UNDERSTANDING MECHANICAL DOMAIN
PARAMETRIC RESONANCE IN
MICROCANTILEVERS

Mariateresa Napoli Rajashree Baskaran Kimberly Turner ~ Bassam Bamieh

Department of Mechanical Engineering,
University of California,
Santa Barbara, CA 93106, U.S.A.
{napoli,raji,turner,bamieh@engineering.ucsb.edu

Abstract—In this paper we present a mathematical model for mapping of the first instability region of the Mathieu equation.
the dynamics of an electrostatically actuated micro-cantilever. \W\/hile parametric amplification has been discussed in small
For the common case of cantilevers excited by a periodic voltage, scale resonant systems [5], [6], [7], [8], [9], [1], to our

we show that the underlying linearized dynamics are those of a L . - . )
periodic system described by a Mathieu equation. We present knowledge this is the first experimental mapping of the first

experimental results that confirm the validity of the model, and Parametric instability region in a micro-cantilever resonator.
in particular illustrate that parametric resonance phenomena The paper is organized as follows: In Section 2 we develop
occur in capacitively actuated micro-cantilevers. The combined the mathematical model of an electrostatically actuated can-
parametric/narmonic mode of operation is investigated as well tjlever. |n Section 3 we present the experimental results that
and experimental data are provided. . - . - . .
validate the model including, in particular, the mapping of the
|. INTRODUCTION first instability region of the Mathieu equation. In Section 4 we
Resonant mode operation of micro and nano-scale oscilgpalyze the behavior of the cantilever in combined harmonic
tors have gained wide interest for applications including filtergnd parametric resonance mode of operation. Finally, we
amplifiers, non-linear mixers, atomic scale imaging, biologic@resent our conclusions in Section 5.

and chemical sensors. o II. MODEL DESCRIPTIONFOR A MICRO CAPACITIVE
The working principle of these devices is based on mea- CANTILEVER

surement of displacement. Hence, their sensitivity strongly . .
from parallel plate theory, neglecting the asymmetry in

depends on the smallest detectable motion. As the size L . .
getric field for a cantilever, the attractive fordg,, between

the components gets smaller, so does the magnitude of t tor plat ted b i |t
displacement, with the result that the transduction mechanidf aPactior piates generated by applying a vo g6, can
&expressed as

has to operate close to the background noise. This drawb
motivates the interest in amplification schemes in the mechan- leA V2(t) N lﬂ(l n 23)‘/2 )
2d2 (1-227 2 &2 d ’

ical domain, includingparametrically exciteaxcited systems, Fo=

which are systems described by differential equations in whi
the input appears as a time-dependent coefficient. In particu
their characteristic is that large responses can be gener
even if the excitation frequency is far away from the system ntilever from its rest position.
na_trt;]ral frequency. . . Only few algebraic steps are necessary to derive the equa-
€ QeV|ce t.hat We Propose 1s an elgctrostatmally actl?‘()n of motion of the cantilever, which iV () = V, cos w,t,

ated microcantilever. Cantilever geometries are partlcularig given by
interesting, due to their wide range of applications, including
small force detection [1], [2] , AFM, mechanical filters for 2" + ¢z’ + (a—2q cos2t)z = ug(t), (1)
telecommunication [3], and chemical sensor arrays [4]. In oy
design the microcantilever constitutes the movable plate gf
a capacitor and its displacement is controlled by the volta
applied across the plates. )

In this paper, we present a model for this electrostaticaltf the cantileverg = 467;2%2, anduy(t) = qgdcos®(t).
actuated microcantilever. Using simple parallel plate theory Equation (1) is an instance of the well-known Mathieu
and for the common case of sinusoidal forcing, the dynamieguation. In the next section we will briefly discuss its
are governed by the Mathieu equation. We produce experimgeculiar stability properties, and demonstrate how they can be
tal evidence that validates the mathematical model, includingdvantageously exploited from an engineering point of view.

rhere the approximation holds when<< 1. Heree, is the
rmittivity in vacuum, A is the area of the plateg, is the
between them and is the vertical displacement of the

ere the prime denotes the derivative with respect to the
aled timer = w,t; ¢ is a small damping coefficient,

2
k__ 1AV, 1isthe spring constant

27 95 302 !
mw?2 2 md3w?

e .
%TGSU med viscoug, =

0-7803-7744-3/03/$17.00 ©2003 |EEE 169



[1l. EXPERIMENTAL VALIDATION OF THE CANTILEVER while the boundaries of the first instability region, in terms of

MODEL frequency and amplitude of excitation, are defined by
The device we have used in our experimental setup was a 9 5 1. eAV?
200um x 50um x 2um highly doped polysilicon cantilever, wy = 4wy —4(1F 5) md®

fabricated using the MUMPS/CRONOS process, and with
gap between the electrodes of ab@utm. The mechanical
response of the cantilever was tested in vacupre @mT),

using laser vibrometry [11] to measure its displacement a

Iis worth noting that the presence of a damping term, whose

existence we have neglected so far, has the effect of shifting

H]qe tongues upwards in theq parameter space requiring a
n

: X . i imum threshold voltage for parametric resonance. This is
velocity near the free end, when electrostatically driven Wltllh

giff t AC volt ianals. M ¢ of the f e reason why parametric resonance is difficult to observe at
ieren voltage signais. Measurement of the Trequengye macroscale. The experimentally determined boundary of
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Fig. 1. Frequency response of the capacitive cantilever: the dashed |

corresponds to measured data, the solid one is its least square fit. HS 2. The thin line (overlaying the dots) is an experimentally determined

map of the first parametric resonance region in the microcantilever. The dotted
) o ) ) line shows the analytical result, using the Q and natural frequency determined
response, subject to small excitation, as in [11] yields f@m experiment, and the solid line shows the analytical result when using Q

first natural frequency of approximatelﬁr — 50800Hz. a and natural frequency and electrostatic stiffness determined from experiment.
damping coefficient = 2.1 x 1074, and a quality factor of
@ = 2200. The values of these parameters were confirmed Bye first instability region is shown in Fig.2.

time domain identification experiments as well. Inside the instability region the cantilever oscillation does
As the amplitude of the driving signal increases, so does thgt grow unbounded, but rather saturates at a large amplitude.
value ofq and this linear time-invariant approximation of therh;s s explained by nonlinear effects, which cause the system
model is no longer appropriate. Therefore, we have to retyfisettle into a steady state response [10]. For large oscillation
to the original equation (1). amplitudes, both the linear spring model and the electrostatic
A. The Mathieu equation and Parametric Resonance force need to be corrected by adding cubic terms [13]. Hence

Extensive literature exists on the standard form of '[htge equation of motion (1) becomes

Mathieu equation, 2" 4 (a — 2q cos2t)z + agz® = uy(t), (3)

2"+ (a—2q cos2t)z = 0. (2) wherea, denotes the effective cubic stiffness of the beam,

which includes both electrostatic and structural contributions.

Its stability properties have been thoroughly investigated o . : ;
a function of a and ¢. By means of perturbation analysise\?hat we observe when driving the cantilever in parametric

methods, it is possible to determine the values of thelesonance regime is a subharmonic 2:1 oscillation of the beam
parametérs that correspond to unstable behavior ffO] which vibrates at half the frequency of excitation, as

In particular, it is not difficult to prove that instabilities occursg(r)]‘fvr;r'gr:é%i 62))' ’::r);?_nil;ﬁ: t?eatig#“?r?etr:gstrigzgoghg\?v? a
ata = n? n € N [15], and that the boundaries of the firs{'ON-P P glon, P

instability region, for small values of, are given bya = characteristic exponential growth (see Fig.3 b)).

14 2¢. In terms of the physical parameters of the device, t eAbove the critical driving voltage amplitude, and for driving

driving frequencies that cause unstable responses in the sys requencies near the first parametric resonance, the response
of the cantilever has the behavior depicted in Fig.4. The two

re given .
are given by 20, curves represent data collected by sweeping the frequency

o~ N 5 1 11 H H
w n ne from low to high (black %+’ points) and from high to low
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S ; IV. COMBINED HARMONIC-PARAMETRIC RESPONSE WITH
o s CUBIC NONLINEARITY
‘—é : o When driving the system with a sinusoidal voltad&t) =
5 o Vbe + V, coswt, equation (3) becomes
= (1, é 50 2"+ ¢z’ + (a—2p cost —2q cos 2t)z +azz® = up(t) +u,(t),
’ ’ e T (4)

i ‘E; » wherep = <Zipcre and u,(t) = pdcost. When the fre-
%) ° quency of the driving signal is close to the resonant frequency
= > _100} f,, = 101600 Hz; . .
€ A, =88V w, Of the cantilever, the effect of theos2t term in the
>0 180 e coefficient of z and thecost term in the direct excitation
S Time [s] are of the leading order. To obtain the first order parametric
L response, we can consider (4) to be a harmonic oscillator with
-100; 5 . . a perturbation and re-write it as follows

Time [s] x10°

2 e + 2 =e((—a1 + 2q1 cos2t)z + az 2> + py cost),
Fig. 3.

Time series of a typical input and output inside the first 'tongueivhereq = 14-€aq, q = q/e, an] = a2/€, p1 = p/e. By means
Note the response is at half the driving frequency. of perturbation analysis methods, if we assume the solution to
be of the formz(t) = A(n) cost + B(n)sint, with n = et
corresponding to the slow varying time scale, we obtain the
(grey o' points), as indicated by the arrows. In area lllfollowing slow flow equations,

dA
d

0.18 b

dn

Flar — 1) + 2988 (A% + B?) — py,

= —4(gy 1) — 2442 4 B,

o
[N
o

These non-linear coupled ODEs can be readily solved nu-

Q)
E
) merically to obtain the regions of parametric resonance. This
To.14 7 analysis predicts bi-stable non-trivial response in certain re-
= gions in the driving frequencyamplitude plane. In fact, this has
g0-12 1 been observed experimentally and the steady-state frequency
g 01l i sweep response above a critical amplitude of drive is shown
T in Fig.5. The symbold’ corresponds to the frequency being
o
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Fig. 4. Frequency response above critical driving voltage amplitude wh | 3
operating near the first 'tonguel, = 10V). N 2
s | I
the system has one stable solution, which upon enteri 3.l
the parametric region Il, bifurcates into a stable period g
motion and an unstable (experimentally unobservable) ot >
The periodic solution grows in amplitude ascontinues to oSy
decrease. When the system leaves the parametric region, i —
I, the stable periodic solution at some point collapses to tl T T TRy TR
trivial solution, which is stable again. R N
o . Frequency (Hz)
The sharp transition of the output response (vertical segmeri

of '+’ data) marks the entrance into the parametric region.

Since this transition always occurs for the same valye Fig. 5. Combined harmonic/parametric frequency response. Note that there
related to the resonant frequency of the beam, the phenomeae@rbistable regions (I and I1l) on either side of the parametric tongue (I).
has potentially many applications, from the realization of

mechanical filters to extremely sensitive mass sensors. T¥wept up and the symbol '0’ to the frequency being swept
authors are pursuing both of these applications [13][14] down. The figure also shows the time response when the
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cantilever forcing is changed from a non-parametric regiaf the oscillator when a DC offset term is added to the
to a parametric region. Notice that the rate of growth, initiallginusoidal forcing signal and explored, the combined paramet-
characteristic of harmonic resonance, becomes exponentialharmonic mode of operation. From this work, many sensing
as expected for parametric mode of oscillation. Fig.6 showapplications can be realized, utilizing the sharp transitions
the mapping of the parametric resonance region in the drifrem non-resonant to resonant state, which are present in the
amplitude-frequency plane. The effect of the direct forcingombined as well as the isolated parametrically resonant state.
Filters and sensors using this mechanism are being explored. In
addition, an extension to multi-cantilever arrays is also being
: ' investigated. This result offers designers tangible guidelines
needed to implement novel parametric devices.
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V. CONCLUSIONS

We present a thorough modeling, analysis and experimental
verification of using mechanical domain nonlinearity to am-
plify motion in the resonant mode operation of a microscale
cantilever. The model presented here takes into account non-
linearity in mechanical and electrostatic domains. We have
provided experimental validation of the mathematical model,
which included the mapping of the first region of instability
of the Mathieu equation. We have analyzed the behavior
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