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Implicit Neural Networks (INNs)

I INNs: Replacing the layers in NNs with implicit algebraic equations

<latexit sha1_base64="7fMjjspYJqj6rBTXZzwL1gflFcc="></latexit>x1
<latexit sha1_base64="y4stGcAZQHIdpxPt+YpUB//Xd4U="></latexit>x2

<latexit sha1_base64="GwZ/ezlbxyvcUgpaf7X/z7ta8p0="></latexit>x3
<latexit sha1_base64="I6AwzQh7ehdsQTKCZKiYjIX42cQ="></latexit>xk

<latexit sha1_base64="4iqVboadOStFqDJLiPkXi9g5SOw="></latexit>u
<latexit sha1_base64="HJ08yeQHqJDNTn3iVGTL/G4LhQA="></latexit>y

<latexit sha1_base64="zN1vak/aF3iMopK+3MMZXo5iv+8="></latexit>x

<latexit sha1_base64="4iqVboadOStFqDJLiPkXi9g5SOw="></latexit>u
<latexit sha1_base64="HJ08yeQHqJDNTn3iVGTL/G4LhQA="></latexit>y

<latexit sha1_base64="FjL9Fjx4RkjZslPvPXoPLXWZ67A=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4KkkRdVkUxGUF+4A2lMnkph06mYSZiaWEght/xY0LRdz6E+78G6dtFtp6YJjDOfdy7z1+wpnSjvNtLS2vrK6tFzaKm1vbO7v23n5DxamkUKcxj2XLJwo4E1DXTHNoJRJI5HNo+oPrid98AKlYLO71KAEvIj3BQkaJNlLXPrwBCMJYDokMsIBUEm4+PYzloGuXnLIzBV4kbk5KKEeta391gpimEQhNOVGq7TqJ9jIiNaMcxsVOqiAhdEB60DZUkAiUl01vGOMTowTYbGKe0Hiq/u7ISKTUKPJNZUR0X817E/E/r53q8NLLmEhSDYLOBoUpxzrGk0BwwCRQzUeGECqZ2RXTPpGEahNb0YTgzp+8SBqVsntePrurlKpXeRwFdISO0Sly0QWqoltUQ3VE0SN6Rq/ozXqyXqx362NWumTlPQfoD6zPH0btl/A=</latexit>

Feedforward neural network
<latexit sha1_base64="8mgM7H40vvHRwcTbGDi0wsr049Q=">AAACAHicbVDLSgMxFM34rPU16sKFm2ARXJWZIuqy6EZ3FewD2qFk0kwbmkmG5I5Shm78FTcuFHHrZ7jzb0zbWWjrgZDDOfdy7z1hIrgBz/t2lpZXVtfWCxvFza3tnV13b79hVKopq1MllG6FxDDBJasDB8FaiWYkDgVrhsPrid98YNpwJe9hlLAgJn3JI04JWKnrHt7GdgzlgCVLNRH2g0elh1235JW9KfAi8XNSQjlqXfer01M0jZkEKogxbd9LIMiIBk4FGxc7qWEJoUPSZ21LJYmZCbLpAWN8YpUejpS2TwKeqr87MhIbM4pDWxkTGJh5byL+57VTiC6DjMskBSbpbFCUCgwKT9LAPa4ZBTGyhFDN7a6YDogmFGxmRRuCP3/yImlUyv55+eyuUqpe5XEU0BE6RqfIRxeoim5QDdURRWP0jF7Rm/PkvDjvzsesdMnJew7QHzifP/F9lqQ=</latexit>

Implicit neural network

xi+1 = Φ(Aix
i + Biu + bi)

y = Cxk + c

x = Φ(Ax + Bu + b)

y = Cx + c

Motivations

I Inspired by neuronal circuits, implicit neural networks feature improved accuracy,
improved input-output robustness, and reduced memory consumption [1,2]

I INNs generalize feedforward NNs to fully-connected synaptic matrices

xi+1 = Φ(Aix
i + Biu + bi) ⇔ x = Φ(Ax + Bu + b), A upper diag

Aupper-diag = Acomplete =

I INNs generalize weight-tied infinite-depth NNs

x1 x2 x3 xku y
A A A

xi+1 = Φ(Axi + Biu + bi) =⇒ limi→∞ xi = x∗ solution to the INN

I INNs are a special case of Neural ODE models (infinite time)
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time

ẋ = −x + Φ(Ax + Bu + b) =⇒ limt→∞ x(t) = x∗ solution to the INN

Challenges

I Existence and uniqueness of a fixed-point

I Efficient methods to compute the fixed-point
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y = 3

Image credit: MIT CSAIL
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Non-Euclidean Contraction Theory

A vector field is contracting if its flow is a contraction mapping for all times
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ball centered at x(t) with radius e�ct

`∞-matrix measure: µ∞(A) = maxi
(
aii +

∑
j 6=i |aij|

)

A vector field G : Rn→ Rn is contracting with respect to `∞-norm iff

µ∞(DxG(x)) ≤ −c, for all x

Well-Posedness of INNs

Key insight

Fixed-point of ⇐⇒ Equilibrium point of

x = Φ(Ax + Bu + b) ẋ = −x + Φ(Ax + Bu + b)

Fixed-point approach: ‖A‖∞ < 1 then the Picard iteration

xk+1 = Φ(Axk + Bu + b)

converges to a unique fixed-point.

Contraction theory approach: µ∞(A) < 1 then the α-average iteration

xk+1 = (1− α)xk + αΦ(Axk + Bu + b)

converges to a unique fixed-point.

I Accelerated convergence:
increased range of α compared to
classical monotone operator methods

I Neural ODE interpretation:
α-average iteration corresponds to
forward Euler discretization of the
ODE with step-size α
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Input-Output Lipschitz Constant of INNs

u 7→︸︷︷︸
Lipu→x∗

x∗ 7→︸︷︷︸
Lipx∗→y

y Lipu→y = Lipu→x∗Lipx∗→y

Input-output Lipschitz constant

if µ∞(A) < 1 then

Lipu→y =
‖B‖∞‖C‖∞
1− µ∞(A)+

.

Non-Euclidean Monotone Operator Network (NEMON)

I INN model: x = Φ(Ax + Bu + b)

y = Cx + c

I INN training:

Training data {ûi, ŷi}Ni=1

min
A,B,C,b,c

N∑

i=1

L(ŷi, Cxi + c) +

Promoting robustness︷ ︸︸ ︷
λ Lipu→y

xi = Φ(Axi + Bûi + b)

µ∞(A) ≤ γ︸ ︷︷ ︸
Well-posedness

,

I γ < 1 is a hyperparameter

I λ ≥ 0 is a regularization parameter

I α-average iterations for solving xi = Φ(Axi + Bûi + b)

Parametrization of µ∞-constraint

µ∞(A) ≤ γ ⇐⇒ ∃T s.t. A = T − diag(|T |1n) + γIn.

Numerical Experiments

Setup: INNs models:

I MON from [1] with m = 0.05,

I IDL from [2] with ‖A‖∞ ≤ 0.95,

I NEMON with γ = 0.95

Φ = ReLU
MNIST INNs size: n = 100
CIFAR-10 INNs size: 81 channel
Attack: Projected Gradient Descent (PGD)
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Test error vs Lipschitz constant on MNIST handwritten digits
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Accuracy vs perturbation on MNIST handwritten digits
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MON

I Pareto-optimal curve for Lipschitz constant vs. test error on MNIST

I Empirical robustness on MNIST and CIFAR-10 to PGD attacks: By losing few
percentages in clean performance we observe improvements in robust accuracy
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Accuracy vs perturbation on CIFAR-10 images
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Certified robustness vs perturbation on CIFAR-10 images
λ= 10−4, Lip=116.1
λ= 10−5, Lip=249.2
λ= 0, Lip=6044.9
MON, Lip=5398.2

I Certified adversarial robustness: training with λ > 0 lead to a dramatic
improvement in percentage of test examples which can be certified

I Code: https://github.com/davydovalexander/Non-Euclidean_Mon_Op_Net
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