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Abstract
This technical report contains supplemental material for the

manuscript “Maximum likelihood estimation of particle size distri-
bution for high-aspect-ratio particles using in situ video imaging” [2].
This report gives the derivation of the probability densities used to
formulate the likelihood function of the MLE.

1 Maximum likelihood estimation of PSD

Let Xk = (X1k, . . . , XTk) be a T -dimensional random vector in which Xik gives the number
of non-border particles of size class i observed in image k. A non-border particle is a particle
that is completely enclosed within the imaging volume. A border particle, on the other
hand, is only partially enclosed within the imaging volume such that only a portion of the
particle is observable. For border particles, only the observed length (i.e. the length of the
portion of the particle that is inside the imaging volume) can be measured. Accordingly, we
let Y k = (Y1k, . . . , YTk) be a T -dimensional random vector in which Yjk gives the number
of border particles with observed lengths in size class j that are observed in image k. We
denote the observed data, or the realizations of the random vectors Xk and Y k, as xk and
yk, respectively.

The particle population is represented completely by the vectors ρ = (ρi, . . . , ρT ) and
S = (S1, . . . , ST+1) in which ρi represents the number of particles of size class i per unit
volume and Si is the lower bound of size class i. Given the data x and y (the subscript k
denoting the image index is removed here for simplicity), the maximum likelihood estimator
of ρ is defined as

ρ̂b = arg max
ρ

pXY (x1, y1, x2, y2, . . . , xT , yT |ρ) (1)
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in which in which the subscript b indicates the use of border particle measurements and
pXY is the joint probability density for X and Y . In other words, we want to determine
the value of ρ that maximizes the probability of observing exactly x1 non-border particles
of size class 1, y1 border particles of size class 1, x2 non-border particles of size class 2, y2

border particles of size class 2, and so on.
A simplified expression for pXY can be obtained by noting that, at least at low solids

concentrations, the observations X1, Y1, . . . XT , YT can be assumed to be independent.
This assumption means that the observed number of particles of a given size class depends
only on the density of particles in that same size class. At high solids concentrations, this
assumption seems unreasonable because the number of particle observations in a given size
class is reduced due to occlusions by particles in other size classes. At low concentrations,
however, the likelihood of occlusion is low. The independence assumption does not imply
that the observations are not correlated. Rather, the assumption implies that any correla-
tion between observations is due to their dependence on a common set of parameters. As
an example, if we observe a large number of non-border particles, we would expect to also
observe a large number of border particles. This correlation can be explained by noting
that the probability densities for both border and non-border observations depend on a
common parameter, namely, the density of particles. Given the independence assumption,
we express pXY as

pXY =
T∏

i=1

pXi(xi|ρ)
T∏

j=1

pYj (yj |ρ) (2)

in which pXi and pYj are the probability densities for the random variables Xi and Yj .
Using Equation (2), the estimator in Equation (1) can be reformulated as

ρ̂b = arg min
ρ

T∑
i=1

− log pXi(xi|ρ)−
T∑

j=1

log pYj (yj |ρ) (3)

The probability densities pXi and pYj are derived in the following sections. These
derivations show that Xi ∼ P(mXi), or that Xi has a Poisson distribution with parameter
mXi = ρiαi, in which αi is a function of the field of view, depth of field, and the lower and
upper bounds of size class i. Furthermore, Yj ∼ P(mYj ), in which mYj =

∑T
i=1 ρiβij

2 Derivation of probability densities

The probability densities pXi and pYi in Equation (3) can be derived given the particle
geometry and the spatial and orientational probability distributions. Here, we derive pXi

and pYi for needle-like particles assuming the particles are randomly, uniformly distributed,
both in their 3-dimensional spatial location and in their orientation in the plane perpen-
dicular to the optical axis. To simplify the discussion, we initially present the derivation
assuming a 2-dimensional system with monodisperse, vertically-oriented particles. Later,
we relax these assumptions and present the derivation for randomly-oriented, polydisperse
particles in 3-dimensional space.
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Figure 1: Depiction of hypothetical system of vertically-oriented particles randomly and
uniformly distributed in space.

2.1 Non-border particles

Let S be a square domain in R2 with dimension B and area AS = B2. Let I be a
rectangular domain in R2 with horizontal and vertical dimensions a and b, respectively,
and area AI = ab. Assume AI � AS and I ∈ S. Let ntot be the total number of vertically-
oriented particles with midpoints randomly and uniformly distributed in S, and define
ρ = ntot/AS as the density of particles per unit area. Let the length of all particles be l,
with l < min (a, b), and define Anb as the area of the domain in which particles are inside I
but do not touch the border of I. Because the particles are oriented vertically, it is easy to
show that Anb = a(b− l), as depicted in Figure 1(a). Finally, let X be a random variable
denoting the number of non-border particles appearing in I. Assuming the location of each
particle in S is independent of the remaining particles’ locations, the probability that a
specific particle will appear entirely within I is given by p = Anb/AS . Given the above
assumptions, this probability is constant for all particles. The probability of observing x
non-border particles in I is analogous to the probability of observing x successes in ntot

Bernoulli trials in which the probability of success in each trial is p. Thus, X is a binomial
random variable with probability distribution

pX(x) =
(

ntot

x

)
px(1− p)ntot−x

Now, assume B → ∞ while keeping ρ constant. Then ntot → ∞ and p = Anb/AS =
Anbρ/ntot → 0 while Np = ρAnb remains constant. The limiting distribution of X is
therefore Poisson

pX(x) =
e−mX mx

X

x!
, mX = ρAnb

To extend the analysis to polydisperse, randomly-oriented needles, we discretize the
length scale into T size classes and let X = (X1, . . . , XT ) be a T -dimensional random vector
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Figure 2: Depiction of geometrical properties used to derive the non-border area function
Anb(l, θ).

in which Xi gives the number of non-border particles of size class i observed in a single
image. An orientation Θ and length L are assigned to each particle, where Θ1,Θ2, . . . ,Θntot

are i.i.d. with density function pΘ(θ), θ ∈ [−π/2, π/2) and L1, L2, . . . , Lntot are i.i.d. with
density function pL(l), l ∈ (0, inf). Θ and L are independent of each other and independent
of the particle’s spatial location. We define S as the T+1-dimensional vector of breaks
between size classes. A particle of length l belongs to size class i if Si ≤ l < Si+1. Let
∆i = Si+1 − Si. Our goal is to determine the probability that a particle of size class i will
appear entirely inside the image I, given its density ρi. Following the approach used to
solve the Buffon-Laplace needle problem [3, p. 4], Figure 2 shows geometrically that for a
given orientation θ and length l, Anb(l, θ) can be calculated as

Anb(l, θ) =
{

(a− l cos θ)(b− l sin θ) 0 ≤ θ ≤ π/2
(a− l cos θ)(b + l sin θ) −π/2 ≤ θ ≤ 0

(4)

The probability that a given particle in size class i will appear entirely within I is given by

pi =

∫ Si+1

Si

∫ π
2

−π
2

Anb(l, θ)pΘ(θ)pL(l)dθdl∫ Si+1

Si

∫ π
2

−π
2

ASpΘ(θ)pL(l)dθdl

(5)

Thus, the probability that a specific particle of size class i will appear entirely within the
image is given by pi = α̃i/AS , where α̃i is the numerator in Equation (5). Following the
same arguments as above, we can show that for an infinitely large system, Xi is a Poisson
random variable with parameter mXi = ρiα̃i.

Extending the analysis to three-dimensional space is trivial because we assume the
particles are oriented in the plane perpendicular to the camera’s optical axis and assume
no interaction between particles. Thus, for a three-dimensional system, Xi is a Poisson
random variable with parameter mXi = ρiαi, with αi = α̃id, in which d is the depth of
field.

Assuming Θ is distributed uniformly and L is distributed uniformly across each size
class, αi can be calculated as follows. Let ∆Si = Si+1 − Si, Smax =

√
a2 + b2, ∆Si,max =
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Smax − Si, and assume a > b. For Si+1 ≤ b,

αi =
d

3π

(
S3

i+1 − S3
i

)
∆Si

− a + b

π

(
S2

i+1 − S2
i

)
∆Si

+ ab

For b < Si, Si+1 ≤ a,

αi =
d

π∆Si

[
Si+1

(
a
√

S2
i+1 − b2 + 2ab sin−

(
b

Si+1

)
− b

)
· · ·

− Si

(
a
√

S2
i − b2 + 2ab sin−

(
b

Si

)
+ b

)
· · ·

+ab2 log

Si+1 +
√

S2
i+1 − b2

Si +
√

S2
i − b2

− a
(
S2

i+1 − S2
i

)
For a ≤ Si, Si+1 ≤ Smax,

αi =
d

π∆Si

{
Si+1

[
a
√

S2
i+1 − b2 + b

√
S2

i+1 − a2 + 2ab

(
sin−

(
b

Si+1

)
− cos−

(
a

Si+1

))]
· · ·

− Si

[
a
√

S2
i − b2 + b

√
S2

i − a2 + 2ab

(
sin−

(
b

Si

)
− cos−

(
a

Si

))]
· · ·

+ ab2 log

Si+1 +
√

S2
i+1 − b2

Si +
√

S2
i − b2

 + a2b log

Si+1 +
√

S2
i+1 − a2

Si +
√

S2
i − a2

 · · ·

−(a2 + b2)∆Si −
1
3

(
S3

i+1 − S3
i

)}
For a ≤ Si ≤ Smax and Si+1 > Smax,

αi =
d

π∆Si,max

{
Smax

[
a
√

S2
max − b2 + b

√
S2

max − a2 + 2ab

(
sin−

(
b

Smax

)
− cos−

(
a

Smax

))]
· · ·

− Si

[
a
√

S2
i − b2 + b

√
S2

i − a2 + 2ab

(
sin−

(
b

Si

)
− cos−

(
a

Si

))]
· · ·

+ ab2 log

Smax +
√

S2
max − b2

Si +
√

S2
i − b2

 + a2b log

Smax +
√

S2
max − a2

Si +
√

S2
i − a2

 · · ·

−(a2 + b2)∆Si,max −
1
3

(
S3

max − S3
i

)}
2.2 Border particles

As before, we simplify the discussion by first presenting the derivation of pYi for monodis-
perse, vertically-oriented particles. Let Y be a random variable denoting the total number
of border particles appearing in I. Define Ab as the area of the domain in which particles
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Figure 3: Depiction of hypothetical system of vertically-oriented particles randomly and
uniformly distributed in space.

touch the border of I, as depicted in Figure 3(a). For the present system, Ab = 2al. The
probability that a specific particle will touch the border of I is given by p = Ab/AS . Fol-
lowing the same arguments as above, we can show that for an infinitely large system, Y is
a Poisson random variable with parameter mY = ρAb.

Now, assume we would like to incorporate additional information into our estimation
by taking into account not only the number of border particles, but also their observed
lengths. For a monodisperse population, these observed lengths can take on values any-
where between 0 and l. We therefore discretize the length scale on [0 l] and let j denote
the size class corresponding to the observed length. We define Yj as a random variable
denoting the number of border particles appearing in I with observed length in size class
j. Figure 3(b) illustrates this approach for two size classes. In this figure, Ab1 is the area
of the region in which particles produce observed lengths from 0 to l/2, corresponding to
size class 1, while Ab2 is the area of the region in which particles produce observed lengths
from l/2 to l, corresponding to size class 2. The probability that a specific particle will
touch the border of I and produce an observed length in size class j is p = Abj

/AS . Thus,
Yj is a Poisson random variable with parameter mYj = ρAbj

.
In Figure 3(b), Ab1 = Ab2 . This equality between the areas of different observed length

size classes does not hold in general, however, as illustrated in Figure 3(c). In this figure,
we assume all particles are oriented diagonally, at 45 degrees from the horizontal, and the
figure illustrates that Ab1 > Ab2 . Hence, in general, border particles are more likely to
result in observed lengths in the lower size classes.

To extend the analysis to polydisperse systems with random orientation, we define a
new random variable Yij that gives the number of particles in size class i that intersect the
image border, producing an observed length in size class j. Given that the size class of
each border particle is unknown, we define the random variable Yj as the total number of
border particles producing observed lengths in size class j, noting that Yj =

∑
i Yij . Our

approach is to determine the probability density for Yij for all i and to use these densities
to derive the probability density for Yj .
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Figure 4: Depiction of non-border area for arbitrary length and orientation.

We define the function Abj
(l, θ) as the area of the region in which a particle of length l

and orientation θ produces an observed length corresponding to size class j. To calculate
Abj

(l, θ), it is convenient to define an area function Ã(l, θ, l̃) as the area of the region in
which particles of length l and orientation θ either intersect or are enclosed within the
image boundary and produce an observed length greater than or equal to l̃. Ã(l, θ, l̃)
can be calculated using the geometric relationships shown in Figure 4: In this figure, the
thick-lined, outer rectangle is the image region, and the inner rectangle is the region inside
which a particle with length l and orientation θ will be entirely enclosed within the image
boundary, thus producing an observed length of exactly l. A particle with its midpoint
along the perimeter of the outermost hexagon would touch the image boundary but give an
observed length of 0. A particle with its midpoint anywhere inside the innermost hexagon
will produce an observed length greater than or equal to l̃. Using the relationships indicated
in this figure, and assuming l̃ ≤ l, Ã(l, θ, l̃) can be calculated as

Ã(l, θ, l̃) =
{

(a + (l − 2l̃) cos θ)(b + (l − 2l̃) sin θ)− (l − l̃)2 sin θ cos θ 0 ≤ θ ≤ π/2
(a + (l − 2l̃) cos θ)(b− (l − 2l̃) sin θ) + (l − l̃)2 sin θ cos θ −π/2 ≤ θ ≤ 0

(6)
If b ≤ l̃ < a, Equation (6) is valid only for θ on (−sin−(b/l̃), sin−(b/l̃)). If a, b ≤ l̃ < (a2 +
b2)1/2, Equation (6) is valid only for θ on (−sin−(b/l̃),−cos−(a/l̃)) and (cos−(a/l̃), sin−(b/l̃)).
Abj

(l, θ) is given by

Abj
(l, θ) =


Ã(l, θ, Sj)− Ã(l, θ, Sj+1) l ≥ Sj+1

Ã(l, θ, Sj)−Anb(l, θ) Sj ≤ l < Sj+1

0 l < Sj

(7)
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The probability that a given particle in size class i will appear within I and produce
an observed length in size class j is given by

pij =

∫ Si+1

Si

∫ π
2

−π
2

Abj
(l, θ)pΘ(θ)pL(l)dθdl∫ Si+1

Si

∫ π
2

−π
2

ASpΘ(θ)pL(l)dθdl

(8)

The probability that a specific particle in size class i will touch the border of I and pro-
duce an observed length in size class j is pij = β̃ij/AS , with β̃ij being the numerator in
Equation (8). Thus, for an infinitely large system, Yij is a Poisson random variable with
parameter mYij = ρiβ̃ij . Assuming Y1j , Y2j , . . . , YTj are independent, then Yj =

∑
i Yij is

also a Poisson random variable with parameter mYj =
∑

i ρiβ̃ij [1, p.440]. As in the non-
border case, the analysis is extended to three-dimensional space assuming the particles are
oriented in the plane perpendicular to the camera’s optical axis and that the particles do
not interact. Thus, for a three-dimensional system, Yj is a Poisson random variable with
parameter mYj =

∑
i ρiβij , with βij = β̃ijd.

Assuming Θ is distributed uniformly and L is distributed uniformly across each size
class, βij is calculated as follows. Let the length scale discretization be the same for
both border and non-border particles. As before, let ∆Si = Si+1 − Si, Smax =

√
a2 + b2,

∆Si,max = Smax − Si, and assume a > b. Then βij is given by

βij =


Ā(i, Sj)− Ā(i, Sj+1) i > j
Ā(i, Sj)− αi i = j
0 i < j

(9)

in which Ā(i, S) is calculated as

Ā(i, S) =
d

π∆Si

[
∆Si

(
2abγ1 − 4bSγ2 − 4aSγ3 + 3S2γ4

)
+

(
S2

i+1 − S2
i

)
(bγ2 + aγ3 − Sγ4)

]

γ1 =


π/2 S < b
sin− (b/S) b < S < a
sin− (b/S)− cos− (a/S) a < S < Smax

sin− (b/Smax)− cos− (a/Smax) S > Smax

γ2 =


1 S < b
b/S b < S < a(
b−

√
S2 − a2

)
/S a < S < Smax(

b−
√

S2
max − a2

)
/Smax S > Smax

γ3 =


1 S < b

1−
√

S2 − b2/S b < S < a(
a−

√
S2 − b2

)
/S a < S < Smax(

a−
√

S2
max − b2

)
/Smax S > Smax
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γ4 =


1 S < b
b2/S2 b < S < a
(a2 + b2 − S2)/S2 a < S < Smax

(a2 + b2 − S2
max)/S2

max S > Smax

3 Validation of Marginal Densities

To ensure the correctness of the probability densities derived in the previous section, four
different Monte Carlo simulations were carried out in which artificial images of particulate
populations were generated. Figure 5 shows example images generated for each simulation.
Each of these images has a horizontal image dimension of a=480 pixels and a vertical
dimension of b=480 pixels. The first row displays four simulated images for monodisperse
particles of length 0.5a with Nc=25 crystals per image. The second row shows images of
particles uniformly distributed on [0.1a 0.9a] with Nc=25. The third row shows images of
particles normally-distributed with µ = 0.5a and σ = 0.4a/3 with Nc=25, and the fourth
row shows example images for simulations of particles uniformly-distributed on [0.1a 2.0a]
with Nc=15. For each simulation, 20,000 artificial images were generated. Based on the
observations in these 20,000 images, a histogram was generated for each size class giving
the frequency of observations for both border and non-border particles. These histograms
are compared with the theoretical marginal densities in Figures 6– 13.
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Figure 5: Example images for simulations of various particle populations. Row 1: monodis-
perse particles of length 0.5a, Nc=25. Row 2: particles uniformly distributed on [0.1a 0.9a].
Row 3: particles normally-distributed with µ = 0.5a and σ = 0.4a/3 with Nc=25. Row 4:
particles uniformly-distributed on [0.1a 2.0a], Nc=15.
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Figure 6: Comparison of theoretical and simulated marginal densities for randomly-
oriented, monodisperse particles of length 0.5 and measured by partitioning [0.1 0.9] into
ten bins. Results are for non-border particles.
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Figure 7: Comparison of theoretical and simulated marginal densities for randomly-
oriented, monodisperse particles of length 0.5 and measured by partitioning [0.1 0.9] into
ten bins. Results are for border particles.
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Figure 8: Comparison of theoretical and simulated marginal densities for randomly-oriented
particles distributed uniformly on [0.1 0.9] and measured by partitioning [0.1 0.9] into ten
bins. Results are for non-border particles.
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Figure 9: Comparison of theoretical and simulated marginal densities for randomly-oriented
particles distributed uniformly on [0.1 0.9] and measured by partitioning [0.1 0.9] into ten
bins. Results are for border particles.
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Figure 10: Comparison of theoretical and simulated marginal densities for randomly-
oriented particles distributed normally and measured by partitioning [0.1 0.9] into 10 bins.
Results are for non-border particles.
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Figure 11: Comparison of theoretical and simulated marginal densities for randomly-
oriented particles distributed normally and measured by partitioning [0.1 0.9] into 10 bins.
Results are for border particles.
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Figure 12: Comparison of theoretical and simulated marginal densities for randomly-
oriented particles distributed uniformly on [0.4 2.0] and measured by partitioning [0.4
1.0] into 9 bins with a 10th bin spanning [1.0

√
2]. Results are for non-border particles.
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Figure 13: Comparison of theoretical and simulated marginal densities for randomly-
oriented particles distributed uniformly on [0.4 2.0] and measured by partitioning [0.4
1.0] into 9 bins with a 10th bin spanning [1.0

√
2]. Results are for border particles.
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