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Position jump process

Velocity jump process

Macroscopic flux — dispersion, chemotaxis, chemokinesis
Example — biased random walk

Chemotactic wave paradox

Chemotaxis-driven linear instability



Position Jump Process (1)
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S. Chandrasekhar, Rev. Mod. Phys. 15, 1, 1-89, 1943



Position Jump Process (2)

step size: | frequency of jJumps: |
Continuous space and time: p(x, t) >0 foralt

p(x,t)dx=P (m)dx: 1 e_)%"ztdx
SO Ny

DO 112/2® p(xt)= 1 Vo

\2p Dt

T_9 %P, ...

= D with p(x,t =0) =d (X
ot = (D) With p(x,t=0) =d (x)

. p_ 9 s ~Tp — ; —

Rewrite: qa ﬂX'J m fluxJ® - Dﬁ Approximation for large times

> earlier times: correlationsin motion
<X >=2Dt -> cell migration islike that
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Velocity Jump Process (1)

Instantaneous changes in velocity
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Veocity Jump Process (2)

ballistic and diffusive regimes

Tt <1 <x2 (t)> ~ V4i?

it>1 <x (t)>~%

| -::xz(t) >

(x0)=
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2 j(x,t)=-Dﬂp:T))((’t) only when| ® ¥
T°2 - "persistencetime" expression for flux has memory:
v- velocity j(x ) =e?j(x0)- vz(‘yz'ut)ﬂp(xt)dt

X
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H.G. Othmer, S.R. Dunbar, W. Alt, Jmath.Biol, 26, 263-298, 1987



Ve ocity Jump Process (3)
fitting data

i 0|

1. Microscopic parameters can be extracted from data
2. Next step: expressions for macroscopic fluxes

BE Farrell et d, Cell Motil Cytoskeleton, 16:279-293, 1990 - example
RB Dickinson, RT Tranquillo, AICHE J, 39 (12): 1995, 1993 - estimation agorithms



M acr oscopic Flux (1)

ﬂn+ ﬂ + - A + o+
it + X(Vn ):I n-1"™n total call density: no nt +n
- flux: J 0 v(n* ) n-)
fn 1 (wm)=l"n"-1"n
t  9Ix

> In \Y;

steady state for the flux (t>> (1 * +1 7))
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M acr oscopic Flux (2)

T, O00( ™ +17)- v'lﬂ—ll ' persstencetime

2 e AN fiv
m° T v random motility coefficient Jeg =- mﬁ +V.Nn- Tpvnﬁ
V.oTwvl -17) chemotactic velocity

in phenomenological models
Three contributions to flux: o, =- m%@n
1. random motility
2. chemotaxis (right- and left- moving cells reverse differently)
3. chemokinesis (gradient in cell velocity)

To couple to external concentration field, combine
with the experimentally determined dependenciesof mand T,




Flux in a 1D Gradient (1)

Motivated by Berg & Brown 1972 Experiments

e runs & tumbles

e tumble dgrat! oniszero gradient

e Use velocity jJump processin 1D candom

e motion in agradient motility

chemotaxis

T = +1 )" receptor-mediated mechanism:

P Ng - # of occuppied receptors
=Py )i2 y

p;: Isthe tumbling probability run
y : "directional persistence" time
AN (C)

probability of reversing after tumbling g




Flux in a 1D Gradient (2)
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Flux in a 1D Gradient (3)

Simple Ligand/receptor Equilibrium
I\ItotaIC p dNB — I\IT Kd

Ng = <+ = >
5 +C dc (K, +c)
2 ‘ﬂchB
V & c dN
- " [ooshls v 2]
po (1' y ) ﬂ chemot.actic
C dN coefficient, ¢
V. =vtanh(s v l %)
X dc
amll e V2 1+ Ic dNB v =k 2 INs|flc
gradients: P,1-Y) ft dc ‘ dc |x

If the mode! is correct. macroscopic flux can be estimated from

data on binding and microscopic parameters for cell migration
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Flux in a 1D Gradient (4): Analysis

1.

2.

Random motility coefficient increases with temporal gradient

Random motility coefficient is a decreasing function of

spatial gradient: at large gradients all cells swim in one direction

3.

Chemotactic velocity has a limiting value: the population can

not move faster than the maximal cell speed
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Example: Growth Factor M ediated
Cel Motility
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MF Ware, A Wells, DA Lauffenburger, J.Cell Science, 111, 2423-2432, 1998
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“Chemotactic Wave Par adox”

Observation
aggregation to the source of chemical wave
ulse of cCAMP s nearl mmetric
P Dev@x'rosr‘r}c/hi K, Science 212, 443-6, 1981 [ cAM P] C( kX +Vt)
Simple-mode!: 4 -

symmetric chemotactic velocity
no net directed motion
Wave

Worse: cells stay longer in the negative gradient region

source

Prediction: cells move away from the wave source

» X
What is the problem?

Experiment: Cells move only in the wave front and not in cC=¢C (a )
the back => chemotactic response can not be determined
by the concentration gradient alone

chemotactic
sengitivity 14



Moded: Soll, Wessdls, Sylwester, 1993

Transocation phase:

Rapid & persistent trand ocation;
suppressed lateral pseudopods formation;
elongate shape

Peak of the wave:

Decision phase:
high frequency of random

pseudopod formation; nonpolar
cell morphology; no net trandocation

108 cAMP

suppression of pseudopod
formation and cellular translocation;
freeze in cell morphology

180 sec

106 cAMP~"

"~30 sec

Back of the wave:

increased frequency of random
_ | pseudopod formation; loss of
elongate cell morphology; little
net tranglocation

108 cAMP
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Chemotactic Senditivity |s Dynamic

dXcell =C (C) dC(k)(+\/t)
dt
dc
t—=1(C)-
& (C)-c
f(c:)A
\ (E
References:

1.
2.

t/T~1
\

Wave period

e Cdls are sensitive in the wave front
» Refractory in the wave back

» Recovered by the next pulse

T. Hofer et. a, Appl. Math. Lett. (7), 1-5, 1994
R.E. Goldstein, Phys. Rev. Lett.(77), 775-778, 1996
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Chemotaxis-driven Linear Instability (1)
Keller & Segel, 1971: cells migrate in a self-imposed

field of chemoattractant

M_ T I Too
It xe X X g

fe__ 1 ge DE9+ fn- ke,
Xg

Linearized equations.

L] ss.:n=N/L,c=nf/k
11]1: oL n(xt) =h+n'(xt)
oy 0 e =EH+C(x )
Solution:
& (x1)0 9 O
é ! )Z: a EA —cos(q}; x) exp(l ;t)
n(X,t)g =1 Biﬂ

——— whyit! 0?

Linear instability of uniform state: |

>0
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K eller-Segel (2)

2

g + - cha?  UhAd .
For every wavenumber q: é ™ 2 %2:8@8
g - f | +Dq +k$85ﬂ gOeﬂ
N g, : first unstable
Nontrivial solutions (At 0,B* O)whendet(M)! O | (q) wavenumber
|, satisfy (I +ng?)(I +Dg? +K)-cig?f =0 \\ .
q
Condition for ingtabilit y : m(Dg? +k) < chf Interpretation :
1) small m D, ki
Using theB.C.: rr@ﬂ +k < cnf 2) large L
e 2 o 3)largec,n, f

Thisisjust linear analysis ... 5



K eller-Segel (3)

e Instability is promoted by

low random motility & chemoattractant degradation
high chemotactic sensitivity, secretion rate, cell density

e Problems

no saturating effect:  limn(x,t) =d(x)
Instability does not appear to involve linear mechanism
mechanism is more complicated

References:
1. E.F.KélerandL.A. Segel, J. theor. Biol. (26), 399-415, 1970

2. T.Hillen and K. Painter, Adv. Appl. Math. (26), 280-315, 2001
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