drive the reference signal,

r=g(u,y) (4)

to the setpoint rg, using only knowledge of the model past (u,y) data, and auxiliary
setpoints (usp, Ysp) (to be defined). The setpoints sgp 1= (T'sp, Usp, Ysp) are possibly time-
varying, but only the current value is available at a given time. The controller should be
offset-free when the setpoint and plant disturbances are asymptotically constant, i.e.,

(Asgp(k), Awp(k)) — 0 = r(k) —rep(k) =0

where Asg, (k) := ssp(k) — ssp(k — 1) and Awp(k) := wp(k) — wp(k — 1). Otherwise, the
amount of offset should be robust to setpoint and disturbance increments (Asgp, Awp).

Remark 1. To achieve the nominal consistency assumption and track the reference
we typically need the dimensional constraints n, < ng and n, < n,, respectively. Otherwise
their are insufficient degrees of freedom to manipulate the output and reference at steady
state with the disturbance and input, respectively.

Remark 2. We do not strictly require an asymptotically constant disturbance. For ex-
ample, if rg, (k) = sin(1/k) and wp = 0, then the setpoint increments go to zero Arg, (k) =
sin(1/k) — sin(1/(k — 1)) = O(1/k?). But the setpoint signal becomes approximately con-
stant as k — 0o, so we should expect the offset-free MPC to be approximately offset-free.

Throughout, we make the following assumptions on plant, model, and reference func-
tions.

Assumption 1 (Continuity). The functions g : Ux Y — R, (fp,hp) : X x U x W —
XxY,and (f,h) : XxUxD — X x Y are continuous, and f(0,0,0) = 0, h(0,0,0) = 0,
9(0,0) = 0, and |(3)| holds for all (z,u) € X x U.
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2.2 Constraints

The sets (X,Y,D, W) are physical constraints (e.g., nonnegativity of chemical concentra-
tions, temperatures, pressures, etc.) that the systems|(1)H(3) automatically satisfy. These
are hard constraints enforced only during state estimation. On the other hand, we enforce
the hard constraint v € U during both regulation and target selection. Additionally, we
enforce soft joint input-output constraints of the form

Zy :={(u,y) e UxY | c;(u,y) <O0Vié€l, }

where ¢: U x Y — R™ is the soft constraint function. Having active constraints at steady
state is problematic, so the constraints are sometimes tightened as follows:

Zy ={(u,y) | ci(u,y)+b; <0Viel,, }

where b € RL is the vector of back-off constants. No such constraint tightening is required
for the input constraints. We assume the constraints and the back-off constant satisfy the
following properties throughout.

Assumption 2 (Constraints). The sets (X,Y) are closed, (U, W,D) are compact, and
all contain the origin. The soft constraint function ¢: U x Y — R"¢ is continuous and

0<b < —Ci(0,0), Vie Hl:nc-

2.3 Offset-free model predictive control

Offset-free MPC consists of three parts or subroutines: target selection, regulation, and
state estimation.

2.3.1 Steady-state target problem

Given a model disturbance d € D and setpoint rg, € R"", we define the set of offset-free
steady-state pairs by

ZO(TSpad) = {(x,u) eXxU | €T = f(x,u,d), Yy = h(J:?u’d)a (uvy) € Zya Tsp = g(u’y) } .

(5)
To pick the best steady-state pair among members of Zp(7gp, d), it is customary to optimize
the steady state with respect to some auxiliary setpoint pair ze, == (usp, Ysp) € Zy (typically
chosen such that 7, = g(usp, Ysp)). For each (rep, usp, Ysp, d) € R™ x Z,, x D, we define the
steady-state target problem (SSTP) by

Vo = min ls(u — ugp, h(x,u,d) — 6
s (B) ()€ Zor(rep ) s sp ( ) ysp) (6)

where 8 := (rep, Usp, Ysp, d) are the SSTP parameters and £, : R™ x R™ — Rxq is a
steady-state cost function, typically a positive definite quadratic. We define the set of
feasible SSTP parameters as

B = { (rsp, zsp, d) € R™ x Zy xD | Zo(rsp,d) # 2} . (7)



TWCCC Technical Report 2024-04 6

To guarantee the existence of solutions to the SSTP @ the following assumption is re-
quired.

Assumption 3. The function /5 : R™ x R™ — R> is continuous and, for each § =
(Tsp, Usp, Ysp, d) € B, at least one of the following properties holds:

(i) Zo(rsp,d) is compact;

(ii) with Vi(z,u,B) = ls(u — ugp, h(z,u,d) — ysp), the function Vi(-, B) is coercive in
Zo(rsp,d), i.e., for any sequence z € (Zo(rsp,d))> such that |z(k)| — oo, we have
Vi(z(k), B) — oo.

Under to |3 B is nonempty and the SSTP @ has solutions for all 5 € B.

The solution to @ may not be unique. Throughout, we assume some selection rule has
been applied and denote the functions returning solutions to [(6)] by zs(+) := (@s(-), us(+)) :
B—XxU.

2.3.2 Regulator

Given the SSTP parameters 8 € B, the regulator is defined as a finite horizon optimal
control problem (FHOCP) with the steady-state targets (z5(53),us(8)). We consider a
FHOCP with a horizon length N € I, stage cost £ : X x U x B — R>, terminal
cost Vi : X x B — Ryx¢, and terminal constraint X;(5) C X (to be defined). For each
B = (rsp, Usp, Ysp, d) € B, we define the terminal constraint feasible initial state and
input sequence pairs @, feasible input sequences at z € X feasible initial states
and feasible state-parameter pairs by the sets

X4(B) = leve, Vi (-, B) (8)
Zn(B) = {(z,u) e X x UN | §(N;z,u,d) € X5(8) } (9)
Un(z, ) :=={uec UV | (z,u) € Zy(B)} (10)
Xn(B) ={zeX|Un(z,B) # 2} (11)
Sy i={(z,8) e Xx B|Un(z,p8) # D} (12)

where ¢y > 0 and ¢(k; 2, u,d) denotes the solution to at time k given an initial state
x, constant disturbance d, and sufficiently long input sequence u. For each (z,u,f) €
X x UM x B, we define the FHOCP objective by

N-1
VN(I',uvB) = Vf((ﬁ(N;{B,U,d),,@) + €(¢(k,w,u,d),u(k),ﬁ) (13)
k=0
For each (z,3) € Sy, we define the FHOCP by
Va(z,8) ;== min Vi(z,u,B). (14)

Using the convention of Rockafellar and Wets (1998) for infeasible problems, we take
Vi (x, B) := oo for all (z,) & Sn.

To guarantee closed-loop stability and robustness, we consider the following assump-
tions.
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Assumption 4 (Terminal control law). There exists a function x5 : X x B — U such
that

Vf(f(l’, ’{f(xaﬁ))d)aﬁ) - Vf(l‘,ﬁ) < —E(ZL‘, K’f(l'vﬁ)vﬁ)
for all z € X¢(B3) and § := (Tsp, Usp, Ysp, d) € B.

Assumption 5 (Quadratic costs). The stage and terminal costs take the form

Uz, u,f) = |z — ms(ﬁ)% + Ju — us(B)|% + Zwi max {0, ¢;(u, h(z,u,d)) }
i=1

Vi(z, B) = |z = 25(B)[3, 5

for each (z,u) € X x U and 3 := (7sp, Usp, Ysp, d) € B, where Q, R, and Py(3) are positive
definite matrices for each § € B, the function Py is continuous, and w; > 0 for each ¢ € I;.,,.

Remark 3. With 8 = (s, d) € B, and the terminal set deﬁnitionimply
Vi(f(z,kp(z, B),d),B) < Vi(z, ) < cf for all z € X¢(B) and therefore X¢(3) is positive

invariant for 2 = f(z, ks (z, B), d).

[Assumptions 1] to [3| and [5| guarantee the existence of solutions to for all (z, ) €
Sy (Rawlings et al.l [2020, Prop. 2.4). We denote any such solution by u’(x,3) =
(u®(0;z,B),...,u’(N — 1;z, B)), and define the corresponding optimal state z°(k; x, 3) :=
¢(k; 2, u’(z, B),d) and optimal state sequence x°(z, B) := (2°(0;z, B),...,2°(N;z,8)). We
define the FHOCP control law by xy(x, 8) := u%(0; z, 3).

Remark 4. Given[Assumptions I]to[3land[5] it may be impossible to satisfy [Assumption 4]

without constraint back-offs, i.e., b = 0. This is because the terminal cost difference
Vi(f(z,kp(z, B8),d)) — Vi(x) is, at best, negative definite with quadratic scaling (regardless
of the target value), whereas the stage cost {(x, k¢(z, 3), 5) has quadratic scaling when the
soft constraint is satisfied but linear scaling when the soft constraint is violated. Thus, if
the constraints are active at the targets, the stage cost will always exceed the decrease in
terminal cost if the state violates the constraints and is sufficiently small.

Example 2. Consider the scalar linear system 7 = x +u +d, y = z, and r = y with

stage costs of the form and the soft constraint function c(u,y) = y — 1.
Let b =0 and 8 = (1,0,1,0). Clearly the target is reachable, and we can take the SSTP

[(6)] solution (z(8),us(8)) = (1,0). Then we have stage costs of the form ¢(z,u,f)

q(z—1)*+ru’+wmax {0,z — 1} and Vy(z, ) = ppa?, where ¢,r,w,ps > 0. M
is not satisfied if there exists x € R such that

F(z,u) =prz+u—1)2 —ppz —1)* + gz — 1)* + rv® + wmax {0, — 1} > 0
for all © € R. Completing the squares gives

F(z,u) = (au+ bz —1))2 + &z - 1)+ wmax {0,z — 1}
> é(x—1)* +wmax {0,2 — 1}
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for all x € R and u € R, where a := \/r + py, b= g—g, and ¢ :=q — 2. Ideally, we would
have chosen (g,7,py) so that ¢ < 0. But this means we can still take 0 <z —1 < \/% to
give
Flz,u) > éz -1 +wxz—-1)>0
for all v € R, no matter the chosen w > 0.
On the other hand, let b = 1 and 8 = (0,0,0,0). Again, the target is reachable and

we can take the SSTP solution (z4(0),us(0)) = (0,0). Notice that for both problems the
backed-off constraint c(u,y) + b is active at the solution. This time, however, we have

F(x,u) == ps(z +u)® — ppa® + gz* + ru* + wmax {0,z — 1}
= (au+ bx)* + é2® + wmax {0,z — 1}

and with k¢(z,0) := —ga:, we have
F(z,k4(2,0)) = ér* + wmax {0,z — 1}

for all z € R. Let ¢y = py and suppose ¢ < 0. Then, for each z € X(0), we have |z| < 1
and therefore
F(x,k(z,0)) = éz* < 0.

2.3.3 State estimation

In practice, the SSTP and FHOCP are implemented with state and disturbance estimates
rather than the true values. To this end, we consider any estimator that estimates both
plant and disturbance states.

Definition 1. A joint state and disturbance estimator is a sequence of functions &y :
X x D x UF x Y¥ — X x D defined for each k € I>o. For each k € I>(, we define the state
and disturbance estimates by

(i(k)7d(k)) = q)k(j7aa uO:k—l»YO:k—l) (15)

where (Z,d) € X x D is the initial guess at time & = 0, u € U™ is the input data, and
y € Y*° is the output data.

Remark 5. Since the regulator requires a state estimate to compute, and the input di-
rectly affects the output, the current state and disturbance estimates (2(k), d(k)) must be
functions of past data, not including the current measurement y(k). Therefore, at time
k = 0, there is no data available to update the prior guess, and most estimator designs will
take ®( as the identity map, i.e.,

(2(0),d(0)) := ®o(z,d) = (T, d).

However, we can also consider models without direct feedthrough effects (i.e., y = h(z, d))
in which case [Definition 1| can be modified so the estimator functions also take y(k) as an

argument.
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The estimator is designed according to the model and thus has no knowledge
of the plant state xp or plant disturbance wp. To analyze its performance and state the
assumptions needed to establish offset-free performance, we consider the following noise
model:

7 = f(z,u,d) +w (16a)
dt =d+wy (16b)
y = h(z,u,d) +v (16¢)

where @ 1= (w,wg,v) € W(x,u,d) C R"™ are the process, disturbance, and measurement
noises, ng 1= n + ng + ny, and

W(z,u,d) = { (w,wq,v) | (zF,d",y) € X x D x Y,[(16)]}

is a constraint set that ensures all quantities remain physical. We define the set of feasible
trajectories by

Ze = { (x,u,d,y, w) € X® x U® x D® x Y* x (R"#)* |
(16)] and @ = (w, wg,v) € W(z,u,d) }.

Finally, denoting the state, disturbance, and errors by

ex(k) == x(k) — 2(k), eq(k) := d(k) — d(k), (17a)
_ |ex(k) _ . |=(0)—7
=[] =0 -a) 1

we define robust stability of the estimator |(15)| as follows.

Definition 2. The estimator |(15)|is robustly globally exponentially stable (RGES) for the
system if there exist constants cc 1, ce2 > 0 and A, € (0, 1) such that

k
le(k)| < ceaAélel +cep Y A Ha(k —j)
j=1

for each k € I, prior guess (T,d) € X x D, and trajectories (x,u,d,y, w) € Z, given
definitions |(15)| and |(17)|

For the case with plant-model mismatch, the estimator |[(15)[is not only assumed to be
RGES for the system|(16)}, but is also assumed to admit a robust global Lyapunov function.

Assumption 6. The initial estimator ®g is the identity map. There exists a function
Ve : X x D x X x D — R>p and constants ci, ca, €3, €4, 6y > 0 such that

cile(k)|® < Ve(k) < cale(k)[? (18a)
Ve(k +1) < Ve(k) — esle(k)|? + calr (k) (18b)

for all (z,d) € X x D, (x,u,d,y,W) € Z, and k € I>0, where |(15)| [(17)} and V.(k) :=
Vo(w(k), d(k), 3(K), d(R))
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The following theorem establishes that implies RGES of the estima-
tor |(15)| for the system |(16)| (see [Appendix A.1|for proof).

Theorem 1. Suppose the estimator |(15)| for the system |(16)| satisfies|Assumption 6| Then
the estimator is RGES under|Definition 2|

Remark 6. In[Assumption 6 we assume @ is the identity map, and therefore e(0) = e.
However, as mentioned in if we consider models without direct input-output

effects (i.e., y = h(z,d)), then the estimator functions ®; may become a function of the
current output y(k) and it is no longer reasonable to assume @ is the identity map. Then
e(0) # e in general. However, we can modify [Definition 1] to include robustness to the
current noise 7.(k), and we can modify [Assumption 6|to include a linear bound of the form
le(0)| < a1le| + az|w(0)|, for some a@;,az > 0, to again imply RGES of the estimator.

While is satisfied for stable full-order observers of |[(16)|f'| we know of

no nonlinear results that guarantee a Lyapunov function characterization of stability (i.e.,
for the full information estimation (FIE) or moving horizon estimation
(MHE) algorithms. FIE and MHE were shown to be RGES for exponentially detectable
and stabilizable systems by |Allan and Rawlings (2021), but they use a Q-function to
demonstrate stability. To the best of our knowledge, the closest construction is the N-step
Lyapunov function of Schiller et al| (2023). If we treat the disturbance as a parameter,
rather than an uncontrollable integrator, there are FIE and MHE algorithms for com-
bined state and parameter estimation that could also be used to estimate the states and
disturbances (Muntwiler et al}, 2023} [Schiller and Miiller, 2023) ]

3 Robust stability for tracking and estimation
In this section, we consider stabilization of the systemﬂ
£ =F(& uw), w € Q& u). (19)

The systemrepresents the evolution of an extended plant state £ € = C R™ subject to
the input u € U and extended disturbance w € Q(&,u) C R™ (to be defined). Greek letters
are used for the extended state and disturbance (§,w) to avoid confusion with the states
and disturbances of and Throughout, we assume = is closed and 0 € Q(¢, u)
and F(§,u,w) € E for all ({,u) € 2 x U and w € Q(&, u).

LA full-order state observer of is a dynamical system, evolving in the same state space as
stabilized with respect to « by output feedback.

*The estimation algorithms of Muntwiler et al.| (2023) produce RGES state estimates, but it is not shown
the parameter estimates are RGES. The estimation algorithm of [Schiller and Miiller| (2023)) produces RGES
state and parameter estimates, but only under a persistence of excitation condition.

3To ensure unphysical states are not produced by additive disturbances, we let the disturbance set be
a function of the state and input. However, we can convert to a standard form by taking &*
F(§ u,w), w € Q where F(§,u,w) = F(& projoee,u)(w)), @ = U uyezxu (& u), and projoc . (w)

argming, c (¢ o |w — w’|-
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3.1 Robust stability with respect to two outputs
We first consider stabilization of [(19)[ under state feedback,

§+ = Fe(§,w), w € Q(6) (20)

where k : £ — U is the control law, F.(§,w) := F(&, k(§),w), and Q.(§) := Q(&, k(). We
define robust positive invariance for the system as follows.

—_

Definition 3 (Robust positive invariance). A closed set X C E is robustly positive
invariant (RPI) for the system |(20)|if £ € X and w € Q.(§) imply F.({,w) € X.

Robust target- and setpoint-tracking stability are defined under the umbrella of input-
to-state stability (ISS) with respect to two measurement functions (Tran et al., [2015). We
slightly modify their definition by considering measurement functions of (¢, w) (rather than
just ) and structuring the measurement functions as norms of the outputs ¢; € R"1 and
(s € R™2 where

G = Gi(§,w), G2 = G2(§,w). (21)

The definition of [Tran et al.| (2015 can be reconstructed by taking G; and Go as scalar-
valued, positive semidefinite functions of &.

Definition 4 (Robust stability w.r.t. two outputs). We say the system [(20)| (with
outputs [(21)]) is robustly asymptotically stable (RAS) (on a RPI set X C E) with respect
to (C1,¢2) if there exist B € KL and ¢ € K such that

IC1(B)| < Be(1€2(0)], k) + v ([lwllo:x) (22)

for each k € I>o and trajectories (§,w,(;,(,) satisfying and £(0) € X. We
say is robustly exponentially stable (RES) w.r.t. ({1, (o) if it is RAS w.r.t. ((1,(2) with

Be(s, k) == cc)\]gs for some ¢ > 0 and A¢ € (0,1).
For the nominal case (i.e., Q(&,u) = {0}), we drop the word robust from

and {4| and simply write positive invariant, asymptotically stable (AS), and ezponentially
stable (ES). Moreover, if [(20)]is RAS (RES) w.r.t. (¢, (), where ( = G(&,w), we simply say
it is RAS (RES) w.r.t. .

In and |5, we demonstrate nominal stability and robustness to estimate error,
noise, and SSTP parameter changes. The following cases of the system control law
u = k(§), and outputs|(21)| are considered.

1. Nominal stability: Let € :== x, u = k(&) := kn(z,5), w =0, (1 == g(u, h(z,u,d)) —
rsp, and (2 := z—x4(f). Then, for each fized 5 = (rsp, Usp, Ysp, d) € B, the closed-loop
system has dynamics |(20)| and outputs with

F(¢ w) = f(x,kn(x,B),5)
G1(§) == g(z,h(z, kN (z, B),d)) — rsp
G2(§) == — z5(B)
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for each € € XY :=lev,Vy and w = 0. AS (ES) w.r.t. s corresponds to (exponential)
target-tracking stability, and AS (ES) w.r.t. (¢1,{2) corresponds to (exponential)
setpoint-tracking stability.

2. Robyst stability (w.r.t. estimate error, noise, SSTP parameter changes): Let £ :=
(#,0), k(&) = rn(§), w := (e,eT, Asep, W), (1 := 1 — rep, (2 1= & — x5(3), where
r:=g(u, h(Z + ey, u, d+ eq) + v) and 8= (Ssps d) Then the closed-loop system has
dynamics and outputs with

F(&+ ez, on(2,B),d+eq) +w— e
F(¢,w) =  Sspt+ Asgp
d+eq+ wg — 62_

Gl(f) : g(I,h(i + ég, HN(jvlé)vd'f‘ ed) + U) — T'sp,

Ga(§) := & — ws(P)
for each £ = (2, 3) in a to-be-defined RPI set S% and w € Q. (€) (to be defined). RAS
(RES) of |(20)[ w.r.t. (2 alone corresponds to robust (exponential) target-tracking

stability, and RAS (RES) w.r.t. ({1, (2) corresponds to robust (exponential) setpoint-
tracking stability.

Remark 7. If [(20)|is RAS on X C = w.r.t. ((1,(2), then w(k) — 0 implies ¢1(k) — 0 so
long as £(0) € X.

Remark 8. generalizes many ISS and input-to-output stability (IOS) defini-
tions originally posed for continuous-time systems by [Sontag and Wang] (1995} (1999, 2000).

However, only is suitable for analyzing both target- and setpoint-tracking per-
formance of the offset-free MPC. ISS is not appropriate as the SSTP parameters 3 are often

part of the extended state £&. 10OS and robust output stability allow the tracking perfor-
mance to degrade with the magnitude of the SSTP parameters. While state-independent
IOS (SIIOS) coincides with the special case of { = G1(§) = G2(§) (e.g., for target-tracking),
we find the setpoint-tracking error is more tightly bounded by the initial target-tracking
error.

Next, we define an (exponential) ISS Lyapunov function with respect to the noise-free
outputs

G = Gi(§), G = G2(§) (23)
and show its existence implies RAS (RES) of |(20)|with respect to ({1, (2) (see

for proof).

Definition 5. Consider the system |(20)| with outputs We call V : £ = R>g an ISS
Lyapunov function (on a RPI set X C =) with respect to ((1,(2) if there exist a; € Koo, i €
I.3 and o € K such that, for each £ € X and w € Q.(£),

a1(|G1(8)]) < V(€) < aa(|Ga(8)]) (24a)
V(F(§,w)) < V(&) —a3(V(E)) + o(|wl)- (24b)
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We say V is an exponential ISS Lyapunov function with respect to ({1, (2) if it is an ISS
Lyapunov function with respect to (1, C2) with a;(-) = a;(+) for some a;,b > 0,i € I;.3.

Theorem 2. If the system |(20)| with outputs |(23)| admits an (exponential) 1SS Lyapunov
function V : E — R>¢ on an RPI set X C = with respect to ((1,(2), then it is RAS (RES)
on X with respect to ((1,(2).

Similarly to and[4] we call V' a Lyapunov function or ezponential Lyapunov

function w.r.t. ((1,(2) if it satisfies [Definition 5|in the nominal case (i.e., Q(&,u) = {0}).
Moreover, we note that the proof of trivially extends to the nominal case by

setting w = 0 throughout.

Remark 9. If {( = G1(§) = G2(€), then it suffices to replace |(24b)| with V (F.({,w)) <
V(&) —as(|G1(€)]) + o(Jw|) to establish ISS with respect to ¢, where a3 € Koo. Then [(24D)
holds with ag := a3 0 ay ™.

3.2 Combined controller-estimator robust stability

In applications without plant-model mismatch, it suffices to consider RES of each of the
controller and estimator subsystems to establish RES of the combined system. This is
because the controller and estimator error systems are connected sequentially, with the
target- and setpoint-tracking errors having no influence on the estimation errors. However,
as we show in plant-model mismatch makes this a feedback interconnection, with
the tracking errors influencing the state estimate errors and vice versa. Therefore it is
necessary to analyze stability of the combined system.
We define the extended sensor output v € T C R™ by

v=H({u,w). (25)

Assume 7Y is closed and H(§,u,w) € T for all (§,u) € 2 x U and w € (&, u). We consider
the extended state estimator

§(k) := BL(E, uos—1, vok-1) (26)
where & € = C R" is the prior guess and <I>i CEx UF x TF é,kz € I>9. The set = is
closed but is not necessarily the same, let alone of the same dimension, as Z. We consider
stabilization via state estimate feedback,

i

u = &(€) (27)
where # : = — U. Finally, we define a RPI set as follows.

Definition 6. A closed set S C E x = is RPI for the system |(19)| and [(25)H(27)| if
(&(k),&(k)) € S for all k € I and (&, u, w, v) satisfying 5194 (25 )H(Q?)L and (£(0),€) € S.
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With plant-model mismatch, the eztended plant and model states to evolve on different
spaces. Thus, we define the estimator error € € R"¢ as the deviation of the estimate & from
an arbitrary function G. : = — Z of the state &,

e(k) = Ge(¢(R)) — €(k), £:=Ge(4(0)) ~ & (28)
Finally, we define robust stability with respect to the outputs
Cl = G1(§7€7u7w)7 CQ = GQ(fvga U,W) (29)

similarly to

Definition 7. The system (19)] and [(25)H(27)] (with outputs [(29)) is RAS in a RPI set
S C X x X with respect to ((1,(2) if there exist functions 3¢,y € ICL such that

k
|(GL(R), (k)] < Bel1(G2(0),2)], k) + D vl =), 4) (30)
1=0

for all k& € I>o and all trajectories (§,u,w,v,€,(y,(,) satisfying [(19), (25)H(29), and
(£(0),€) € S. We say |(19)] and |(25)[{(27)| is RES w.r.t. (1, (o) if it is RAS w.r.t. ({1, C2)
with B¢ (s, k) == cc)\lgs and ¢ (s, k) = )\]gag(s) for some ¢ > 0, A¢ € (0,1), and o € K.

As in we say |(19)| and |(25)H(27)[ is RAS (RES) w.r.t. ( = G(§,w) if it is
RAS (RES) w.r.t. (¢, ().

In we establish robustness of offset-free MPC with plant-model mismatch
in terms of using the following definition of the system [(19)] and [(25)H(27)}
estimate errors [(28)| and outputs|(29)

3. With mismatch: Let & := (xp,a), = (2 B) = IiN(é), w = (Asgp, Awp),
vi= (y,Asgp), € = (xp+Azg(a), ssp, d ( ) =&, G i=r—Tsp, (2 1= 2 —x4(8), where
r = g(u, hp(z,u,wp)), a = (s¢p, wp), 8= (ssp,d), and (Azs(w),ds(a)) are to be
defined. Then the closed-loop system has dynamics [(19)] and [(25)H(27)] errors [(28)]
and outputs |(29)| with

fp(xp,u,wp)

F(& u,w) = | ssp+Asgp | H(€ u,w) = [hp(ig, wP):| ’
wp + AUJP sp

@5 (&, g1, V1) == (E(K), s5p(K), d(k)), G (&) = [fUP Zjoﬂj)s(a)]
G (&, u,w) := g(u, hp(zp, u, wp)) — Tsp, Ga(€) == & — x4(B)

for each (£,€) = (z,8,%,) in a to-be-defined RPT set S§7 and w € Q.(€) (to be
defined), where (2(k), d(k)) := ®4 (T, d, g1, Yo:e—1) as in [Definition 1

Asin RAS (RES) w.r.t. (s corresponds to robust (exponential) target-tracking
stability, and RAS (ES) w.r.t. (¢1, (2) corresponds to robust (exponential) setpoint-tracking
stability.
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Remark 10. If |(19)| and |(25)1{(27)| is RAS on a RPI set S C = x 2 w.r.t. (C1,C2), then

w(k) — 0 implies ((1(k),e(k)) — 0 so long as (£(0),&) € S (cf. (Allan and Rawlings, 2021,
Prop. 3.11)).

To analyze stability of the system [(19)] and [(25)H(27)] we use the following theorem
(see |Appendix A.3| for proof).

Theorem 3. Consider the system |(19)| and |(25)H(27)| with errors and output ( =
G(§). SupposeA q)g is the identity map and there exist constants a;,b; > 0,1 € I1.4, a RPI
set S € X x X, and functions V : & — R>g, V. : B X E = Rxo, and 0,0 € K such
that 244 < 1, 24% < —Cl— and, for all trajectories (§,€,u,w,v,€,() satisfying |(19)| and

7 asc3 c1tez”’
¢ =G(§), and (£(0),€) € S, we also satisfy
al¢? < V(€) < as|¢l? (31a)
V(ED) < V(€) — as|¢? + adl(e,e ™) + o(|w]) (31b)
cile* < VL(&,€) < eafe]? (31c)
VA(ET,€7) S VL(€,€) — cale* + cal¢]* + o= (|w)). (31d)

Then the system |(19)| and |(25)H(27)| is RES in S w.r.t. C.

4 Nominal offset-free performance

In this section, we consider the application of offset-free MPC to the model in the
nominal case (i.e., without estimate errors or setpoint and disturbance changes). Consider
the following modeled closed-loop system:

2" = fo(x, B) := f(z,kn(2, B),d) (32a)
Y= hC(xaﬁ) = h(iL‘, HN(xaB)ad) (32b)
r = ge(z, B) = g(kn(x, B), he(z, B)) (32¢)

where (z, 3) 1= (2, rsp, Usp, Ysp, d) € Sny. For each p > 0 and € B, we define the candidate
domain of stability

X5(8) = lev, VA (-, ). (33)

In the following theorem, we establish nominal stability and offset-free performance of

the modeled closed-loop system |(32)}, under to |b| and with constant, known

setpoints sgp = (Tsp, Usp, Ysp) and disturbance d.

Theorem 4. Suppose|Assumptions 1| to p| hold. Let p > 0.

(a) For each compact B. C B, there ezist constants a1, az, a3 > 0 such that

arlz — z5(B)]* < Vy(z, 8) < azlw — 25(B)I (34a)
Vy(fe(@, B), B) < VN(a, B) — asle — z5(B)[? (34b)

for all x € X5 (B) and B € B..
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(b) For each 3 € B, the system |(32a)|is ES on X§(B) with respect to the target-tracking
error 6x 1= x — x4(0).

(c) For each B = (Tsp, Usp, Ysp, d) € B, the system |(32a)| is AS on X§(B) with respect to

(07, 6x), where or := ge(x, B) — rp is the setpoint-tracking error.

(d) If g and h are Lipschitz continuous on bounded sets, then part (c) can be upgraded to
ES.

We include a proof of [Theorem 4|in[Appendix B.1] Two details of the proof are required
for the subsequent results. First, from (Rawlings et al.l 2020, Prop. 2.4), we have

VN(fc(wvﬁ)vﬁ(xvﬂ)vﬂ) < V]E][(CU,,B) _E(xﬂ%N(‘raﬁ)vﬁ) (35)

for all (x,8) € Sn, where

u(z, B) = (W’ (L;2,8),...,u'(N = 1;2,8), ks (a°(N; %, B), B)) (36)

is a suboptimal sequence for 2+ := f.(x, ). Second, for each (z,3) € Sy, the suboptimal
sequence u(z, () steers the system from f.(x, 8) to the terminal constraint X;(5) in N —1

moves and keeps it there (by [Assumption 4)). Therefore u(x,3) € Un(fe(z,B),5) and
fe(@,B) € Xn(B).

Remark 11. [Theorem 4{(a) provides Lyapunov bounds that are uniform in the SSTP
parameters  on compact subsets B. C B. This implies a guaranteed decay rate A € (0,1)
for the deviation of the state from its target z — z4(3), although this guaranteed rate may
become arbitrarily close to 1 as we expand the size of the compact set B..

5 Offset-free performance without mismatch

In this section, we show offset-free MPC (without plant-model mismatch) is robust to
estimate errors and setpoint and disturbance changes. We assume the actual plant evolves
according to the noisy model equations|(16). We assume the setpoints evolve according to
55 = sgp + As (37)
sp Sp Sp
where sg, 1= (Tsp, Usp, Ysp) and Asg, 1= (Argp, Ausp, Aysp). At each time, we define f :=
(Ssp»d) and AB := (Asgp,wy) and sometimes write St = 4+ AB. Taking the approach
of (Rawlings et al.l 2020, Sec. 4.6), the estimate error system evolves as
St p(s 7 _ ot
T =f(@+epud+eq) +w—e (38a)

dt =d+eq+wqg—ef (38b)
y = h(i+ ep, u,d + eg) + v. (38¢)
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We lump the perturbation terms from and into a single disturbance variable,
defined as d := (e,e™, Asgp, w). To ensure the noise does not result in unphysical states,
disturbances, or measurements, we define the set of admissible perturbations as

D(2,u,d) :=={d= (exsearel ey, Asep,w) |[(38)]

(@F,dY) e X x D, € W(&E + ep,u,d+eg) }
for each (z,u, cZ) € X x U x D. The closed-loop estimate error system, defined by @
(15), [(37)] and [(38)] evolves as

:f0(£7évd) = f(.i'—i-em,,‘iN(i',B),Cz—Fed)+"LU—€;F (39&)

+ _ 3 d) = Ssp + Assp
ﬁ 6,0(/85 ) d_‘_ed_‘_wd_e;

y = he(#, B,d) = h(d + ey, iy (&, 8),d + eq) +
r B,d) = g(kn (&, B), he(i, B, d))

(39b)

where f 1= (ssp, d).

5.1 Steady-state target problem assumptions

Even with bounds on the estimate errors and setpoint and disturbance changes, there are
no guarantees the SSTP @ is feasible at all times. Moreover, there is no guarantee the
SSTP solutions themselves are robust to disturbance estimate errors. To guarantee robust
feasibility of the SSTP @ and robustness of the targets themselves, we make the following
assumption.

Assumption 7. There exists a compact set B. C B and constant g > 0 such that
(i) Be:={(s,d) | (s,d) € Be, |ea| <, d:=d—eq €D} C B; and
(i) 2 is continuous on B,.

Assumption 7|(i) guarantees robust feasibility of the SSTP so long as 3 € B2° and
lleq|| < do. Whenever |[Assumption 7i) is satisfied, it is convenient to define

D.(2,B) = {d € D(&, kn (2, B), B) | f5.0(B,d) € B}

for each (z, 3) € Sy. Aslong as the disturbance always lies in @(i, 3), the SSTP is feasible
at all times.

In the following lemma, we show holds for some B, = 0B™ when a rank
condition is satisfied by the system linearized at the origin (see for proof).

Lemma 1. Suppose [Assumptions 1| and [2| hold, the sets X,U,ID contain neighborhoods
of the origin, the functions f,g,h,ls are twice continuously differentiable, ¢5(0,0) = 0,

Ouy)ls(0,0) =0, a(zu ne (0,0) is positive definite,

A-1T B

M=\gc B,D+H,

(40a)
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is full row rank, and (A, C) is detectable, where

A= 8,£(0,0,0), B := 9,£(0,0,0), (40D)
C := 8,1(0,0,0), D := 0,h(0,0,0), (40c)
Hy := 0y9(0,0), H, := 0,9(0,0). (40d)

Then there exists a compact set B, C B and a function zs : B — X x U satisfying all parts

of. Moreover, z5(B) uniquely solves @ for all B € B..

5.2 Robust stability

In we establish recursive feasibility of the FHOCP given feasibility of the
SSTP at each time for sufficiently small d € D.(z,5). For brevity, we defer the proof to

However, we sketch the proof as follows. First, we show the suboptimal
input sequence u(z, ) is recursively feasible. Second, we establish a cost decrease of the

form

VN(jjJrv ﬁ({%? 5)7 B+) < V]?/('ﬁ B) - a3‘5'%’2 =+ UT(‘dD (41)
where az > 0, 0, € K, and 02 := 2 — 3:3(5’) is the target-tracking error. Third, we use
this cost decrease to show the FHOCP is recursively feasible.

Proposition 1. Suppose [Assumptions 1] to ] and [7] hold and let p > 0. There exists
o, € Ko and az,d > 0 such that

(a) (&, B) € Un(ET, BT),
(b) holds, and
(¢) & € X5 (BT),

for all B € Be, & € X5(3) and d € D.(z, B) N 6B", where (2, 31) are defined as in |(39)|

Finally, we present the main result of this section.

Theorem 5. Suppose [Assumptions 1| to [p] and [7] hold and let p > 0. There exists 6 > 0
such that

(a) the following set is RPI for the closed-loop system with disturbance d € De(&, B)N
OB™a:
Sy =1{(#,0) € Sy |2 € X{(B), B € Be}; (42)
(b) there exist a; > 0,i € I1.3 and o, € K such that
a1)022 < Vi (&, B) < ag|di|? (43a)
Vy(Et, BY) < VR(&,B) — asldz]® + o (|d]) (43b)

for all (z,8) € Sﬁ, and d € D.(&, 3) N OB", given and 0% =& — x4(B);
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(¢) the closed-loop system |(39)| with disturbance d € D.(&, ) N 6B" is RES on S']’i, with
respect to the target-tracking error 0% := & — x5(8);

(d) the closed-loop system |(39)| with disturbance d € D.(&,3) N OB is RAS on S’]’i, with
respect to (dr,0%), where dr := gc(a%,B,d) — rep s the setpoint-tracking error and
B = (Tspauspnypad);' and

(e) if g and h are Lipschitz continuous on bounded sets, then part (d) can be upgraded to
RES.

To prove|Theorem 5|(d,e), we require the following proposition (see|Appendix B.3|for proof).

Proposition 2. Let [Assumptions 1| to [5| hold, p,d > 0, and B, C B be compact. There
exist 0,04 € Koo such that

‘gc(i' B) - 7"sp‘ < Ur(‘j - xs(/B)‘) (443)

19e(&, B, d) = rp| < [ge(@, B) = rspl + o(|d]) (44b)

for all & € X5(B), B = (rsps 2sp, d) € Be, and deD o(z, B) NoB™. If g and h are Lipschitz
on bounded sets, then we can take o,(-) = c,(-) and o4(-) := c4(-) for some c,,cqy > 0.

Proof of[Theorem B}, (a)—1If (&,53) € Sy and J De(#, 3), then Bt = fs.(3,d) € B.
by construction of D.(z, 8), and by 1{(c), there exists 6 > 0 such that & :=
fe(#,B,d) € XZ’\’,(B) so long as |d| < 4.

(b) gives |(43a), and [Proposition 1fa,b) and the principle of optimality
give

(c)—This follows from part (b) due to A o A

(d)—Let (x,8,d,r) satisfy [(39)) (£(0),5(0)) € Sy, d € Dc(&,3) N 6B, and r =
Jc(Z, B,LZ) Define r :=r — rg, and 07 = gc(i,B) — rgp Where B = (Tsps Zsps af) Then

a1(07]) := arfoy ' (167)] < ar|62* < V(&, B)

respect to (87,02), and RAS on S, with respect to (07, 0z) follows by [T
RAS w.r.t. (§7,02) and (Rawlings and Ji, 2012, Eq. (1)) gives

(187 (k)1) + og(|d(k)])
or(eA*162(0)] + y(ldllo:k-1)) + o (ld(K)])
o1 (2eA*[62(0)]) + o7 (2y (| dllos—1)) + og(|d(k)])
<0r(20>\k|593( ) + (07 0 2y + o) (lldllo:x)

=: B, (162(0)] &) + % (l1dllor) (45)
for all k£ € I>¢ and some ¢ > 0, A € (0,1), and vy € K.

(e)—If g and h are Lipschitz continuous on bounded sets, then by [Proposition 2| we
can repeat part (d) with o,(-) := ¢.(-) and some ¢, > 0. O

by and part (b). Moreover, V3 is an ISS Lyapunov function on SP with

|or(k )| < o,

T‘

’I”
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6 Offset-free MPC under mismatch

In this section, we show offset-free MPC, despite (sufficiently small) plant-model mismatch,
is robust to setpoint and disturbance changes. We consider the plant setpoint dynam-
ics [(37)} and plant disturbance dynamics

w = wp + Awp. (46)

With a := (ssp, wp) and Aa := (Asgp, Awp), we have the relationship at = o+ Aa. The
SSTP and regulator are designed with the model and the estimator is designed with

the noisy model |(16)]

6.1 Target selection under mismatch

With plant-model mismatch, the connection between the steady-state targets and plant
steady states becomes more complicated. To guarantee there is a plant steady state pro-
viding offset-free performance and that we can align the plant and model steady states
using the disturbance estimate, we make the following assumptions about the SSTP.

Assumption 8. There exist compact sets A. C R" x Z, x W and B, C B containing the
origin, continuous functions (zpg,ds) : Ac = X x D, and a constant §p > 0 for which

(a) B, (as defined in [Assumption 7)) is contained in B;

(b) 2 is Lipschitz continuous on Be;
(c) for each a = (sgp, wp) € A., the pair (zps,ds) = (zpg(a),ds(er)) is the unique
solution to
Tps = fp (xP,sa US(SSpa ds), wp) (47a)
ys(ssp, ds) = hp ($P,s> us(sspa dS)7 wP) (47b)
where yS(SSpv ds) = h(xs(Sspv ds)7 Us(sspa ds)a ds);
(d) (Ssp,ds(ssp,wp)) € Be for all (sgp, wp) € Ae; and
(€) (ssp,0) € A for all (sep, wp) € A..

For each a = (sgp, wp) € A, |[Assumption 8| guarantees there is a unique model dis-
turbance dy() to estimate and the SSTP [(6)| is robustly feasible at § = (ssp,ds(c)).
Of course, the system cannot be stabilized for unbounded plant-model mismatch. Given

we define
Ac(bw) = { (ssp, wp) € Ac | |wp| < b }
A, 0y) = {Aa e R™ |a+ Aa € A(0y) }-
Then Ac(dy) is RPI for the system at = a+ Aa,Aa € A(a,dy), and if |leg|| < do, then
B = (Ssp,ds(a) — eq) € B. and the SSTP is feasible at all times.

can be verified through a linearization analysis that is similar to the stan-
dard linear offset-free conditions (Muske and Badgwell, 2002; Pannocchia and Rawlings,

2003) (see for proof).
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Lemma 2. Suppose the conditions of [Lemma 1] hold, fp,hp are twice continuously differ-
entiable, and

(48)

oy [A—I Bd]

C Oy

1s inwvertible, given the definitions By := 04f(0,0,0), and Cy := 94h(0,0,0). Then
there exist compact sets A. C R™ x Z, x W and B. C B containing neighborhoods of the
origin and functions zs : B — X x U and (zpg,ds) : Ac — X x D satisfying all parts
of [Assumption 8. Moreover, zs(3) and (xps(c), ds(cv)) are the unique solutions to [(6)] and
|(47)| for all o = (ssp, wp) € Ac and 3 := (sp, ds(a)).

6.2 State estimation and regulation under mismatch

Given [Assumption 8 we can define a “true” model state as x := zp — Azs(a) where
Az = xpg(a) — z5(ssp, ds(v)) and « = (sgp, wp). Then the plant can be rewritten in
terms of the model state x as

2T = fp(z + Axg(a), u,wp) — Azs(a™) (49a)
y = hp(z + Azs(), u, wp). (49b)

Alternatively, the plant can be written as|(16)| where

w:= fp(x + Azs(a),u,wp) — f(x,u,ds(a)) — Azs(a™) (50a)
wg = ds(a™) — ds(a) (50b)
v = hp(x + Azs(a),u, wp) — h(z,u,ds(a)). (50c)

Clearly @ := (w,wq,v) € W(zx,u,d) by construction. Under |[Assumption 6, the state and

disturbance estimator is RGES for the constructed model state x and noise vector w.
The noise vector w is still a function of the model state x, input u, and steady-state
parameters a. Therefore, we bound it by more manageable variables, i.e., the tracking error
z — z5(/3), estimate errors e, plant disturbance wp, and changes to the plant steady-state
parameters Aa. To this end, the following differentiability assumption is required.

Assumption 9. The derivatives 9, ) fp and 9, ,)hp exist and are continuous on X x U x
W. The functions f,h and g are continuously differentiable on X x U x D and U x Y.

Remark 12. implies f, h are Lipschitz continuous on bounded sets.

Consider the closed-loop system

ot = fp(z + Azg(a), iy (&, B), wp) — Azs(a™) (51a)
at =a+ Aa (51b)
Yy = hp(x—i—Aws(a),nN(a%,B),wp). (51c)

In the following propositions, we establish cost decreases for estimator and regulator Lya-
punov functions for [(51)| (see |[Appendices B.4] and for proofs).




TWCCC Technical Report 2024-04 22

Proposition 3. Suppose [Assumptions 1] to [6], [§ and [9] hold. Let p > 0. There exist
¢3,0p > 0 and Gy, 64 € Koo such that

VeE < Ve = &slel® + Gu(Jwp))|02]* + Ga(|Aal) (52)

so long as (&,8) € S, x € X, a = (sgp, wp) € Ac(0w), A = (Asgp, Awp) € Aua, 8y),
and |e|, |et| < &, where Vo(k) := Vo(z(k), ds(a(k)), 2(k), d(k)), [(17)} [(50) and |(51)]

Proposition 4. Let[Assumptions 1| to[pl [§ and[9 hold and p > 0. There exist as, au, d, by >
0 and 6, € Koo such that

VR (EF, BY) S VR(@, ) — 4362 + aal(e, ™) + oa(|Aal) (53)

so long as (2,5) € Sﬁ,, zeX, o= (ssp,wp) € Ac(0w), A = (Asgp, Awp) € Ac(a, dy),
and |d| < 8, where d := (e, et, Asgp, W), [(17)} [(50)}, and |(51)]

6.3 Main result

Finally, we state the main result of this section.

Theorem 6. Suppose [Assumptions 1] to [6], [§] and [9] hold and let p > 0. There exists
T, 0w, 0a > 0 such that, with

ST = {(wy i, B) € X x Ae x SK | Vela, ds(a), 2,d) < T, a = (ssp, wp), B = (8p,d) }
the following statements hold:

(a) SK™ is RPI for the closed-loop system and with the disturbance Ao €
A, 0y) N 0B ;

(b) the closed-loop system ((15)| and |(51)| with the disturbance Aac € Ac(av, 8yy) NGB ™ is
RES on S{™ with respect to the target-tracking error 6% := & — x5(B); and

(c) the closed-loop system |(15)| and |(51)| with the disturbance Aa € A.(a, dy) N 6o B™
is RES on S{7 with respect to (0r, %), where dr := r — rg, is the setpoint-tracking

error, o = (TspauspayspawP)y r= g(“N(iaﬁA)ay)z and (51C)'

Proof. (a)—We already have that (&, 3) € Sﬁ, and d € D.(&, ) N 6B™ implies (21, 4T) €
Sﬁ, for some & > 0. To keep the trajectory of (z,w,, ) in SK7 at all times, it suffices
to show there exist 7,0dy,0, > 0 such that a € A.(dy), Aa € A(a,dy) N JB", and
Ve := Vi(,dg(a), &,d) < 7 implies V7 := Vo(z+,27) < 7 and |(e,et, w)| < 6.
By and (in , there exist constants ¢s, Ce, 0y > 0 and
functions 6, 0q, Ow, 0o € Koo satisfying and
| < él(e, ™) + Gu(Jwp))|02]* + Fa(|Aal) (54)

so long as a = (sgp, wp) € Ac(dy) and Aa € Ao, §y).
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Assume, without loss of generality, that d,, < (%Aw +0w)” 1(a1p‘52), which implies

2e20w(0u)p (52 — 7&“’(6“”)’)) ~L and 701”?1“’)’) < 82, Then we can take

a1c3 ay 2Ce

re (262610{510)#” (52 . 5w(5w)P> C~1>
a1C3 ai 2¢e

Gw (6w)p and 52 2CeT + 5w(5w)p.

TC3
which implies e > 7 a1 o ol

From |(52) . we have

vt < [ Gu(|Aal), V.<3
c - r—§§§+gw( vt 4 G, (|Aal), F<Ve<T
But ¢é3 < co (otherwise we could show V. < 0 with wp = 0, Aa = 0, and e # 0) so
> ggg > %ﬁ“’)p and we have V;t < 7 so long as |Aa| < d41 1= al(ggg —%‘iw)p), which
is positive by construction. Moreover, V,, V.t < 7 implies |(e, e)|? = |e|> + |eT|? < i—: and

by |(54))

[d? < Zl(e, ") + Fu(jwp )& —2s(8) + Gal|Aal)

2¢.T . ~
< Ci + Uw<6w)p2 + 0'04(501)
<o
so long as |Aa| < a2 i= 651 (02 — 25T — M), which exists and is positive by con-

c1 al
struction. Finally, we can take do := min{dq,1,0q,2 } to achieve (z,c, Z,0) € Sy’ at all
times.

(b)—From part (a), we already have 7, 8, 6o > 0 such that S is RPI. By
tion 6| and [Theorem 5| we have |(18a)| and |(43a)| at all times for some a1, a, cl, 02 > 0. By

Propositions 3 andl, 4 there exist ¢3,as, aq > 0 and 6y, 04, 0q € Ko such that|(52) and-

at all times. Assume, without loss of generality, that §,, < &' (min { Ca‘f’, agf’ CICT%Q }). By
[Theorem 3| the system is RES on S§" w.r.t. d3.

(¢)— By Proposition 2|, there exist ¢,,c, > 0 such that |67 < ¢]|0#| + cy|d| where
d = (e, +, Asgp, w). Combining this inequality Wlth| 18a |,| 52)|7

Tr(|Aal)

where ¢, = ¢ + ¢4(\/Fa(0w) + \/Ce0a(0w)), Cre = cgV/Ce(l + Vc2 —é3), and 7, =
cg(V0a + VCe0q). Then

(67, e)| < &r|(02, )| + r([Aa])
where ¢, := ¢, 4 + ¢, + 1. Finally, RES w.r.t. 62 gives

k

|(82(k), (k)| < @N*|(62(0),2)] + Y M7 (|Aalk — )

=0
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Fo, T, co
e
Fe,Te
——1
(a) Simple pendulum (b) Continuous stirred-tank reactor
Figure 1: Example systems.
for some ¢ >0, A € (0,1), and 4 € K, and therefore
|(0r(k), e(k))| < &|(62(k), e(k))| + r(|Aa(k)|)
k
< eA|(82(0),2)| + > My(|Aalk - 5)])
j=0
where ¢ := ¢,.¢ > 0 and v := &9 + Jr € Keo- O

7 Examples

In this section, we illustrate the main results using the example systems depicted in
We compare two MPCs in our experiments.

Offset-free MPC The offset-free MPC (OFMPC) uses [(6)] and [(14)] and the following
MHE problem:

i VAT (x,d, 55
(x,d)EX%vlgllx]D)TkJrl T duy) (55)
where T}, ;== min{ k,T }, T € 15, and
T—1
V(e d uy) = Z; g1 = F g u(i). di) G0
‘]:

t1dj = difg 1 + ly(5) = A, uls), i) 5 (56)
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For simplicity, a prior term is not used. Let Z(j;u,y) and cf(j; u,y) denote solutions to
the above problem, and define the estimates by

(k) == Z(k; Wp—Ty k=15 Yi—T:k—1), d(k) == d(k; 07 k1, Yh-Tpk1)-

Tracking MPC  The nominal tracking MPC (TMPC) uses[(6)|and[(14)|and the following
MHE problem:

min  VME(x 0, w1, YroTk-1) (57)
xeXTk+1

With solutions denoted by #(j;u,y), we define the estimates by estimates by
2(k) = 2(k; W7y k-1, Yo Ty k1) d(k) :=0.

We also construct, in the proof of the following lemma, terminal ingredients satisfying

Lemma 3. Suppose to (md hold with B = B, and n, = 0, let Q € R™*"

and R € R™*™ pe positive definite, and 8(290 u)fi,i € I., exist and are bounded on XxUxD.
For each B = (Tsp, Usp, Ysp, d) € B, let

A(/B) = 890]0(25(6)7607 B(ﬁ) = uf(zs(ﬁ)ad)

If (A(B), B(B)) is stabilizable for each B € B, then there exist functions ky : X x B and
Py B — R™™, and a constant ¢y > 0 satisfying |Assumptions 4] and .

Proof. Throughout this proof, we let 8 = (rsp, usp, Ysp, 5) € B. Since (A(S), B(B)) is
stabilizable, there exists a positive definite P(3) that uniquely solves the following discrete
algebraic Riccati equation,

P=A"PA+Q—-A"PB(B"PB+R)"'B"PA

where dependence on [ has been suppressed for brevity. The solution P is continuous
at each (A, B, @, R) such that (A, B) is stabilizable and (Q, R) are positive definite (Sun,
1998)E| Moreover, since f is twice differentiable and (xs,us) are continuous on B, then

(A, B) must be continuous on B. Therefore P is continuous on B and [Assumption 5| holds

for P¢(8) := 2P(p3).
Next, with K := PB(B'PB+R)™!, Ax := A— BK, and Qx := Q + K ' RK, we have
AIT(PfA Kk — Py = —2Q i, where dependence on 3 has been suppressed for brevity. Then

Vf(f+7ﬁ) - Vf(l‘,ﬂ) < —2|5$|29K(5) (58)

where TT := Ag(B)dx+z5(8) and dx := z—x4(8). Since the second derivatives 8(2$ wlisi €
I1., are bounded, there exists ¢ > 0 (independent of 3) such that |7 — Z"| < ¢|dz|?

In fact, |Sun| (1998) only needed (A, QY %) detectable to derive perturbation bounds. However,
tion 5| guarantees positive definiteness of (), so we get this automatically.
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where 21 := f(x,ks(z, 8),d) and ks(z, B) := —K(8)dx + us(ﬁ)ﬂ Therefore, with a(8) :=
2 ([ Ak (8)] T Py(8)) and b(8) = P*5(Py(8)), we have

Vi(a®, B) = Vi(@", B)| < a(B)|dz]® + b(8)|dz]" (59)
and combining with we have

Vf($+aﬁ) - Vf(ﬂ?,ﬁ) + f(l’,lif(x,ﬂ),ﬂ)
< —16213 . 9y + Vi(at, B) = Vi@, B)
< —[e(8) — b(B)|oz| — a(B)|6z[*)|0x|? (60)

where ¢(8) := g(Qk(8)). The polynomial pg(s) = c(B) — b(B)s — a(B)s* has roots at

— 2
s+(B) = b+ [b2(f ()é)%a(ﬁ)c(ﬁ ) and is positive in between. Moreover, s4 are continuous

over B because (a,b,c) are as well, and sy () are positive and negative, respectively.
Define ¢f := mingep a(Ps(8))[s+(B)]? which exists and is positive due to continuity and
positivity of x, and o(Py(-)) and compactness of B. Finally, we have that Vy(x, ) < ¢

implies o(P¢(B))]6z|*> < Vi(z,8) < ¢s and therefore |dz| < ,/% < s+(B) and |(60)
implies with P(f3) and ¢y > 0 as constructed. U

7.1 Simple pendulum
Consider the following nondimensionalized pendulum system (Figure 1a)):

. €2
&= Fp(z,u,wp) := | . : 6la
P P) sinzy — (wp)2ze + (k + (wp)2)u + (wp)g] (612)
y = hp(x,u,wp) := x1 + (wp)4 (61b)
r=g(u,y) =y (61c)
where (21,72) € X := R? are the angle and angular velocity, u € U := [~1,1] is the

(dimensionless) motor voltage, k = 5 rad/s? is the estimated motor gain, (wp); is an air
resistance factor, (wp)g is the error in the motor gain estimate, (wp)s is an externally
applied torque, and (wp)4 is the measurement noise. Let v (t; z, u, wp) denote the solution
to|(61)| at time ¢ given x(0) = =, u(t) = u, and wp(t) = wp. We model the discretization
of |(61)| by

v = fp(z,u, wp) = x + AFp(x,u, wp) + (wp)srq(x, u, wp) (62a)

where (wp)s scales the discretization error, rq is a residual function given by

A
(2, wp) = /0 [Fo(2(), 1, wp) — Fo(, u, wp)]dt (62b)

®This follows by applying Taylor’s theorem to e(z, 8) := 2T — Z* at (z5(8),d) and noting the intercept
and first derivative (in x) is zero.
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and x(t) = ¢ (t; z,u, wp). Assuming a zero-order hold on the input v and disturbance wp,
the system [(61)|is discretized (exactly) as|(62)[ with (wp)s = 1. We model the system with
wp = w(d) := (0,0,d,0,0), ie.,

sinxq + ku+d
y = h(z,u,d) := hp(z,u,w(d)) = 1 (63b)

v = f(x,u,d) := fp(z,u,w(d)) =z + A [ 2 } (63a)

and therefore we do not need access to the residual function r4 to design the offset-free
MPC.

For the following simulations, assume wp € W := [—3,3]3 x [-0.05,0.05] x {0,1}, and
let the sample time be A = 0.1 s. Regardless of objective £, the SSTP @ is uniquely
solved by

w0 = ). w(8) =~ (sinrp +
for each 8 = (rgp, Usp, Ysp, d) € Be, where
B.:={(r,u,y,d) € R* | |sinr +d|,|siny +d| <k,|ul <1}
and dg > 0. Likewise, the solution to is

ro(a) = | TP o) = k(wp)3 — (wp)2 sinrgp
Pal®): [ 0 ] 7 () k+ (wp)s (64)

for each o = (7gp, Usp, Ysp, wp) € A, where
A ={(r,u,y,w) € R3 x W | [sinr + (wp)s], |siny + (wp)s3] < k+ (wp)a, lu] <1}.

Notice that A. and B. are compact and satisfy We define a regulator with
N =20, U := [-1,1], ls(u,y) = |[u® + |y|%, (z,u,Au,B) = |z — 24(B8)> + 1072(u —
us(B))? + IOQ(AU)QH Vi(z,B) = |z — xs(ﬁ)ﬁ;f(ﬁ), and Xy = lev,,Vy, where Py(3) and
¢y ~ 0.4364 are chosen according to the proof of [Lemma 3| to satisfy and

is satisfied trivially and [Assumptions 1 [§|and [0]are satisfied since smoothness
of F implies that ¢, r, and f are smooth (Hale, 1980, Thm. 3.3). Finally, we use MHE

designs and i57i for the offset-free MPC and tracking MPC, respectively, where T' = 5,

Qu = [107° 106 |» and Qq :== R, := 1. While the estimators defined by |(55)| and |(57)

should be RGES (Allan and Rawlings, 2021)), it is not known if they satisfy [Assumption 6}
If is satisfied, then gives robust stability with respect to the
tracking errors.

We present the results of numerical experiments in To ensure numerical
accuracy, the plant is simulated by four 4th-order Runga-Kutta steps per sample

5The Au(k) := u(k) — u(k — 1) penalty is a standard generalization used by practitioners to “smooth”
the closed-loop response in a tuneable fashion.
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—— OFMPC (est.) TMPC (est.) ==+ Ref. —— OFMPC (est.) TMPC (est.) ==+ Ref.
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(a) No mismatch: (wp)1 = 0 and (wp)2 = 0. (b) Mismatch: (wp)1 =1 and (wp)2 = 2.
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(c) Noise and mismatch: (wp)d = (wp)s + (Awp)s, (d) Oscillating disturbance and  mismatch:
(Awp)s ~ N(0,1072), and (wp)a ~ N(0,107%). (wp)3(k) =1 — cos(%2E) and rep (k) = 7.

Figure 2: Simulated closed-loop trajectories for the offset-free MPC and tracking MPC of
Solid blue and dot-dashed orange lines represent the closed-loop estimates and inputs
(Z,d,u) for the offset-free MPC and tracking MPC simulations, respectively. Dashed blue
and dotted orange lines represent the closed-loop plant states zp for the offset-free MPC
and tracking MPC simulations, respectively. Dotted black lines represent the intended
steady-state targets and disturbance values (zpg,ds, us) found by solving @ and
We set (wp)1 = 1, (wp)2 = 2, (wp)s(k) = 3H(k — 240), (wp)s = 1, (wp); = 0, and
Tsp(k) = TH(5 — k) + §H(k — 120), unless otherwise specified.
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time. Unless otherwise specified, we consider, in each simulation, unmodeled air resistance
(wp)1 = 1, motor gain error (wp)2 = 2, an exogenous torque (wp)s3(k) = 3H(k — 240),
the discretization parameter (wp)s = 1, no measurement noise (wp)s = 0, and a reference
signal rg,(k) = 7H(5 — k) + 5 H(k — 120), where H denotes the unit step function. The
setpoint brings the pendulum from the resting state x; = m, to the upright position z; = 0,
to the half-way position z; = 3.

In the first experiment, we consider the case without plant-model mismatch, i.e.,
(wp);1 = 0 and (wp)2 = 0 . Both offset-free and tracking MPC remove off-
set after the setpoint changes. However, only offset-free MPC removes offset after the
disturbance is injected. Without a disturbance model, the tracking MPC cannot produce
useful steady-state targets, and the pendulum drifts far from the setpoint. Moreover, the
tracking MPC produces pathological state estimates, with nonzero velocity at steady state.

The second experiment considers plant-model mismatch (wp); = 1 and (wp)y = 2
. As in the first experiment, both the tracking MPC and offset-free MPC bring
the pendulum to the upright position xy = 0, without offset. However, only the offset-
free MPC brings the pendulum to the half-way position x; = §. The tracking MPC,
not accounting for motor gain errors, provides an insufficient force and does not remove
offset. Note the intended disturbance estimate ds = 1—73 is a smaller value that the actual
injected disturbance (wp)s = 3, as underestimation of the motor gain necessitates a smaller
disturbance value to be corrected. Again, the tracking MPC produces pathological state
estimates.

The third experiment follows the second, except the exogenous torque is an integrating
disturbance (wp)3 = (wp)3+(Awp)s where (wp)s ~ N(0,1072), and we have measurement
noise (wp)s ~ N(0,107%) (Figure 2c)). In this experiment, we see the remarkable ability of
offset-free MPC to track a reference subject to random disturbances. While the tracking
MPC is robust to the disturbance (wp)s, it is not robust to the disturbance changes (Awp)s
and wanders far from the setpoint as a result. On the other hand, offset-free MPC is
robust to both and exhibits practically offset-free performance. We remark that, while
the example is mechanical in nature, we are illustrating a behavior that is often desired in
chemical process control, where process specifications must be met despite constantly, but
slowly varying upstream conditions.

In the fourth and final experiment, the pendulum maintains the resting position rg, = m
subject to an oscillating torque (wp)s(k) = 1 — COS(%) (Figure 2d|). Tracking MPC
wanders away from the setpoint, whereas offset-free MPC oscillates around it with small
amplitude. We note the disturbance estimate d does not ever “catch” the intended value ds
as the disturbance model has no ability to match its velocity or acceleration. More general
integrator schemes (e.g., double or triple integrators) could provide more dynamic tracking
performance at the cost of a higher disturbance dimension (c.f.,|Maeder and Morari| (2010])

or (Zagrobelny, 2014, Ch. 5)).
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Figure 3: Nominal steady states for the CSTR |(65)|

7.2 Continuous stirred-tank reactor

Consider the following nonisothermal continuous stirred-tank reactor (CSTR) (Hicks and
Ray, [1971; Kameswaran and Biegler, |2006) (Figure 1b)):

& = Fp(z,u, wp)

0~ (1 + (wp)1 — x1) — ke(wr)a=M/way,

0~ (= w2) + kelwP2MIm2y — qu(zy — e — (wp)3) (052
y = hp(x,u,wp) := x2 + (wp)4 (65b)
r=g(u,y) =y (65¢)

where (21, 22) € X := R are the dimensionless concentration and temperature, u € U :=
[0,2] is the dimensionless coolant flowrate, # = 20 s is the residence time, k = 300 s~
is the rate coefficient, M = 5 is the dimensionless activation energy, z; = 0.3947 and
r. = 0.3816 are dimensionless feed and coolant temperatures, v = 0.117 s~! is the heat
transfer coefficient, (wp); is a kinetic modeling error, (wp)s is a change to the coolant
temperature, and (wp)y is the measurement noise. Again, we discretize the system [(65)]
via the equations where the continuous system is recovered with (wp)s = 1 and zero-

order holds on u and wp. The system is modeled with wp = w(d) := (0,d,0,0,0), i.e.,

011 —xy) — ke M/72g)
0~ (vy — m2) + ke M/201 — yu(zg — 2, — d)
y = h(z,u,d) := xa. (66D)

= f(z,u,d) ==+ A (66a)

The goal in the following simulations is to control the CSTRfrom a nominal steady
state ((0),u(—1)) ~ (0.9831,0.3918,0.8305) to a temperature setpoint rg, € [0.6,0.7].
In this range the nominal steady states are unstable, with a nearby Hopf bifurcation at
(THopf, UHopt) ~ (0.1728,0.7009,0.6973). We plot the nominal steady states (i.e., wp = 0)
along with the initial steady state 2(0) and the Hopf bifurcation zpops in
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For the following simulations, assume disturbance set is wp € W := [~0.05,0.05]* x
{0,1}, and let the sample time be A = 1 s. Regardless of objective £z, the SSTP @ is
uniquely solved by

zr—r+1—(zs(B)h
Ovy(r — z. — d)

ra(8) = [Hekl/] , us(B) =

Tsp
for each B = (rgp, Usp, Ysp, d) € Bc, where
B = [0.6,0.7] x U x [0.6,0.7] x [~0.1,0.1]

and dp > 0. Likewise, the solution to is

snafa) = |73, (o) (67)

for each o = (7gp, Usp, Ysp, wp) € Ac, where
Ae:=1[0.6,0.7] x U x [0.6,0.7] x W.

It is straightforward to verify A. and B, are compact and satisfy

We define a regulator with N := 150, ¢(z, u, Au, ) := |x—xs(ﬁ)|2Q+10_3(u—u5(5))2+
(Au)?, Q = [10’3 1], Vi(x,B) == |z — xs(ﬁ)ﬁjf(ﬁ), and Xy := lev., Vy, where P¢(B) and
cr ~ 6.7031 x 10716 are chosen according to the proof of to satisfy [Assumption 4]’}
Finally, we use MHE designs and for the offset-free MPC and tracking MPC,
respectively, where T := N, Q, = 107%I, Qg := 1072, and R, := 1. As in the simple
pendulum example, if is satisfied, then implies the offset-free
MPC can robustly track setpoints despite plant-model mismatch.

The results of the CSTR experiments are presented in Throughout these
experiments, the plant is simulated by ten 4th-order Runga-Kutta steps per sample
time. Unless otherwise specified, each simulation is carried out with error in the feed
concentration (wp); = —0.05, error in the activation energy (wp)s = —0.05, a step in the
coolant temperature (wp)s(k) = —0.05H (k — 300), no measurement noise (wp)s4 = 0, the
discretization parameter (wp)s = 1, and a constant reference signal r¢, = 0.65.

In the first experiment, we consider the case without plant-model mismatch, i.e.,
(wp)1 = 0 and (wp)2 = 0 (Figure 4a)). As in the pendulum experiment, both offset-
free and tracking MPC remove offset after the setpoint changes, but only offset-free MPC
removes offset after the disturbance is injected. We also note that, after the disturbance is
injected, the tracking MPC state estimates are slightly different than the plant states.

We consider plant-model mismatch (wp); = —0.05 and (wp)z = —0.05 in the second
experiment . The offset-free MPC is able to track the reference and reject
the disturbance despite mismatch, this time at the cost of a significant temperature spike

"While ¢ ¢ was chosen near machine precision, the CSTR tends to evolve to the nearest stable steady
state, and the horizon is chosen long enough to easily achieve this steady state to a high degree of precision.
Thus, the system remains robust despite the tight terminal constraint.
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(a) No mismatch: (wp)1 = 0 and (wp)2 = 0. (b) Mismatch: (wp)1 = —0.05 and (wp)2 = —0.05.
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(¢) Noise and mismatch: (wp)j = (wp)s + (Awp)s, (d) Oscillating setpoint: re,(k) = 0.05sin(3E) +
(Awp)s ~ N(0,107%), and (wp)s ~ N(0,107%). 0.65.

Figure 4: Simulated closed-loop trajectories for the offset-free MPC and tracking MPC of
the CSTR Solid blue and dot-dashed orange lines represent the closed-loop estimates
and inputs (;@,d, u) for the offset-free MPC and tracking MPC simulations, respectively.
Dashed blue and dotted orange lines represent the closed-loop plant states xp for the offset-
free MPC and tracking MPC simulations, respectively. Dotted black lines represent the
intended steady-state targets and disturbance values (xpg, ds, us) found by solving @ and
We set (’Ujp)l = —0.05, (wP)Q = —0.05, (wp)g(k:) == —0.05H(k3 — 300), (’UJP)4 =0,
(wp)s =1, and g, = 0.65 unless otherwise specified.
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around k = 170. On the other hand, the tracking MPC fails to bring the temperature
above x5 = 0.5, far from the setpoint 7, = 0.65.

In the third experiment, the coolant temperature is an integrating disturbance (wp)?f =
(wp)3+(Awp)s, (Awp)z ~ N(0,107%), and we have measurement noise (wp )4 ~ N(0,107%4)
. As in the corresponding pendulum experiment, offset-free MPC tracks the
reference despite the randomly drifting disturbance. Here we are illustrating a behavior
that is often desired in chemical process control, where process specifications must be met
despite constantly, but slowly varying upstream conditions. We remark that, while the
pendulum example is mechanical in nature, it illustrated the same property. The tracking
MPC, on the other hand, still cannot handle the plant-model mismatch and fails to bring
the temperature up to the setpoint.

In the fourth and final experiment, the setpoint follows an oscillating pattern r, (k) =
0.05 sin(%) + 0.65. Tracking MPC again fails bring the temperature up to the setpoint.
Offset-free MPC closely follows the setpoint, substantially deviating from it only at the
start-up phase and when the coolant temperature disturbance is injected. Again, we note
that a precise tracking of this disturbance and reference signal could be accomplished by
more general integrator schemes. (c.f., [Maeder and Morari (2010) or (Zagrobelny, 2014,
Sec. 5.3, 5.4)).

8 Conclusions

In this paper, we presented a nonlinear offset-free MPC design that is robustly stable
with respect to setpoint- and target-tracking errors, despite persistent disturbances and
plant-model mismatch. Our results are significantly stronger than the standard offset-free
sufficient conditions that can be found in the literature. Notably, we do not assume stability
of the closed-loop system to guarantee offset-free performance. The results are illustrated
in numerical experiments.

These results form a foundation on which offset-free performance guarantees can be es-
tablished on a wider class of MPC designs and applications. The results without mismatch
(Theorem 35|) should also extend to the control of plants with parameter drifts. A few
limitations of this work, notably the requirement of a Lyapunov function for the estimator

(Assumption 6f), and the necessity of quadratic costs (Assumption 5[, are also possible

areas of future research.

A Proofs of robust estimation and tracking stability

A.1 Proof of [Theorem 1l

Proof of[Theorem 1]. First, note that c3 < cg, as otherwise, this would imply Ve(k+1) <0
whenever w(k) = 0. We combine the upper bound and bound on the difference
to give

Ve(k + 1) < AVe(k) + ca|w(k)|?
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where A (=1 — g—; € (0,1). Recursively applying the above inequality gives

Vo(k) < APV, ZCW — )2

< epAF e 4 Z eaN Yok — )
j=1

noting that e(0) = € because ® is the identity map. Finally,

Ve(k) N
le(k)] < 4 =2 < coaMEfel + ce2 D N7 Ha(k - )
C1 =
where ¢ 1 = i—f, Ce2 1= 4 /%, and A\, := V. O

A.2 Proof of Theorem 2l
Proof of[Theorem 2] Suppose X C = is RPI for Let the functions V : £ — R>( and

;0 € Koo, 1 € 1.3 satisfy for all £ € X and w € Q.(¢). Let (&, w,(,Cy) satisfy |(20)

and £(0) € X
Asymptotic case. The proof of this part follows similarly to (Jiang and Wang}, 2001,

Lem. 3.5) and (Tran et al., 2015, Thm. 1). We start by noting |[(24b)| can be rewritten
V(Fe(§,w)) < (b — ag)(V(§)) + o(|w]) (68)

where oy := 3oy 1€ K. Without loss of generality, we can assume ID — oy € K (Jiang
and Wang,, 2001, Lem. B.1). Let p € K such that 1D — p € K

Let b:=a; ' (p~ (o(|w]))) and D := {£ € 2| V(£) < b}. The following intermediate
result is required.

Lemma 4. If there exists ko € I>o such that £(ko) € D, then £(k) € D for all k > k.
Proof. Suppose k > ko and (k) € D. Then V ({(k)) < b and by
V(E(k+1)) < (1D — as)(V(E(K))) + o([|wl])
< (D — aq)(b) + o (flwl)

= —(1p — p)(as(b)) +b —p(au (b)) + o (||w]]) < b
<0 =0

The result follows by induction. O

Next, let jo := min{k € I>o | {(k) € D }. The above lemma gives V({(k)) < v(||lw]])
for all k > jo, where v := a;l op~too. On the other hand, if k& < jo, then we have
plas(V(E(K)))) > o(||w||) and therefore

VI(E(k+1)) = VI(E(R)) < —aua(V(E(K))) + a([lw])
= —aa(V(EWR)) + plaa(V(ER))) — plaa(V(ER)) + o(lwl)
< —as(V(ER) + plas(VE®R)).
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By (Jiang and Wang), 2002, Lem. 4.3), there exists $ € KL such that

ar(|G(k)]) < V(E(k)) < BV(£(0)), k) < Blaa(I¢2(0)]), k).

Combining the above inequalities gives

[CL(B)| < max{5c([C2(0)], k), ve([wlD} < Be([C(0)], k) + e (llwl])

where B¢(s, k) := oy ' (B(az(s), k) and ¢ := aj ' 0. Finally, causality lets us drop future
terms of w from the signal norm in the above inequality and simply write |(22)

Exponential case. Suppose, additionally, that «;(-) := ai(-)b,i € I1.3. Without loss
of generality, we can assume A := 1 —ag € (0,1). Recursively applying gives

k
V(E(R) < MVE0) + D N o(jw(k —i))
=1

o(lwlon-1)

< Naol GO + =5

Applying |(24a), we have

a<||w||o:k_1>>1/b'

(k)] < (ZjA’“r¢2<0>|b+ P

If b > 1, the triangle inequality gives

GL(R)] < ecAEl¢2(0)] + e (llwllok—1) (69)
1/b N
with ¢¢ == <Z—f) , A¢ = A/t and Yel(+) = <a1‘(71(_))\)> . Otherwise, if b < 1, then
o . 0\ /0 oy \ /b
convexity gives |(69)[ with c¢ := % (i—f) ;A=A and () = % ((“2(1(_)/\)) . O

A.3 Proof of Theorem 3

Proof of[Theorem 3] Throughout, we fix k € I>¢ and drop dependence on k when it is
understood from context. Let the trajectories (E,é,u,w,v,s,() satisfy and
¢ = G(E), and (£(0),€) € S, where S is RPIL. Suppose (IDS is the identity map. Let
a;, b > 0,1 € Iy, V é — RZ()? Ve 2 x é — RZOv and g,0. € K Satisfy aaed - 1,

ascy
aqcq Cc1
ascs < c1+cg’ and
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Joint Lyapunov function Combining the fact |(g,7)|? = |¢|? +|e*|? with the inequal-

ities [(31), we have

" ~ |(31b)]
VED) =V() < —asl¢” + aale]* + asle™* + o (|w])

" .
< —a3!<!2+a4\el2+c—f%(s+,£*)+a<|w!)

B c a o
sl + s (1 _ 3) P + SV, 6) + 6(Jw])

C1 C1

(31c)| ~ ~ ~

< —asl¢l? + aalel* + 6 (|w))
where a3 := ag — %, a4 = ay (1—1— %), and & = %05 + o0 € K. Note that ag =

as (1 — %) > 0 by assumption, and a4 > 0 since ¢y > c3.

Let W(ﬁ,f) = V(é) + qVE(f,é) where ¢ > 0. With b; := min{ a1, qc; }, we have the

lower bound,

bil(Ce)* = balC? + bulel? < arl¢]® + gealel < VI(E) + qVa(&,6) = W(EE).  (70)
With by := max { ag, gc2 }, we have the upper bound
W(E,€) = V() +qVe(&,€) < aalCP + qealel® < b2CP + balel* = 2|(C, o). (71)
For the cost decrease, we first note that Z;gg < 612362 implies
- (Cl + c2 C3> <a303 C3> asc3cq .
aqsCq4 = Q4 —— g < ay — — ] c4 = azcz — = ascs
Cc1 Cc1 a4Cy4 c1 C1

and therefore g—;‘ < ‘Z—j With ¢ € (a—‘* a—3>, we have

c3’ cq

W(ET,ET) < V(ED) +qV(€T,€T) S W(EE) — b3|(¢,2))* + ow (|w]) (72)

where b3 := min { as — qca,qc3 — aq } > 0 and oy := 6 + go- € K by construction.

Robust exponential stability Substituting the upper bound [(71)| into the cost de-

crease gives R X
W(EH ) S AW(E,€) — b3 (G, e)* + ow (|w]) (73)

where A :=1— 2—; and we can assume A € (0, 1) since

by > qecg > qe3 > qes — ag > bs.
Recursively applying |(73)| gives

W (E(k),E(K)) < AW (E(0),£(0) + D A o(lw(k —i)])

k
< b2A*|(¢(0),(0)* + Z N lo(Jw(k 1))
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where the second inequality follows from |[(71)l Finally, by and the triangle inequality,
we have

1(C(k), e(k))] < ccNE|(C( |+Zv< jw(k —1)],4)
where ¢, := Z—f, A¢ = VA, and Ye(s, k) = )‘]z‘il %f)‘ -

B Proofs of offset-free MPC stability

B.1 Proof of [Theorem 4

We begin by proving (a,b).
Proof of [Theorem 4|(a,b). (a)—Suppose z € X§(B) and B € B.. From the main text,
u(z, B) is feasible, so

VN (fe(x, ), B) < Va(fe(w, B), u(x, B), B)
and, applying the inequality we have

Vi (felw, 8), 8) < Viy(w, 8) = €(z, ry (. 8), B).
But
o(Qz — zs(B)* < llw, kn(x, B), B) < Vy(x, B)
so the lower bound and the cost decrease both hold with a; = az = o(Q).

To establish the upper bound of we first note that since Py(-) is continuous and
positive definite, and B, is compact, the maximum v := maxgeg, 7(P¢(3)) > 0 exists.

Then |z — z4(8)| < e := 4 /%f implies

Vi(z,8) < a(Pr(B))le — 25(B)]” < Alz — z5(B)]” < ¢

and therefore x € X;(f). By monotonicity of the value function (Rawlings et al., 2020,
Prop. 2.18) we have V(z, 8) < Vi(z, ) whenever x € X¢(53), and therefore

Vi (@, 8) < Vi(w, B) < vle — zs(B)
whenever |z — z5(8)| < e. On the other hand, if |z — z5(8)| > €, then

Vi@, B) < p< Gla—au(8)P.

Finally, we have the upper bound with ag := max { 7, 6% }.

(b)—Let 3 € B. We already have that V(-, 8) is a Lyapunov function (for the system
(32)} on X% (B)) with respect to z — x4(8), and fe(z,8) € Xn(B) for all 2 € X5 (B) by
recursive feasibility. We can choose any compact set B, C B containing 5 to achieve the
descent property [(34b)l Then, for each z € X%,(53), we have

VN (fe(@, B), B) < VR (, B) — ar|z — zs(B)]* < p
and therefore f.(z,8) € X% (B). In other words, X% (83) is positive invariant for the sys-

tem |(32a)l Finally, ES in X%(8) w.r.t.  — 24(8) follows from [Theorem 2| O
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To prove [Theorem 4{c,d), we need a few preliminary results.

Proposition 5 ((Allan et al., 2017, Prop. 20)). Let C C D C R™, with C' compact,
D closed, and V' : D — RP continuous. Then there ezists o € Koo such that |V (x)—V (y)| <
a(lx —yl|) for allz € C andy € D.

Proposition 6. Suppose [Assumptions 1| to p| hold. Let p > 0 and B. C B be compact.
There exist ¢, c, > 0 such that

12°(js 2, B) — 25(B)| < calz — 25(B)] (74a)
(s 2, B) — us(B)] < culr — 25(B)] (74b)

for each x € X{(B), B € B, j € L.y, and k € I1.n—1.

Proof. Throughout, we fix z € X% (8) and S € B.. Unless otherwise specified, the con-
structed constants and functions are independent of (z, 3). By m ), there exists
as > 0 satisfying the upper bound Since Py is contlnuous and positive deﬁnite and
B, is compact, the minimum v := mingep, o(P¢(f5)) exists and is positive. Moreover, since
@, R are positive definite, we have ¢(Q),c(R) > 0. For each k € Iyp.n_1,

(@) (k; 2, B) — 2s(B)” < (ks 2, B) — 2s(B) [}
< Vi(x, B) < asla — a,(8)
e (N; 2, 8) — 2s(B)? < e°(Ns 2, B) — (B) 3,0
< VR, 8) < aslr — 2,(B)P

(R (k; 2, B) — s () < [u’ (ks 2, B) — ws(B) [
< Vi(x, B) < asle — a,(B)

Thus, [(74)| holds for all j € I;.y and k € Ij.y—1 with ¢; := max{ %} and

a(Q)’
Cy = \/% OJ

Proposition 7. Suppose |Assumptions 1| to |p| hold. Let p > 0, B, C B be compact. There
exists o, € Koo such that

19e(, B) = rp| < or(|z = 25(B)]) (75)

for each x € X§(B) and B = (rep, 2sp,d) € Be. Moreover, if g and h are Lipschitz con-
tinuous on bounded sets, then |(75)| holds on the same sets with o,(-) := ¢,(-) and some
cr > 0.

Proof. By there exists 7, € K such that

|g(u,h(1‘,u,d)) - g(a,h(i‘,ﬂ, ))| < 5r(|(a7 - j?“ - fb,ﬁ - B)D
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for all z,7 € XY, u,u € U, and 8 = (r,z,d),8 = (7,%2,d) € B.. Fix x € X%(B) and
B € B.. The following constructions are independent of (x, ) unless otherwise specified.

By there exists ¢, > 0 such that
lin (2, B) — us(B)| < culz — z5(8)]

Combining these inequalities gives

< or([(z — 2s(B), kn (2, B) — us(B))])

<o ((1+cu)lz —as(B)))
< op(lz —zs(B)])

where 0,.(-) := 7, ((1+¢y)(+)) € Koo- If we also have that g and h are Lipschitz on bounded

sets, then we can take 0,(-) := ¢, (-) and ¢, := L, (14¢,) > 0, where L, > 0 is the Lipschitz
constant for g(u, h(z,u,d)) over X% x U x B,. O

‘gC($) 6) - Tsp‘

Proof of[Theorem 4(c,d). Fix x € X{(8) and 8 € B. Let B. C B be compact, containing
B. Define 0r := g.(z, ) — rsp and dz := = — x5(5).

(c)—By there exists o, € Ko such that holds. Then
a1(|or]) := ar[or (167 )]* < anlda]* < VR(x, B)

so V9 (-, B) is a Lyapunov function on X% (3) w.r.t. (r,dz), and AS on X&(8) w.r.t. (dr, o)

follows by

(d)—If g and h are Lipschitz continuous on bounded sets, then by we can
repeat part (c) with aq(-) := ajc;%(+)? and some ¢, > 0. Then VY(-,3) is an exponential
Lyapunov function on X% (8) w.r.t. (0r,dz), and ES on X§(8) w.r.t. (6r,dz) follows by
Mheorem 21 O

B.2 Proof of [Proposition 1|
To establish we require the following result.
Proposition 8. Suppose [Assumptions 1| to ] and[7] hold and let p > 0. The set
A= %0)
BeB.
is compact, where B is defined as in (z)

Proof. Consider the lifted set

Fi={(&,u,8) € Xx UN x B, | V;i(¢(N; 2,1, ) < ¢, Vn(d,u,6) < p}.

Notice X % 1s equivalent to the projection of F onto the first coordinate, i.e., X = P(F)
where P(%,u,3) = #. Since P is continuous, the image X%, = P(F) is compact whenever
F is compact. Thus, it suffices to show F is compact.
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The set F is closed because (X, U, Bc) are closed, and continuity of (f,zs,us,?, Vy)
implies continuity of Vi(¢(N;-,-,-)) and Vi (-,-,-). Next, we show F is bounded. Since
s is continuous and Bc is compact, the maximum p, := maxg_; |xs(B)| exists and is
finite. For each (Z,u, B) € F, we have Vﬁ,(af?,ﬁ) < VN(Q%,u,B) < p by construction.
But Vﬁ,(:ﬁ,,@) > 0(Q)|2 — x4(B)|?, so this implies |& — z4(8)| < \/% and therefore

|z] < ﬁ + ps. But u and § always lie in compact sets, so F must be bounded. O

Proof of [Proposition 1] Let 8 € B., & € X]’\),(B), and |d| < & such that A := fﬁ,c(ﬁ,d) €
B.. For brevity, let

Tt = (&, B), TH(N) == ¢(N; T, (%, B),d), Z(N) :=2°(N; £, B),
+ + 8),d

&t = fu(&,5,d), i+ (N) ( ),d").
Recall d := (e,et, AB,w,v), e := (e, eq), €t := (ef,ef), and AB 1= (Asgp, wy).

From |Proposition 8| the set 2?]@ is compact. Since the functions (f, s, us, Pf) are
continuous, so are (Vy, Viy). By [Proposition 5} there exist oy, 0v,,ovy € K such that

= (N
= ¢(N

;2T a(e,

|f(@1,u1,d1) — f(22,u2,d2)| < op(|(z1 — 2,01 — ug, di — da)|) (76)

Vi (o(N; a1, u1,d1), Br) — Vi(d(N; 22,1z, ds), B2)| < ov; (|(x1 — 22,01 — w, B1 — Bo)|)
(77)
[Viv (21,11, B1) — Viv (22, 12, B2)| < ovy (|(21 — 2,01 — g, B1 — o)) (78)

for all 21 € X, &9 € ?3]’\),, up,up € U, up,up € UV, and 3 = (81,d1),32 = (82,622) € B..
Substituting 1 = & + e,, 2 = T, Ul = ug = HNA(.TA},B)A, di = d+ eq, and ds = d into
(76), we have |27 —Z1| < op(le]) + |w| + |eF|. But |57 — B] < |AB| + |eq| + |e;;], SO

|(@" =%, 87 = B)| < oy(d) +5/d]. (79)

Substituting x; = 2T, 22 = fc(:%,B), u = up = ﬁ(ﬁ:,B), B = BT, and B = S8 into
and [(78)| gives

Vi@ (N), %) = Vi@ (N), B)| < ov, (I@F =2, 5% = B)))

< 5Vf(\fi’) (80)
Vn(@T,a(z, ), 5T) — Vn (@, a(2, B), B)| < ovy (|27 — 7T, 5T = B)))
< UT(|J|) (81)

where Gy, (-) := oy, (0s(-) +5(-) € Koo, 0,(-) := ovy(04(-) +5(-)) € K, and the second
and fourth inequalities follow from [(79)]

Part (a). By definition @ a we have (2, 5) € Uy(i,5T) if and only if
Vf(§:+(N),B+) < ¢f. Thus, it suffices to construct 4; > 0 (independently of 3 and d)
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for which # € Xy(3) implies V;(2(N), %) < ¢;. Since & € Xn (), we already have
V(@(N), 3) < g, and by and
Vi@ (N), B) < Vi(E(N), B) — L&(N), ks (T(N), B), B)
2.

A~

< Vi(@(N), B) — a(Q)E(N) — zs(B)

Since B is compact and @, Py are continuous functions, the maximum

agp = maxo(Ps(B))
BeB:

exists and is finite, so

=V 2ay,
ViE(N). ) < e - 2 (52)
2af’2
On the other hand, if V;(Z(N), B) < 5, then we have
Vi@t (N),B) < 2. (83)

-2

Finally, combining |(80)} [(82), and |(83)| we have

Vi@ (N), BT) < ep =5 + v, (ld])

where 7 := min { %f, Céi;g) } was defined independently of (B, ci) Finally, taking 6, :=

min { 6o, 5y (v7) }, we have Vy(#¥(N), 37) < ¢ and a(#, §) € Un (2T, 61).
Part (b). By|(35), we have

Vn (", a(#, 0), ) < VR(2, 5) — (i, kin (2, 5), )
<VR(#,8) — a(Q)E(N) — zs(B)]*. (84)
Combining and gives with a3 := ¢(Q), which is positive since @ is positive

definite.
Part (c). The proof of this part follows similarly that of part (a). Since z € X ﬁ,(ﬁA),

we have V(£, B) < p. If Vi (2, B) > £, then, by (a), we have

¥
=
®
e}
=
)
S
[\
V
e}
=
=
@
=
Z,
o
=
)
®
|
8
v
=
A
[
I
=}
(oW

(85)
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On the other hand, if V{(#, 3) < £, then

<&,
VN(E+?ﬁ(j7B)7B) <

Combining andgives
VN(w ,u(d B) B) < p—r+dvy(ld])

where v := min{ 2,229 1 But @ is feasible by part (a), so by optimality, we have
2 2a

(NS

/\

VN(ET,B7) < Vv(@",0(2, 8), B) < p = + Gvy (|d])-
Thus, as long as |d| < § := mm{él,aVN( )}, we have V3 (2F, 51) < pand & € X5 (67).0

B.3 Proof of [Proposition 2|

Proof of [Proposition 2] [Proposition 7| gives |(44a)l By [Proposition 5| there exists o, € Koo
such that

lg(u, h(x1,u1,d1) + v1) — g(uz, h(za, ug, d2) + vo)|

< og(|(v1 — w2, u1 — uz,dy — d2,v1 —va)|) (87)
for all z1,20 € XN(B), ui,us € U, di,dy € D, and v; € V(z1,u1,d1), and vy €
Ve(xo,ug, d2), where

De:={deD| (sep,d) € Be }
Ve(z,u,d) :={v e dB"™ | h(z,u,d) +veY}
Fix 2 € XR(B), B = (s5p,d) € Be, and d = (e,et, Asgp, @) € De(#,3) N 6B, where
e = (gx,ed) and w = (w,wg,v). Substituting x; = & + ey, T2 = &, U = uy = /QN(ﬁz,ﬁA),
di=d+egq, do=d, v = v, and vo = 0 into i87i gives, independently of (z, 3, d),
1Ge(&, 8,d) = ge(#, B)| < og(|(ex, €a,)]) < og(|d]).

Then |(44b)| follows by the triangle inequality. Finally, if ¢ and h are Lipschitz continuous
on bounded sets, we can take o4(-) := ¢4(-) where ¢, > 0 is the Lipschitz constant for
g(u, h(z,u,d) +v). O

B.4 Proof of |[Proposition 3|

To prove [Proposition 3| we derive a bound on |@].

Proposition 9. Suppose [Assumptions 1| to and[9] hold. For any compact X C X and
Ae CR™ x Zy x W such that (ssp,wp) € A implies (ssp,0) € Ac, there exist functions
Ow, 0o € Koo for which

(0] < ow(|wp|)|z = z:(B)| + oa(|Aal) (83)

for all z € X x U and o = (sgp, wp),at € A., where B := (sgp,ds(a)), 0 = (w,wgq,v),
Aa = aT —a, and |(50)|



TWCCC Technical Report 2024-04 43

Proof. For ease of notation, we let z = (z,u) € X xU, a = (ssp, wp) € A¢, 5 := (Ssp, ds()),
W = (w,wg,v), and

AW (z, u, ) 1= fr(z + Azs(a), u, wp) — f(x,u,cis(a))A— Azg(a)
T hp(z 4+ Azs(a), u, wp) — h(z,u, ds(a))

throughout. We also note that, by definition of the SSTP @ and the nominal model
assumption we have

Aw(zs(8), ) = 0, 0, AW(z, sgp,0) = 0. (89)

Assume all functions continuously differentiable on X x U have been extended continuously
differentiable functions on all of R™*™ using appropriately defined partitions of unity
(cf. (Lee, 2012, Lem. 2.26)).

Let Z. denote the convex hull of X x U. For each i € I1.544,, 0. Aw; is continuous, and

by there exists 0; € K such that
|0:Aw; (21, 1) — O:AW;(22, a2)| < 0i([(21 — 22,1 — a2)])

for all 21,20 € Z. and ag,a9 € A.. Substituting 21 = 20 = 2z, vy = @, and g = (s4p,0)
into the above inequality, we have

|0:Awi(z, a)| = [0.Awi(z, ) — 0. Aw(2, 55p,0)| < oi(|wp]) (90)

where the equality follows by By Taylor’s theorem (Apostol, 1974, Thm. 12.14), for
each i € I1.p44,, there exist (2, a) € Z, and t;(z,a) € (0,1) such that

Awi(z, o) = 0, AW (Zi(z, o), ) (z — z5(B)) (91)

where Z;(z,a) = t;(z,a)zs(B) + (1 — ti(z,a))zi(z,a) € Z. by convexity of Z., and the

zero-order term drops by Combining and [(91)

n+ny n+ny
Ad(z,0)] < Y [Adi(z,0)| < ) oillwe))lz = 2(8)] = ow(lwpl)lz — z(B)]  (92)
i=1 =1

n+n oy . . .
where o, := ) ., ¥ 0;. By |Proposition 5| since xp g, xs,d, are continuous, there exist

0,04 € Ko such that

|Azs(a1) — Azs(az)| < op(|ar — as) (93a)
|ds(a1) — ds(az)| < oa(lar — azl) (93b)

for all a1, ae € A.. Finally, using and with oy = o and ap = o™ gives

@] < [Ad(z, @) + [Azs(a”) — Azg(a)| +|ds(a™) — ds(a)]
< ow(|wel)|z = 25 (B)| + oa(|Aal)

with o4 := 0, + 04 € Kso- O
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Proof of [Proposition 3. With &, € (0,07, (,/7:5>)), we can combine |(18b), [(74b), and

(88)| (from |Assumption 6and [Propositions 6| and@ respectively) and the identity (a-+b)?
2a? + 2b? to give

[ow(lwp])lz = 25(8)] + oa(|Aal)]”

2ow(lwp ]|z — 2:(B)]* + 2[oa(|Aal])]?

2o (Jwp)P[(1 + cu)|& = 25(B)] + Lylel]* + 2[oa(|Aal))?

Aow(fwp NP1+ cu)?[@ — 25(B)? + low(|wp)PLElel + 2[oa(|Aal))”

IN I/\

IN A

and therefore |(52 L where é3 := c3 — 4deg|oy(60)]2L2 > 0, 64(-) = dea[ow()2(1 + cu)?,
6a(-) = 2c4[oa(-)]?, and Ly > 0 is the Lipschitz constant for zs. O

B.5 Proof of [Proposition 4|

To establish we require two preliminary results.

Proposition 10. Suppose [Assumptions 1] to and [9] hold. Let p, 6, > 0. There exist
Ce > 0 and Gy, 00 € Koo such that

[ < &l(e, ") + Fu(jwp )& —2s(B) + Gal(|Aal) (94)

so long as o = (Ssp,wp) € Ac(dw), Aa = (Asgy, Awp) € Ac(a, dy), (33,3) c S’j’i], d =
(e,et, Asgp, ) € D (&, 3) N 6B, and 3 = (ssp,(f), given |(17)| and |(50)|

Proof. From and [0 and (Rawlings and Ji, 2012, Eq. (1)),

@ DIz = 25(B)| + ga(|Aal))?

DIz = 25(B)] + Lo (Jwp)le| + oa(|Aal)]?

[ow(Jwp)le = 25(8)] + ow(lwp)|u —us(B)| + Lsow(|we))le| + oa(|Aal)]?
[(1+ cu)ow(lwpl)[& — 2s(B)] + (Ls + Do (lwpl)le] + oa(|Aal)]?

9(1 + cu)*[ow(lwp)P|E — 2s(B) [ + 9(Ls + 1)*[ow(|wp )]*|ef* + 9[oa(|Aal)]”

IN \/\

[ow (Jwp
[ow (wp
P

IN

IA A

where Lg > 0 is the Lipschitz constant for z5 and ¢, > 0 and oy, 0, € Koo satisfy |(74b)
and |(88)l Therefore
[d* = (e, ™) + [Asspl* + @]
<91+ cu)*(ow(Jwp)))?[& — z5(B) 7
+ (14 9(Ls + 1)*(0w(8))?) (e, €M) + |Aal® + 904 (| Aa))?

0 holds with & := 14+ 9(Ls + 1)?[0w(6)]> > 0 and Gy = (1 + ¢,)%02,04 =
D2 + 90, € Koo O
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Proposition 11. Suppose [Assumptions 1] to and [9] hold and let p > 0. There exist
ayy 1 € (0,0(Q)) and ayy 2,9 > 0 and oy, € Koo such that

‘VN('%Jraﬁ(i.v/B)wéJr) - VN(E+7ﬁ(£76)76)‘ < aVN,lli. - xS(B)P + aVN,Z‘dP (95)

€ Aﬁ, and d € Du(z, B) N 6B, where T+ := fu(2,5), &1 := fu(&,8,d), and

for all (&, AA)
B,d)

A~

BJF = fﬁ,c
Proof. By continuity of Py, there exists op, € Koo such that
|1 Pr(B1) — Pr(B2) |l < op, (|81 — Bal) (96)

for all B1, 82 € B.. Moreover, since B, is compact and Pj(-) is continuous and positive

definite, the maximum ~ := max_;_ o(Pf(B)) exists and is finite and the minimum g :=

maxg. ;. a(Pf(B)) exists and is positive. Let Ly > 0 denote the Lipschitz constant for z,
on B.. Throughout, we let (%, ) € Sﬁ,, 6% = & — 24(B), d € De(2,B), TH = f.(&,B),
it = fu(@, B,d), Bt = fs.(B,d), 0 = a(z,B), TH(k) == ¢(k;TT, @, 3), and 2T (k) :=

¢(k; T, 1, 4T).
By [ssumption 9 we have
" — 27| < Lyle| + |w| + [ef | < L|d] (97)
where Ly > 0 is the Lipschitz constant for f and L’f =Ly +2, by (b), we
have A A . R R
|20(BY) — 25(B)| < Ll B — Bl < L (|AB] + leal + lef ) < 3Ls|d] (98)
and by we have ¢, ¢, > 0 such that
Tt (j) — 2s(B)] < e (99)
(k) — us(B)] < culdd] (100)

for each j € Ig.y_1 and k € Ig.y_o.

By and [}, we have

WlE (V) — 2s(B)? < Vi@ (N — 1), 5)
<ViE (N =1),8) - c(QIF (N = 1) — 2, (3)]
<[y - o(Q)FF (N - 1) - 2u(B)

Therefore X
[TF(N) — 25(B)] < ypeald| (101a)
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7—ao(Q)
Yo

a(R)a(N —1) —us(B)]* < Vi(@" (N = 1), 8) = a(Q)[z" (N — 1) — z5(B)[”
< (= a(@)EFF (N 1) —a5(B)?

where vy := . Similarly, using the fact that Vy(z"(N), 8) > 0, we have

and therefore A

|a(N — 1) —ug(B)| < ey, r|02] (101Db)
with ¢, = cm/%é?).

Due to continuous differentiability of f, we have
|@F (k) =z (k)| = |F (@1 (k = 1), @(k),d") — f(@" (k= 1), @(k),d)|
< Lylat(k—1) =7 (k — 1)+ Lg|ld" — d|

where Ly > 0 is the Lipschitz constant for f. Applying this inequality recursively, for all
k € Iy.n, we have

&% (k) = (k)| < L& =2+ Ly(k)|d* —d| < L(k)|d] (102)

where ALf(k)A = Ele Llj} and L (k) ::~LI;L} +3Ls(k), and we have used |(97)| and the fact
that |dT — d| < |wa| + |eq| + |e| < 3|d|. Moreover,

~ [(99)l(102)] ~
34 (k) —2s(B)] < cal6d|+ L(K)|d| (103)
and [(101D)}(102)]
. [(aoD(i02 -
BH(N) —zs(B)] < cavgl0@] + Lp(N)]d]. (104)

Using the inequalities, [|€[3,, — [€[3,,] < [[M1 — Mal[¢]?, and |8+ — B < |AB| +
lea| + || < 3|d|, we have
Vi@ (N), B7) < 27 (N )—ws(5+)|2 )+ op Bld)ET (N) = zs(B1)2.
Using the identity &1 + &2 < 2|€1)? + 2|€2|%, we have
V(@*(N), B7) < 27 (N) - ws(5+)|2 ,+ o2 (1dDI6E + opy,a(ld])|d]. (105)
where op, .(°) := 26926’)/]%0'Pf(3(')) and op, 4(°) 1= 2(L’f(N)) op,(3(+))-

For the remainder of this part, we let A > 0 (to be defined) and use the identity
2ab < \a® + A7'b?. Expanding quadratics and using the identities [(98)| we have

~+ _ aHV2 st _ V12
135 (N) =25 (B3, 5, — 18T (V) = 2:(B)3, 5
< 6yLs|2T(N) — 25(B)||d| + 9vL2|d|?
< 6vLscavy|02||d| 4+ (6yLs Ly (N) + 9vL2)|d[?
< 3YALscayf|0] + (69Ls L't (N) + 9vL2 + 3X "y Lycayy)|d|”
< ALy (N)|62]% + La(N, \)|d|? (106)
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where f/l(N) := 3vLscyyy and i2(N, A) = 6'yLSL’f(N) +9vL2 + 3)\_17Lscl«'yf. Similarly,
for each k € Ip.n_1,
18 (k) — 25(BM)IG — 121 (k) — 25(B) [
< 62(Q)Ls|& (k) — 2s(B)lId] + 92(Q) L2|d|?
< 60(Q)Lscy|d%]|d| + (60(Q)LsLy(k) + 92(Q) L3)|d|?
< 3Ac(Q) Lscal02f* + (60(Q) Ly (k) + 9a(Q) LT + A"y Lscy)|d|?
< AL1(F)|62]* + La(k, A)|d|” (107)

where Ly (k) := 30(Q)Lsc, and Lo(k, \) := 60(Q)LsLy (k) + 90(Q)L2 + 3\"'yL4c,, and

(k) = us (BY)[F — |a(k) — us(B)|Rl
< 6a(R)Ls|a(k) — us(B)||d] + 92(R) L3 d|*
< 60(R) Lycy ()|62]|d| + 9a(R)L2|d|?
< 3\a(R)Lscy(k)|62* + (9a(R)L? + 3X"'a(R) Lsc, (k))|d|?
< AL1(K)[02]* + Lo (k, A)|d|? (108)
where L (k) := 30(R)Lscy(k), La(k,\) := 9a(R)L? + 3\~ 'a(R) Lscy(k), and ¢, (k) = ¢, if

ke ]IO:N_Q and Cu(N — 1) = Cy,f-
For the uniform B bound, we have

|VN( +7~a6) (CL‘+,1~1,B)|

< ) 20(Q)|" (k) — T (k)l[z* (k) — 2s(B)| + 7(Q) |27 (k) — " (k)|
kihlfﬁ(N)—w (MIZ*(N) = z5(B)] + 7[2T(N) =z (N)]?
SNZI2 (Q)eaLls(k)|02]|d] +7(Q) (L (k))?|d[?
ki270x7fo( N)[§E|ld] +~(L7p(N))?|d]”
SN%AE(Q)%L’( k)6z]* + (F(Q)(L} (k)* + A5 (Q)ex Lp(K))1d|”
k:iMcmLf( N)62[* + (V(LF(N))? + A yeavp L (N))|d]
gN_l (k)|62 % + La(k, N)|d|*> + AL1(N)|62[* + La(N, ) d|?
k=0

where Ly (k) := 7(Q)czLs(k) and Lao(k,\) := E(Q)(L’f(k))2 + A\~ 10’(@)01«[//( ) for each
k € lo.n—1, and L1(N) == yez7 L (N) and La(N, ) == ’y(L’f(N))Q + A~ fyca;’ny’ (N).
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Finally, we compile the above results,

() = 2B, o0y — 75 (V) — 2B, 5|
{]

!i+(N)—$s(ﬂ+)P(5) T (N) - zs(B)3, )+0Pfx(!d|)l5l‘! +oppalld))d?

(106)]
<

ot + — (A2
() =2 (B, 5, — (V) xs<ﬁ>|w)
+ (opp 2 (d]) + AL1(N)) (62 + (o py a(ld]) + La(N, X))|d]? (109)
and therefore
‘VN(‘%—F ﬁ?BJ’_) - VN(:E—Fvﬁa B)|
107109 N-1 y s _ o
Z ALy (k) + Ly (k))|62]* + (La(k, \) + La(k, \))|d|
+ (UPf,x(!d\) + ALL(N))[0E* + (opy.a(ld]) + L2(N, V) d]?
Finally holds so long as |d| < §, with
~ Nili
avy,1 = 0p;o(6) + A <L1(N) +Li(N)+ > Ll(k)>

Avy,2 = Upfvd((s) + LQ(N, )\) + IAQ(N, )\) + fg(k, )\)

k=0
where Ly (k) := Li(k) + L1(k) + Li(k) and Ly(k,\) := Lo(k,A) 4+ La(k,\) + La(k, \).
a(Q)—op, (6
To ensure ay, 1 < o(Q), we can simply choose A € (0, Ll(N)+1(i?2N)JI:%]‘(’)1L1(k)> and
k=0
5 € (0,07, (e(Q)). .

Proof of [Proposition 4. For convenience, we define @1 := u(&,3). From [Propositions 10|
and we have ay, .1 € (0,0(Q)), avy 2, Ce, 6,0, > 0, and &y, 6o € Koo such that

A~

Va(@*, @, 6%) = V(@ @, B)] < (avy,1 + Gu(lwp))I62] + avy 2cel(e, €)* + Ga(|Aal)

so long as d € D, (&
~—1

,B)NEB™, o € Ac(6y), and Aa € Ag(ev, 8,). Without loss of generality,
assume 0, < 0, (g

(Q) —avy1). By we can choose § > 0 such that

ae€Uy(z ,5+)
Vy(@t, Bt < (@t w, B7)
<Vy(t, u, B) + (ayvy 1+ Fuw(0w)) |02 + ayy 2¢|(e, e + 6a(|Aal)
< V]e('%?B) - (Q(Q) — Qvy,1 — 5’w((5w))’5i'|2 + aVN72C€|(€7 €+)|2 + 60&(‘Aa|)'

where the first inequality follows by optimality and the third inequality follows by ((35)]
Thus, holds with az := a(Q) — ayy,1 — 6w (dw) > 0 and a4 := ay, 2¢. > 0. O
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C Establishing steady-state target problem assumptions

C.1 Proof of Lemma 1l

Proof of[Lemma 1] First, note that M; full row rank implies n, < n,. Consider the

function
f(xs>usa d) — Ts

f1(zs, B) = g(u, h(zs, us, d)) — Tsp

and define the objective and Lagrangian

(b(zSu 6) = gs(us — Usp, ys(za B) - ysp)
L(zs, B,N) = ¢(zs, B) + X (2, B)

where z; = (Zs, us), Ys(2s,B) := h(zs,us,d), and B = (rsp, Usp, Ysp, d). The first-order
derivatives of the Lagrangian are

02, L(25, B, \) = 02,0(2s, B) + [0:,f1(2s, 5)]T/\
a)\E(ZSv 67 )‘) == fl(Z57 6)

The goal of the proof is to use the implicit function theorem on d, )\)E(zs, B, A) to establish
Lipschitz continuity of the SSTP solution map zs(-). We already have 9., 1)£(0,0,0) =0
by assumption. Next, we aim to show B(ZS,,\)E(zS, B,A) = 0 is a necessary and sufficient
condition for solving @

First, we have the partial derivatives 9,,f1(0,0) = M, which is full row rank by as-
sumption. By continuity of 0, f}, there exist constants 1,91 > 0 such that 0, f;(zs, 8) is
full row rank for all |z5| < e; and |B| < 01. Then, so long as (zs, 3) are kept sufficiently
small, the linear independence constraint qualification holds, and 9., \)L(zs, 3, A) = 0 is a
necessary condition for solving @

Consider the following second-order derivatives:

02 £(0,0,0) = My 9, ,1£5(0,0) Mj
0.,0,L(0,0,0) = 0,.£1(0,0) = M,
93£(0,0,0) =0
where M3 := [2 F] ﬁ We have 0., \)£(2s, 8, A) = 0 is a sufficient condition for solving

if
AT 02 L(zs, B,N\)d > 0

for all d € N(0,,f1(2s,8)) \ {0}. We require the following intermediate result.

Lemma 5. For each A = AT € R™" and B € R™™, we have ' Ax > 0 for all x €
N(B)\ {0} if and only if [4] is full column rank.

8The second-order derivatives of ys(zs, 3) and fi(zs, 8) vanish since 9, ,)¢s(0,0) and ys(0,0) = 0 (by
assumption) and we have set A = 0.
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Proof. First, note that N(A+ BTB) = N([4]), so [4] is full column rank is equivalent
to A+ BT B being positive definite.

(=) Suppose 2" Az > 0 forall z € N(B)\{0}. Then 2" (A+B'B)x >z Az > 0 for
allz € N(B)\{0}and 2" (A+B"B)x > 2"B"Bx > 0 for all z ¢ N(B), so A+ BB is
positive definite.

(<) Suppose A + BT B is positive definite. Then 2" Az = 2T (A + BT B)x > 0 for all
zeN(B)\{0}. O

Thus, it suffices to show
02 L(zs, B )\)]
Zs T 110
[ 0:.11(2s, B) ( )

is full column rank. Since a(Zu »!s(0,0) is positive definite, A (02.£(0,0,0)) = N(Ms).

Then with M, := [858%(()606(;)} we have
N (My) = N(82.£(0,0,0)) NN (9s,£1(0,0))
- N(Mg) ﬂN(Ml)

() -

where the last equality follows from the fact that

[M?,] | e b

My g;é Hu-i-BHyD

is full column rank, as it is the row permutation of a block triangular matrix with full
column rank diagonal blocks I and [A5 I } H Therefore My is full column rank, and because
is continuous, there exist €9,d9,v2 > 0 for which is full column rank for all
|zs| < €2, |B] < d2, and |A| < v2. Therefore, so long as (zs, 3, ) are kept sufficiently small,
Oz, )L (25, B,A) = 0 is in fact a necessary and sufficient condition for solving @

Now we are able to solve @ We have the derivatives
M 07, 05(0,0)M5 My ]

2 —
9., 0£L(0,0,0) = [ M, 0

According to (Magnus and Neudecker, 2019, Thm. 3.21), we have the nullspace relationship

N2, 1, £(0,0,0)) = N ([VO WOD (111)

where

T r92
M 07 £s(0,0 M
Vo := M 07, ,,¢5(0,0)Ms + M My = [Mﬂ [ (uz)£s(0,0) I} [Mﬂ

Wo := M,V My

Full column rank of [4M] for all [A| > 1 follows from detectability of (A, C).
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Recall [%ﬁ] is full column rank and 8(2u y)ES(O,O) is invertible, so V; is invertible. Like-

wise, M7 full row rank and Vj invertible implies that Wy is invertible. Finally, [VO Wo}

is invertible, and by [(111) 8(2ZS,)\)£(O,O,O) is invertible. By the implicit function theo-
rem (Rudin) 1976, Thm. 9.24) there exist d3 > 0 and continuously differentiable func-
tions g1 : R™ — R"™u and gy : R"™ — R gsuch that g1(0) = 0, g\(0) = 0, and
o L(g1(B), 8,8 (8)) = 0 for all |B] < ds.

For convenience, we define the functions

81(8) =: (zs(B),us(8))
5(5) ‘= max Ci(us(ﬂ)’h(xs(ﬁ)yus(ﬂ),d)) +b;

1<i<ne

for each f = (rep,2sp,d) € B, which are continuous because g, h, and ¢ are continu-
ous. Moreover, X, U contain neighborhoods of the origin and ¢(0) < 0 by assumption,
so there exists d3 > 0 for which z,(8) € X x U and ¢é(8) < 0 for all |5| < d3. Let
§ < 64 := min{d1,8,03}, dp := 04 — 8, B, := 0B, and B, := 6,B"#. Defining B, as in
(i), we have || < |8] + |eq| < 6+ 6o = &4 for each § = (sqp,d) € Be, and
therefore B. C B, C B, C B. Moreover, (z5(3),us(3)) € Zo(rsp,a?) and (24(8), us(5))
uniquely solve [(6)| and are continuously differentiable for each 3 = (ssp,c?) € B.. Finally,

is satisfied by zs, B. C BB, and &y > 0. O

C.2 Proof of [Lemma 2|
Proof of[Lemma 2 Recall from the proof of that M; full row rank implies n, <

ny. Moreover, My invertible implies ng = n,. Consider the functions

R fP(mP,mus;wP) — TPps
fQ(Zs,Xs,OZ) - {hp(xp,s,us,wp) _ h(ZUs,Us,ds)

fi(zs, B) }

f(zs, Xs, Oé) = |:f2(287 Xs, a)

where 25 := (x&us)a Xs 1= (xP7sadS)7 Q= (rspyuspayspﬂUP); B = (Tspauspvyspvds)v and f;
is defined in the proof of Defining ¢ and £ as in the proof of we seek

to use the implicit function theorem on

h(ZS7X87>\;a) = |:8(st>‘)£(zs’xs’/8’)\):|

fQ(z&X&B)
_ [azs¢(zs7xs,ﬁ) + [0..£1 (25, X5, ﬁ)]—r)\}
- f(a, 8)

which is the combination of the stationary point condition for the Lagrangian of @ with
the steady-state disturbance problem We already have h(0,0,0,0) = 0 by assump-
tion. From the proof of [Lemma 1| there exists §; > 0 such that, for all |(xs,a)| < 61,
Oz M L(25,Xs, a, ) = 0 is a necessary and sufficient condition for solving @ Thus, if we
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keep |(xs, )| < &1 sufficiently small, then h(zs, x5, A\, a) = 0 is necessarily and sufficient

for simultaneously solving [(6)] and [(47)]

Defining the invertible matrices

In 0 0 O
.| 0y 0 O L
Tl -— In 07‘ _In 0 5 T2 «—

0 0 0 In,

In 0 —I, 0
0 0 0 In,

In 0 0 0
0 I, 0 O
)

We have

Tla(ZS’xS)f(O’OaO)TZ - [Ml ! } :

0 M

We can write the derivatives

(u,y)™s

M 9% 0:(0,0)Ms M
O(24,x)£(0,0,0) 0

9z, xs,01(0,0,0,0) = [

where Ms is defined as in the proof of and Ms = [& 58 ng]. Note that
MsT5 = M5 and My = [Mg *] Define the invertible matrices

I T Intn, O 0
T3 = [ ntny T1:|’ T4 = |: In+n,1:|’ P = 8 , 0 In.gnd .
n+nyr

Then we can write

(u) s

M, o? (0,0)M35 M, *
T30z, %, ) 1(0,0,0,0) Ty P = [ My 0 } (112)
0 0 Mo

MJ o2 £5(0,00M5 M

But M5 is invertible by assumption, and [ (wy) } was shown to be invertible

M
in the proof of 80 J(z, x,,»h(0,0,0,0) mlust be invertible. By the implicit func-
tion theorem (Rudin) (1976, Thm. 9.24) there exist d2 > 0 and continuously differentiable
functions g : R — R2Fmutna and gy : R — R0y (where A := R™ x Z, x W)
such that g(0) = 0, gA(0) = 0, and ., «, ) L(g(), a, gr(a)) = 0 for all [a] < ds.
As in the proof of we define the functions

g(a) = (zs(a), us(@), zps(@), ds(a))
é(a) == 1%%)7(@ ci(us(a), hp(zps(a), us(a), wp)) + b;

for each a = (rgp, 2zsp, wp) € R™, which are continuous because g, hp, and c are con-
tinuous. From we already have a set B. C B containing a neighborhood
of the origin and continuously differentiable functions (with a slight abuse of notation)
(zs,us) : B— X x U that uniquely solve [(6)] (and satisfies [Assumption 7). Since X, U, D, B,
contain neighborhoods of the origin, there must exist d3 > 0 such that g(a) € XxUxXxD,
B = (Tsp, zsp,ds(r)) € Be, |(xs(a),a)] < d2, and é(8) < 0 for all |a] < 3. There-
fore (xs(v),us(c)) are also the unique solutions to |(6)] with 5 = (rep, 2sp, ds()), i.e.,
(zs(a),us(a)) = (xs(B),us(B)), and all parts Of are satisfied with (zs,us) :
B—XxTU, (zpg,ds) : Ac = X x D, A, := éB", and § := min { 1, d2, 03 } > 0. O
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