
Stability and Control of Large-scale Nonlinear Networks

Saber Jafarpour

Center for Control, Dynamical Systems & Computation
University of California at Santa Barbara

April 6, 2021



Acknowledgment

Francesco Bullo
UCSB

Elizabeth Huang
UCSB

Kevin Smith
UCSB

Pedro
Cisneros-Velarde

UCSB

SJ and Francesco Bullo. Synchronization of Kuramoto Oscillators via Cutset Projections. IEEE
Transactions on Automatic Control, 2019.

SJ and Elizabeth Y. Huang and Kevin D. Smith and Francesco Bullo. Flow and Elastic Networks
on the n-torus: Geometry, Analysis, and Computation. SIAM Review, accepted, 2021.

SJ and Pedro Cisneros-Velarde and Francesco Bullo. Weak and Semi-Contraction for Network
Systems and Diffusively-Coupled Oscillators. IEEE Transactions on Automatic Control, accepted,
2021.

SJ (UCSB) Large-scale Nonlinear Networks April 6, 2021 2 / 45



Introduction: Large-scale Nonlinear Networks

Power grids Brain neural network Transportation network

Nonlinearity:

Multiple equilibria

Transient stability

Cluster synchronization

Large-scale:

Stochastic

Distributed

“... As [power] systems become more heavily loaded,
nonlinearities play an increasingly important role in power
system behavior ... ” [I. Hiskens,1995]

“... in Oahu, Hawaii, at least 800,000 micro-inverters
interconnect photovoltaic panels to the grid... ”[IEEE
Spectrum, 2015]
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Presentation outline

Synchronization and multi-stability in power grids

oscillator networks and power grids

transition from synchrony to incoherency

multiplicity of equilibria

Incremental stability framework for nonlinear networks

review of contraction theory

weakly-contracting systems

semi-contracting systems
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Phenomenon #1: Transition form sync to incoherency

Frequency synchronization:

Frequency synchronization is crucial for
functionality and operation of power grids.

Power electronic devices are designed to
work at 60 Hz in the US (50 Hz in Europe)

Increase in the network supply/demand and
failure of lines can cause transition to
incoherency.

Loss of frequency synchronization leads to
blackouts.

FERC/NERC Staff Report on the September 8, 2011 Blackout  
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Yuma Separates (Time: 15.38.23.12) 

CFE Separates (Time: 15.38.23.13) 

Figure: Southern California Blackout
2011– the gray area is the islanded
part of the grid
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Phenomenon #2: Multi-stable power flows

Theoretical observation:

Multiple stable operating points exist in
power networks
[A. Korsak, On the question of uniqueness of stable

load-flow solutions, 1972]

Practical observations:

1 Undesirable power flows around loops (Fig. (a): Lake Erie loop in the 2009
US blackout)

2 Dramatic change in power flow patterns before and after line trip (Fig. (b):
Sammis–Star Trip in the 2003 US blackout)

August 14, 2003, Blackout  Section IV 
Final NERC Report  Cascading Failure of the Power System 

July 13, 2004  
 

64

numerous 138-kV line trips in central Ohio, the East Lima-Fostoria Central line tripped at 16:09:06 on 
zone 3 relay operation due to high current and low voltage (80 percent).  Modeling indicates that if 
automatic under-voltage load-shedding had been in place in northeastern and central Ohio, it might have 
been triggered at or before this point and dropped enough load to reduce or eliminate the subsequent line 
overloads that spread the cascade.  The line trips across Ohio are shown in figure IV.7. 

 
Figure IV.7 — Ohio 345-kV Lines Trip, 16:08:59 to 16:09:07 

 
The tripping of the Galion-Ohio Central-Muskingum and East Lima-Fostoria Central transmission lines 
removed the transmission paths from southern and western Ohio into northern Ohio and eastern 
Michigan.  Northern Ohio was connected to eastern Michigan by only three 345-kV transmission lines 
near the southwestern bend of Lake Erie.  Thus, the combined northern Ohio and eastern Michigan load 
centers were left connected to the rest of the grid only by: (1) transmission lines eastward from 
northeastern Ohio to northwestern Pennsylvania along the southern shore of Lake Erie, and (2) westward 
by lines west and northwest of Detroit, Michigan, and from Michigan into Ontario (Figure IV.8). 

 Figure IV.8 — Power Flows at 16:09:25  
 (a) (b)
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Model: Coupled Oscillators Network

Pendulum clocks: “an odd kind of sympathy”
[C. Huygens, Horologium Oscillatorium, 1673]

Models for coupled oscillators:
[A. T. Winfree, 1967 and Y. Kuramoto 1975]

Kuramoto Model

1 n-oscillators with phases θi ,

2 with natural frequencies ωi ∈ R,

3 coupling with strength aij = aji .

θ̇i = ωi −
n∑

j=1

aij sin(θi − θj).
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Model: Active Power Dynamics

1 generators �� and inverters and loads •◦

2 physics:

1 Kirchhoff and Ohm laws

2 quasi-sync: voltage and phase Vi , θi
active power pi

3 simplifying assumptions:
1 lossless and inductive lines with admittances Yij

2 decoupling of phase and voltage dynamics

2

10

30 25

8

37

29

9

38

23

7

36

22

6

35

19

4

33
20

5

34

10

3

32

6

2

31

1

8

7

5

4

3

18

17

26

27
28

24

21

16

1514

13

12

11

1

39

9

New England IEEE 39-bus

SJ (UCSB) Large-scale Nonlinear Networks April 6, 2021 8 / 45



Model: Active Power Dynamics

1 generators �� and inverters and loads •◦
2 physics:

1 Kirchhoff and Ohm laws

2 quasi-sync: voltage and phase Vi , θi
active power pi

3 simplifying assumptions:
1 lossless and inductive lines with admittances Yij

2 decoupling of phase and voltage dynamics

2

10

30 25

8

37

29

9

38

23

7

36

22

6

35

19

4

33
20

5

34

10

3

32

6

2

31

1

8

7

5

4

3

18

17

26

27
28

24

21

16

1514

13

12

11

1

39

9

New England IEEE 39-bus

SJ (UCSB) Large-scale Nonlinear Networks April 6, 2021 8 / 45



Model: Active Power Dynamics

1 generators �� and inverters and loads •◦
2 physics:

1 Kirchhoff and Ohm laws

2 quasi-sync: voltage and phase Vi , θi
active power pi

3 simplifying assumptions:
1 lossless and inductive lines with admittances Yij

2 decoupling of phase and voltage dynamics

2

10

30 25

8

37

29

9

38

23

7

36

22

6

35

19

4

33
20

5

34

10

3

32

6

2

31

1

8

7

5

4

3

18

17

26

27
28

24

21

16

1514

13

12

11

1

39

9

New England IEEE 39-bus

SJ (UCSB) Large-scale Nonlinear Networks April 6, 2021 8 / 45



Model: Active Power Dynamics

Structure-Preserving Model [A. Bergen & D. Hill, 1981]:

Active Power Dynamics

Generators: Mi θ̈i + Di θ̇i = pi −
∑

j aij sin(θi − θj)
Inverters: Λi θ̇i = pi −

∑
j aij sin(θi − θj)

Loads: τi θ̇i = pi −
∑

j aij sin(θi − θj)

where

Active power capacity of line (i , j): aij = |Yij |ViVj

Synchronization= sync’d frequencies & bounded active power flows

θ̇i = ωsync, ∀ bus i & |θi − θj | ≤ γ < π
2 , ∀ line (i , j)
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Synchronization problem

Synchronization = Equilibrium point = Operating point

pi =
n∑

j=1

aij sin(θi − θj), ∀ bus i ,

|θi − θj | ≤ γ <
π

2
, ∀ line (i , j)

Key questions

Given the network and the power profile:

Q1: does there exist a stable operating point?

Q2: is the stable operating point unique?

Q3: how to measure the robustness of the synchronization?
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Phenomenon #1: Transition from sync to incoherency
Revisited

Q1: Existence of an operating point: θ̇i = pi −
∑n

j=1 aij sin(θi − θj)
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as a function of network parameters
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Primer on algebraic graph theory

Weighted undirected graph with n nodes and m edges:

Incidence matrix: n ×m matrix B s.t. (B>p)(ij) = pi − pj

Edge weight matrix: m ×m diagonal matrix A
Laplacian matrix: L = BAB>

Operating point:
p = BA sin(B>θ)

Algebraic connectivity:
λ2(L) = second smallest eig of L

= notion of connectivity and coupling
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Known results

Given a network and p, does there exist angles?

p = BA sin(B>θ),

|θi − θj | ≤ γ <
π

2
, ∀ line (i , j).

synchronization arises if

power transmission < coupling strength

Equilibrium angles (neighbors within π/2 arc) exist if

‖B>p‖2 < sin(γ)λ2(L) for all graphs

(Old 2-norm T)

‖B>L†p‖∞ < sin(γ) for trees, complete

(Old ∞-norm T)
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Novel: algebraic potential theory

1

2 3

1 2

3

1

2 3

1 2

3

Rm︸︷︷︸
edge space

= Im(B>)︸ ︷︷ ︸
cutset space

⊕ Ker(BA)︸ ︷︷ ︸
weighted cycle space

P = B>L†BA︸ ︷︷ ︸
cutset projection

= oblique projection onto Im(B>)

parallel to Ker(BA)

1 if G acyclic, then P = Im

2 if G unweighted, then P is an orthogonal projection

3 if Reff ∈ Rn×n are effective resistances, then P = − 1
2B
>ReffBA
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Rewriting the equilibrium equation

Find sufficient conditions on B,A, p s.t. there exists a solution θ to:

p = BA sin(B>θ),

|θi − θj | ≤ γ <
π

2
, ∀ line (i , j).

Key idea: Node vs. Edge

p = BA sin(B>θ) Node balance eq. Rn

m
B>L†p = P sin(B>θ) Edge balance eq. Rm

Edge variables: x = B>θ and z = B>L†p

Find sufficient conditions on z ∈ Im(B>) s.t. there exists solution x to:

z = P sin(x) = P[sinc(x)]x
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Brouwer’s Fixed-Point: A unifying theorem

2 look for x ∈ Bq(γ) = {x | ‖x‖q ≤ γ} solving

P[sinc(x)]x = z ⇐⇒ x = (P[sinc(x)])−1z =: h(x)

3 define min amplification factor of P[sinc(x)] : Im(B>)→ Im(B>)

αq(γ) := min
‖x‖q≤γ

min
‖y‖q=1

‖P[sinc(x)]y‖q

‖z‖q ≤ γαq(γ) =⇒ h satisfies Brouwer on Bq(γ)
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Brouwer’s Fixed-Point: A unifying theorem

Equilibrium angles (neighbors within γ arc) exist if, in some q-norm,

‖B>L†p‖q ≤ γαq(γ) for all graphs (New q-norm T)

αq(γ) := min amplification factor of P[sinc(x)]

Caveat: αq(γ) requires solving a non-convex optimization problem!

Algebraic manipulation =⇒ lower bound αq(γ).

For q =∞, the new test for all graphs

‖B>L†p‖∞ ≤ g(‖P‖∞) (New ∞-norm T)
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Function g is strictly decreasing

g : [1,∞)→ [0, 1]

!" #" $" %" &"

"'"

"'#

"'%

"'(

"')

!'"

= g(x)

x =
!"

g(x) =
y(x) + sin(y(x))

2
− x

y(x)− sin(y(x))

2

∣∣∣
y(x)=arccos( x−1

x+1 )
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Comparison of synchronization tests

KC = critical coupling of Kuramoto model, computed via MATLAB fsolve KT =
smallest value of scaling factor for which test T fails

Test Case
Critical ratio KT/KC

Old 2-norm New ∞-norm Old ∞-norm New ∞-norm
g(‖P‖∞) Approx.test α∞(π/2)

IEEE 9 16.54 % 73.74 % 92.13 % 85.06 %†

IEEE RTS 24 3.86 % 53.44 % 89.48 % 89.48 %†

New England 39-bus 2.97 % 67.57 % 100 % 100 %†

IEEE 118 0.29 % 43.70 % 85.95 % —*

IEEE 300 0.20 % 40.33 % 99.80 % —*

Polish 2383 0.11 % 29.08 % 82.85 % —*

† fmincon has been run for 100 randomized initial phase angles.
* fmincon does not converge.

Old 2-norm:
‖B>p‖2 ≤ sin(γ)λ2(L)

New ∞-norm:
‖B>L†p‖∞ ≤ g(‖P‖∞)

Old ∞-norm Approx.:
‖B>L†p‖∞ ≤ sin(γ)

New ∞-norm:
‖B>L†p‖∞ ≤ π

2
α∞(π

2
)
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Phenomenon #2: Multi-stable power flows
Revisited

Q2: Is the operating point unique? θ̇i = pi −
∑n

j=1 aij sin(θi − θj)
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<latexit sha1_base64="vcVOwOxCkvVzelBwAzfJ0C46RGw=">AAAB8nicbZBNS8NAEIY3ftb6VfXoZbEIHqQkIthjwYvHFuwHtKFsttN26WYTdifFEvoLvOrFm3j1Dwn+GLdpDtr6wsLDvDPszBvEUhh03S9nY3Nre2e3sFfcPzg8Oi6dnLZMlGgOTR7JSHcCZkAKBU0UKKETa2BhIKEdTO4XfnsK2ohIPeIsBj9kIyWGgjO0pYbXL5XdipuJroOXQ5nkqvdL371BxJMQFHLJjOl6box+yjQKLmFe7CUGYsYnbARdi4qFYK7NdJSBnz5lK8/ppfUGdBhp+xTSrPp7NmWhMbMwsJ0hw7FZ9RbF/7xugsOqnwoVJwiKLz8aJpJiRBf304HQwFHOLDCuhd2a8jHTjKNNqWjj8FaPX4fWTcWz3Lgt16p5MAVyTi7IFfHIHamRB1InTcIJkGfyQl4ddN6cd+dj2brh5DNn5I+czx+VSJDv</latexit><latexit sha1_base64="vcVOwOxCkvVzelBwAzfJ0C46RGw=">AAAB8nicbZBNS8NAEIY3ftb6VfXoZbEIHqQkIthjwYvHFuwHtKFsttN26WYTdifFEvoLvOrFm3j1Dwn+GLdpDtr6wsLDvDPszBvEUhh03S9nY3Nre2e3sFfcPzg8Oi6dnLZMlGgOTR7JSHcCZkAKBU0UKKETa2BhIKEdTO4XfnsK2ohIPeIsBj9kIyWGgjO0pYbXL5XdipuJroOXQ5nkqvdL371BxJMQFHLJjOl6box+yjQKLmFe7CUGYsYnbARdi4qFYK7NdJSBnz5lK8/ppfUGdBhp+xTSrPp7NmWhMbMwsJ0hw7FZ9RbF/7xugsOqnwoVJwiKLz8aJpJiRBf304HQwFHOLDCuhd2a8jHTjKNNqWjj8FaPX4fWTcWz3Lgt16p5MAVyTi7IFfHIHamRB1InTcIJkGfyQl4ddN6cd+dj2brh5DNn5I+czx+VSJDv</latexit><latexit sha1_base64="vcVOwOxCkvVzelBwAzfJ0C46RGw=">AAAB8nicbZBNS8NAEIY3ftb6VfXoZbEIHqQkIthjwYvHFuwHtKFsttN26WYTdifFEvoLvOrFm3j1Dwn+GLdpDtr6wsLDvDPszBvEUhh03S9nY3Nre2e3sFfcPzg8Oi6dnLZMlGgOTR7JSHcCZkAKBU0UKKETa2BhIKEdTO4XfnsK2ohIPeIsBj9kIyWGgjO0pYbXL5XdipuJroOXQ5nkqvdL371BxJMQFHLJjOl6box+yjQKLmFe7CUGYsYnbARdi4qFYK7NdJSBnz5lK8/ppfUGdBhp+xTSrPp7NmWhMbMwsJ0hw7FZ9RbF/7xugsOqnwoVJwiKLz8aJpJiRBf304HQwFHOLDCuhd2a8jHTjKNNqWjj8FaPX4fWTcWz3Lgt16p5MAVyTi7IFfHIHamRB1InTcIJkGfyQl4ddN6cd+dj2brh5DNn5I+czx+VSJDv</latexit><latexit sha1_base64="vcVOwOxCkvVzelBwAzfJ0C46RGw=">AAAB8nicbZBNS8NAEIY3ftb6VfXoZbEIHqQkIthjwYvHFuwHtKFsttN26WYTdifFEvoLvOrFm3j1Dwn+GLdpDtr6wsLDvDPszBvEUhh03S9nY3Nre2e3sFfcPzg8Oi6dnLZMlGgOTR7JSHcCZkAKBU0UKKETa2BhIKEdTO4XfnsK2ohIPeIsBj9kIyWGgjO0pYbXL5XdipuJroOXQ5nkqvdL371BxJMQFHLJjOl6box+yjQKLmFe7CUGYsYnbARdi4qFYK7NdJSBnz5lK8/ppfUGdBhp+xTSrPp7NmWhMbMwsJ0hw7FZ9RbF/7xugsOqnwoVJwiKLz8aJpJiRBf304HQwFHOLDCuhd2a8jHTjKNNqWjj8FaPX4fWTcWz3Lgt16p5MAVyTi7IFfHIHamRB1InTcIJkGfyQl4ddN6cd+dj2brh5DNn5I+czx+VSJDv</latexit>

2
<latexit sha1_base64="XRc0SVeK8nNODgl9CvCAv3JTK6U=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAwEwSzDLhxmYB5QDKEnk5N0qTnQXdPMAz5Are6cSdu/SHBj7EzmYUmXmg41K2iq64XC660bX9Zha3tnd294n7p4PDo+KR8etZRUSIZtlkkItnzqELBQ2xrrgX2Yok08AR2ven90u/OUCoehY96HqMb0HHIfc6oNqVWbViu2FU7E9kEJ4cK5GoOy9+DUcSSAEPNBFWq79ixdlMqNWcCF6VBojCmbErH2DcY0gDVjZqNM3DTp2zlBbky3oj4kTQv1CSr/p5NaaDUPPBMZ0D1RK17y+J/Xj/Rft1NeRgnGkO2+shPBNERWd5PRlwi02JugDLJzdaETaikTJuUSiYOZ/34TejUqo7h1m2lUc+DKcIFXMI1OHAHDXiAJrSBAcIzvMCrpa036936WLUWrHzmHP7I+vwBltaQ8A==</latexit><latexit sha1_base64="XRc0SVeK8nNODgl9CvCAv3JTK6U=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAwEwSzDLhxmYB5QDKEnk5N0qTnQXdPMAz5Are6cSdu/SHBj7EzmYUmXmg41K2iq64XC660bX9Zha3tnd294n7p4PDo+KR8etZRUSIZtlkkItnzqELBQ2xrrgX2Yok08AR2ven90u/OUCoehY96HqMb0HHIfc6oNqVWbViu2FU7E9kEJ4cK5GoOy9+DUcSSAEPNBFWq79ixdlMqNWcCF6VBojCmbErH2DcY0gDVjZqNM3DTp2zlBbky3oj4kTQv1CSr/p5NaaDUPPBMZ0D1RK17y+J/Xj/Rft1NeRgnGkO2+shPBNERWd5PRlwi02JugDLJzdaETaikTJuUSiYOZ/34TejUqo7h1m2lUc+DKcIFXMI1OHAHDXiAJrSBAcIzvMCrpa036936WLUWrHzmHP7I+vwBltaQ8A==</latexit><latexit sha1_base64="XRc0SVeK8nNODgl9CvCAv3JTK6U=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAwEwSzDLhxmYB5QDKEnk5N0qTnQXdPMAz5Are6cSdu/SHBj7EzmYUmXmg41K2iq64XC660bX9Zha3tnd294n7p4PDo+KR8etZRUSIZtlkkItnzqELBQ2xrrgX2Yok08AR2ven90u/OUCoehY96HqMb0HHIfc6oNqVWbViu2FU7E9kEJ4cK5GoOy9+DUcSSAEPNBFWq79ixdlMqNWcCF6VBojCmbErH2DcY0gDVjZqNM3DTp2zlBbky3oj4kTQv1CSr/p5NaaDUPPBMZ0D1RK17y+J/Xj/Rft1NeRgnGkO2+shPBNERWd5PRlwi02JugDLJzdaETaikTJuUSiYOZ/34TejUqo7h1m2lUc+DKcIFXMI1OHAHDXiAJrSBAcIzvMCrpa036936WLUWrHzmHP7I+vwBltaQ8A==</latexit><latexit sha1_base64="XRc0SVeK8nNODgl9CvCAv3JTK6U=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAwEwSzDLhxmYB5QDKEnk5N0qTnQXdPMAz5Are6cSdu/SHBj7EzmYUmXmg41K2iq64XC660bX9Zha3tnd294n7p4PDo+KR8etZRUSIZtlkkItnzqELBQ2xrrgX2Yok08AR2ven90u/OUCoehY96HqMb0HHIfc6oNqVWbViu2FU7E9kEJ4cK5GoOy9+DUcSSAEPNBFWq79ixdlMqNWcCF6VBojCmbErH2DcY0gDVjZqNM3DTp2zlBbky3oj4kTQv1CSr/p5NaaDUPPBMZ0D1RK17y+J/Xj/Rft1NeRgnGkO2+shPBNERWd5PRlwi02JugDLJzdaETaikTJuUSiYOZ/34TejUqo7h1m2lUc+DKcIFXMI1OHAHDXiAJrSBAcIzvMCrpa036936WLUWrHzmHP7I+vwBltaQ8A==</latexit>

3
<latexit sha1_base64="bYBwQZ425SHQ+1R/ez5pTLBUSQY=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAwo4JZBty4TMA8IBlCT6cnadLzoLsmGIZ8gVvduBO3/pDgx9iZzEITLzQc6lbRVdeLpdBo219WYWNza3unuFva2z84PCofn7R1lCjGWyySkep6VHMpQt5CgZJ3Y8Vp4Ene8Sb3C78z5UqLKHzEWczdgI5C4QtG0ZSaN4Nyxa7amcg6ODlUIFdjUP7uDyOWBDxEJqnWPceO0U2pQsEkn5f6ieYxZRM64j2DIQ24vtLTUQZu+pStPCcXxhsSP1LmhUiy6u/ZlAZazwLPdAYUx3rVWxT/83oJ+jU3FWGcIA/Z8iM/kQQjsrifDIXiDOXMAGVKmK0JG1NFGZqUSiYOZ/X4dWhfVx3DzdtKvZYHU4QzOIdLcOAO6vAADWgBAw7P8AKvFlpv1rv1sWwtWPnMKfyR9fkDmGSQ8Q==</latexit><latexit sha1_base64="bYBwQZ425SHQ+1R/ez5pTLBUSQY=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAwo4JZBty4TMA8IBlCT6cnadLzoLsmGIZ8gVvduBO3/pDgx9iZzEITLzQc6lbRVdeLpdBo219WYWNza3unuFva2z84PCofn7R1lCjGWyySkep6VHMpQt5CgZJ3Y8Vp4Ene8Sb3C78z5UqLKHzEWczdgI5C4QtG0ZSaN4Nyxa7amcg6ODlUIFdjUP7uDyOWBDxEJqnWPceO0U2pQsEkn5f6ieYxZRM64j2DIQ24vtLTUQZu+pStPCcXxhsSP1LmhUiy6u/ZlAZazwLPdAYUx3rVWxT/83oJ+jU3FWGcIA/Z8iM/kQQjsrifDIXiDOXMAGVKmK0JG1NFGZqUSiYOZ/X4dWhfVx3DzdtKvZYHU4QzOIdLcOAO6vAADWgBAw7P8AKvFlpv1rv1sWwtWPnMKfyR9fkDmGSQ8Q==</latexit><latexit sha1_base64="bYBwQZ425SHQ+1R/ez5pTLBUSQY=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAwo4JZBty4TMA8IBlCT6cnadLzoLsmGIZ8gVvduBO3/pDgx9iZzEITLzQc6lbRVdeLpdBo219WYWNza3unuFva2z84PCofn7R1lCjGWyySkep6VHMpQt5CgZJ3Y8Vp4Ene8Sb3C78z5UqLKHzEWczdgI5C4QtG0ZSaN4Nyxa7amcg6ODlUIFdjUP7uDyOWBDxEJqnWPceO0U2pQsEkn5f6ieYxZRM64j2DIQ24vtLTUQZu+pStPCcXxhsSP1LmhUiy6u/ZlAZazwLPdAYUx3rVWxT/83oJ+jU3FWGcIA/Z8iM/kQQjsrifDIXiDOXMAGVKmK0JG1NFGZqUSiYOZ/X4dWhfVx3DzdtKvZYHU4QzOIdLcOAO6vAADWgBAw7P8AKvFlpv1rv1sWwtWPnMKfyR9fkDmGSQ8Q==</latexit><latexit sha1_base64="bYBwQZ425SHQ+1R/ez5pTLBUSQY=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAwo4JZBty4TMA8IBlCT6cnadLzoLsmGIZ8gVvduBO3/pDgx9iZzEITLzQc6lbRVdeLpdBo219WYWNza3unuFva2z84PCofn7R1lCjGWyySkep6VHMpQt5CgZJ3Y8Vp4Ene8Sb3C78z5UqLKHzEWczdgI5C4QtG0ZSaN4Nyxa7amcg6ODlUIFdjUP7uDyOWBDxEJqnWPceO0U2pQsEkn5f6ieYxZRM64j2DIQ24vtLTUQZu+pStPCcXxhsSP1LmhUiy6u/ZlAZazwLPdAYUx3rVWxT/83oJ+jU3FWGcIA/Z8iM/kQQjsrifDIXiDOXMAGVKmK0JG1NFGZqUSiYOZ/X4dWhfVx3DzdtKvZYHU4QzOIdLcOAO6vAADWgBAw7P8AKvFlpv1rv1sWwtWPnMKfyR9fkDmGSQ8Q==</latexit>

4
<latexit sha1_base64="Uo+b44l5nLNVxt2dHWriUtIm4m4=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAwIwGzDLhxmYB5QDKEnk5P0qTnQXdNMAz5Are6cSdu/SHBj7EzmYUmXmg41K2iq64XS6HRtr+swtb2zu5ecb90cHh0fFI+PevoKFGMt1kkI9XzqOZShLyNAiXvxYrTwJO8603vl353xpUWUfiI85i7AR2HwheMoim1asNyxa7amcgmODlUIFdzWP4ejCKWBDxEJqnWfceO0U2pQsEkX5QGieYxZVM65n2DIQ24vtGzcQZu+pStvCBXxhsRP1LmhUiy6u/ZlAZazwPPdAYUJ3rdWxb/8/oJ+nU3FWGcIA/Z6iM/kQQjsryfjITiDOXcAGVKmK0Jm1BFGZqUSiYOZ/34TejcVh3DrVqlUc+DKcIFXMI1OHAHDXiAJrSBAYdneIFXC6036936WLUWrHzmHP7I+vwBmfKQ8g==</latexit><latexit sha1_base64="s9SJNBy72bSMwz9oBwCOzoZwJRk=">AAAB7nicbZBNS8NAEIY39avGr+rVy2IRPEhJRLDHghePFewHtKFsttN26WYTdifFEvoLvOrFm1f/keCPcZvmoK0vLDzMO8POvGEihUHP+3JKW9s7u3vlfffg8Oj4pOKetk2cag4tHstYd0NmQAoFLRQooZtoYFEooRNO75d+ZwbaiFg94TyBIGJjJUaCM7Slx9tBperVvFx0E/wCqqRQc1D57g9jnkagkEtmTM/3EgwyplFwCQu3nxpIGJ+yMfQsKhaBuTazcQ5B9pyvvKCX1hvSUaztU0jz6u/ZjEXGzKPQdkYMJ2bdWxb/83opjupBJlSSIii++miUSooxXd5Ph0IDRzm3wLgWdmvKJ0wzjjYl18bhrx+/Ce2bmm+52qgXsZTJObkgV8Qnd6RBHkiTtAgnQF7IK3lz0Hl3PlaNJaeYOCN/5Hz+AB2Sj74=</latexit><latexit sha1_base64="s9SJNBy72bSMwz9oBwCOzoZwJRk=">AAAB7nicbZBNS8NAEIY39avGr+rVy2IRPEhJRLDHghePFewHtKFsttN26WYTdifFEvoLvOrFm1f/keCPcZvmoK0vLDzMO8POvGEihUHP+3JKW9s7u3vlfffg8Oj4pOKetk2cag4tHstYd0NmQAoFLRQooZtoYFEooRNO75d+ZwbaiFg94TyBIGJjJUaCM7Slx9tBperVvFx0E/wCqqRQc1D57g9jnkagkEtmTM/3EgwyplFwCQu3nxpIGJ+yMfQsKhaBuTazcQ5B9pyvvKCX1hvSUaztU0jz6u/ZjEXGzKPQdkYMJ2bdWxb/83opjupBJlSSIii++miUSooxXd5Ph0IDRzm3wLgWdmvKJ0wzjjYl18bhrx+/Ce2bmm+52qgXsZTJObkgV8Qnd6RBHkiTtAgnQF7IK3lz0Hl3PlaNJaeYOCN/5Hz+AB2Sj74=</latexit><latexit sha1_base64="s9SJNBy72bSMwz9oBwCOzoZwJRk=">AAAB7nicbZBNS8NAEIY39avGr+rVy2IRPEhJRLDHghePFewHtKFsttN26WYTdifFEvoLvOrFm1f/keCPcZvmoK0vLDzMO8POvGEihUHP+3JKW9s7u3vlfffg8Oj4pOKetk2cag4tHstYd0NmQAoFLRQooZtoYFEooRNO75d+ZwbaiFg94TyBIGJjJUaCM7Slx9tBperVvFx0E/wCqqRQc1D57g9jnkagkEtmTM/3EgwyplFwCQu3nxpIGJ+yMfQsKhaBuTazcQ5B9pyvvKCX1hvSUaztU0jz6u/ZjEXGzKPQdkYMJ2bdWxb/83opjupBJlSSIii++miUSooxXd5Ph0IDRzm3wLgWdmvKJ0wzjjYl18bhrx+/Ce2bmm+52qgXsZTJObkgV8Qnd6RBHkiTtAgnQF7IK3lz0Hl3PlaNJaeYOCN/5Hz+AB2Sj74=</latexit>

5
<latexit sha1_base64="yrk9hGjzyWI4jariWsOiTZmZlk0=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAwI4pZBty4TMA8IBlCT6cnadLzoLsmGIZ8gVvduBO3/pDgx9iZzEITLzQc6lbRVdeLpdBo219WYWNza3unuFva2z84PCofn7R1lCjGWyySkep6VHMpQt5CgZJ3Y8Vp4Ene8Sb3C78z5UqLKHzEWczdgI5C4QtG0ZSat4Nyxa7amcg6ODlUIFdjUP7uDyOWBDxEJqnWPceO0U2pQsEkn5f6ieYxZRM64j2DIQ24vtLTUQZu+pStPCcXxhsSP1LmhUiy6u/ZlAZazwLPdAYUx3rVWxT/83oJ+jU3FWGcIA/Z8iM/kQQjsrifDIXiDOXMAGVKmK0JG1NFGZqUSiYOZ/X4dWhfVx3DzZtKvZYHU4QzOIdLcOAO6vAADWgBAw7P8AKvFlpv1rv1sWwtWPnMKfyR9fkDm4CQ8w==</latexit><latexit sha1_base64="yrk9hGjzyWI4jariWsOiTZmZlk0=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAwI4pZBty4TMA8IBlCT6cnadLzoLsmGIZ8gVvduBO3/pDgx9iZzEITLzQc6lbRVdeLpdBo219WYWNza3unuFva2z84PCofn7R1lCjGWyySkep6VHMpQt5CgZJ3Y8Vp4Ene8Sb3C78z5UqLKHzEWczdgI5C4QtG0ZSat4Nyxa7amcg6ODlUIFdjUP7uDyOWBDxEJqnWPceO0U2pQsEkn5f6ieYxZRM64j2DIQ24vtLTUQZu+pStPCcXxhsSP1LmhUiy6u/ZlAZazwLPdAYUx3rVWxT/83oJ+jU3FWGcIA/Z8iM/kQQjsrifDIXiDOXMAGVKmK0JG1NFGZqUSiYOZ/X4dWhfVx3DzZtKvZYHU4QzOIdLcOAO6vAADWgBAw7P8AKvFlpv1rv1sWwtWPnMKfyR9fkDm4CQ8w==</latexit><latexit sha1_base64="yrk9hGjzyWI4jariWsOiTZmZlk0=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAwI4pZBty4TMA8IBlCT6cnadLzoLsmGIZ8gVvduBO3/pDgx9iZzEITLzQc6lbRVdeLpdBo219WYWNza3unuFva2z84PCofn7R1lCjGWyySkep6VHMpQt5CgZJ3Y8Vp4Ene8Sb3C78z5UqLKHzEWczdgI5C4QtG0ZSat4Nyxa7amcg6ODlUIFdjUP7uDyOWBDxEJqnWPceO0U2pQsEkn5f6ieYxZRM64j2DIQ24vtLTUQZu+pStPCcXxhsSP1LmhUiy6u/ZlAZazwLPdAYUx3rVWxT/83oJ+jU3FWGcIA/Z8iM/kQQjsrifDIXiDOXMAGVKmK0JG1NFGZqUSiYOZ/X4dWhfVx3DzZtKvZYHU4QzOIdLcOAO6vAADWgBAw7P8AKvFlpv1rv1sWwtWPnMKfyR9fkDm4CQ8w==</latexit><latexit sha1_base64="yrk9hGjzyWI4jariWsOiTZmZlk0=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAwI4pZBty4TMA8IBlCT6cnadLzoLsmGIZ8gVvduBO3/pDgx9iZzEITLzQc6lbRVdeLpdBo219WYWNza3unuFva2z84PCofn7R1lCjGWyySkep6VHMpQt5CgZJ3Y8Vp4Ene8Sb3C78z5UqLKHzEWczdgI5C4QtG0ZSat4Nyxa7amcg6ODlUIFdjUP7uDyOWBDxEJqnWPceO0U2pQsEkn5f6ieYxZRM64j2DIQ24vtLTUQZu+pStPCcXxhsSP1LmhUiy6u/ZlAZazwLPdAYUx3rVWxT/83oJ+jU3FWGcIA/Z8iM/kQQjsrifDIXiDOXMAGVKmK0JG1NFGZqUSiYOZ/X4dWhfVx3DzZtKvZYHU4QzOIdLcOAO6vAADWgBAw7P8AKvFlpv1rv1sWwtWPnMKfyR9fkDm4CQ8w==</latexit>

6
<latexit sha1_base64="LnV2+HHJb39u2fsC6iE5rZahO90=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAwI6JZBty4TMA8IBlCT6cnadLzoLsmGIZ8gVvduBO3/pDgx9iZzEITLzQc6lbRVdeLpdBo219WYWNza3unuFva2z84PCofn7R1lCjGWyySkep6VHMpQt5CgZJ3Y8Vp4Ene8Sb3C78z5UqLKHzEWczdgI5C4QtG0ZSat4Nyxa7amcg6ODlUIFdjUP7uDyOWBDxEJqnWPceO0U2pQsEkn5f6ieYxZRM64j2DIQ24vtLTUQZu+pStPCcXxhsSP1LmhUiy6u/ZlAZazwLPdAYUx3rVWxT/83oJ+jU3FWGcIA/Z8iM/kQQjsrifDIXiDOXMAGVKmK0JG1NFGZqUSiYOZ/X4dWhfVx3DzZtKvZYHU4QzOIdLcOAO6vAADWgBAw7P8AKvFlpv1rv1sWwtWPnMKfyR9fkDnQ6Q9A==</latexit><latexit sha1_base64="LnV2+HHJb39u2fsC6iE5rZahO90=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAwI6JZBty4TMA8IBlCT6cnadLzoLsmGIZ8gVvduBO3/pDgx9iZzEITLzQc6lbRVdeLpdBo219WYWNza3unuFva2z84PCofn7R1lCjGWyySkep6VHMpQt5CgZJ3Y8Vp4Ene8Sb3C78z5UqLKHzEWczdgI5C4QtG0ZSat4Nyxa7amcg6ODlUIFdjUP7uDyOWBDxEJqnWPceO0U2pQsEkn5f6ieYxZRM64j2DIQ24vtLTUQZu+pStPCcXxhsSP1LmhUiy6u/ZlAZazwLPdAYUx3rVWxT/83oJ+jU3FWGcIA/Z8iM/kQQjsrifDIXiDOXMAGVKmK0JG1NFGZqUSiYOZ/X4dWhfVx3DzZtKvZYHU4QzOIdLcOAO6vAADWgBAw7P8AKvFlpv1rv1sWwtWPnMKfyR9fkDnQ6Q9A==</latexit><latexit sha1_base64="LnV2+HHJb39u2fsC6iE5rZahO90=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAwI6JZBty4TMA8IBlCT6cnadLzoLsmGIZ8gVvduBO3/pDgx9iZzEITLzQc6lbRVdeLpdBo219WYWNza3unuFva2z84PCofn7R1lCjGWyySkep6VHMpQt5CgZJ3Y8Vp4Ene8Sb3C78z5UqLKHzEWczdgI5C4QtG0ZSat4Nyxa7amcg6ODlUIFdjUP7uDyOWBDxEJqnWPceO0U2pQsEkn5f6ieYxZRM64j2DIQ24vtLTUQZu+pStPCcXxhsSP1LmhUiy6u/ZlAZazwLPdAYUx3rVWxT/83oJ+jU3FWGcIA/Z8iM/kQQjsrifDIXiDOXMAGVKmK0JG1NFGZqUSiYOZ/X4dWhfVx3DzZtKvZYHU4QzOIdLcOAO6vAADWgBAw7P8AKvFlpv1rv1sWwtWPnMKfyR9fkDnQ6Q9A==</latexit><latexit sha1_base64="LnV2+HHJb39u2fsC6iE5rZahO90=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAwI6JZBty4TMA8IBlCT6cnadLzoLsmGIZ8gVvduBO3/pDgx9iZzEITLzQc6lbRVdeLpdBo219WYWNza3unuFva2z84PCofn7R1lCjGWyySkep6VHMpQt5CgZJ3Y8Vp4Ene8Sb3C78z5UqLKHzEWczdgI5C4QtG0ZSat4Nyxa7amcg6ODlUIFdjUP7uDyOWBDxEJqnWPceO0U2pQsEkn5f6ieYxZRM64j2DIQ24vtLTUQZu+pStPCcXxhsSP1LmhUiy6u/ZlAZazwLPdAYUx3rVWxT/83oJ+jU3FWGcIA/Z8iM/kQQjsrifDIXiDOXMAGVKmK0JG1NFGZqUSiYOZ/X4dWhfVx3DzZtKvZYHU4QzOIdLcOAO6vAADWgBAw7P8AKvFlpv1rv1sWwtWPnMKfyR9fkDnQ6Q9A==</latexit>

t t

✓0 = [�1, 1,�2, 0, 1.5, 0.5]> ✓0 = [0, 1.2, 2.2, 3.9, 4.8, 1]>

✓ ✓

aij = 1

P = 1/4

P

�P

multi-stable sync : “cycle structure” and “state space”

quantify: “cycle structure” vs “multi-stable sync”
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Phenomenon #2: Multi-stable power flows
Revisited

Q2: Is the operating point unique? θ̇i = pi −
∑n

j=1 aij sin(θi − θj)
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1
<latexit sha1_base64="vcVOwOxCkvVzelBwAzfJ0C46RGw=">AAAB8nicbZBNS8NAEIY3ftb6VfXoZbEIHqQkIthjwYvHFuwHtKFsttN26WYTdifFEvoLvOrFm3j1Dwn+GLdpDtr6wsLDvDPszBvEUhh03S9nY3Nre2e3sFfcPzg8Oi6dnLZMlGgOTR7JSHcCZkAKBU0UKKETa2BhIKEdTO4XfnsK2ohIPeIsBj9kIyWGgjO0pYbXL5XdipuJroOXQ5nkqvdL371BxJMQFHLJjOl6box+yjQKLmFe7CUGYsYnbARdi4qFYK7NdJSBnz5lK8/ppfUGdBhp+xTSrPp7NmWhMbMwsJ0hw7FZ9RbF/7xugsOqnwoVJwiKLz8aJpJiRBf304HQwFHOLDCuhd2a8jHTjKNNqWjj8FaPX4fWTcWz3Lgt16p5MAVyTi7IFfHIHamRB1InTcIJkGfyQl4ddN6cd+dj2brh5DNn5I+czx+VSJDv</latexit><latexit sha1_base64="vcVOwOxCkvVzelBwAzfJ0C46RGw=">AAAB8nicbZBNS8NAEIY3ftb6VfXoZbEIHqQkIthjwYvHFuwHtKFsttN26WYTdifFEvoLvOrFm3j1Dwn+GLdpDtr6wsLDvDPszBvEUhh03S9nY3Nre2e3sFfcPzg8Oi6dnLZMlGgOTR7JSHcCZkAKBU0UKKETa2BhIKEdTO4XfnsK2ohIPeIsBj9kIyWGgjO0pYbXL5XdipuJroOXQ5nkqvdL371BxJMQFHLJjOl6box+yjQKLmFe7CUGYsYnbARdi4qFYK7NdJSBnz5lK8/ppfUGdBhp+xTSrPp7NmWhMbMwsJ0hw7FZ9RbF/7xugsOqnwoVJwiKLz8aJpJiRBf304HQwFHOLDCuhd2a8jHTjKNNqWjj8FaPX4fWTcWz3Lgt16p5MAVyTi7IFfHIHamRB1InTcIJkGfyQl4ddN6cd+dj2brh5DNn5I+czx+VSJDv</latexit><latexit sha1_base64="vcVOwOxCkvVzelBwAzfJ0C46RGw=">AAAB8nicbZBNS8NAEIY3ftb6VfXoZbEIHqQkIthjwYvHFuwHtKFsttN26WYTdifFEvoLvOrFm3j1Dwn+GLdpDtr6wsLDvDPszBvEUhh03S9nY3Nre2e3sFfcPzg8Oi6dnLZMlGgOTR7JSHcCZkAKBU0UKKETa2BhIKEdTO4XfnsK2ohIPeIsBj9kIyWGgjO0pYbXL5XdipuJroOXQ5nkqvdL371BxJMQFHLJjOl6box+yjQKLmFe7CUGYsYnbARdi4qFYK7NdJSBnz5lK8/ppfUGdBhp+xTSrPp7NmWhMbMwsJ0hw7FZ9RbF/7xugsOqnwoVJwiKLz8aJpJiRBf304HQwFHOLDCuhd2a8jHTjKNNqWjj8FaPX4fWTcWz3Lgt16p5MAVyTi7IFfHIHamRB1InTcIJkGfyQl4ddN6cd+dj2brh5DNn5I+czx+VSJDv</latexit><latexit sha1_base64="vcVOwOxCkvVzelBwAzfJ0C46RGw=">AAAB8nicbZBNS8NAEIY3ftb6VfXoZbEIHqQkIthjwYvHFuwHtKFsttN26WYTdifFEvoLvOrFm3j1Dwn+GLdpDtr6wsLDvDPszBvEUhh03S9nY3Nre2e3sFfcPzg8Oi6dnLZMlGgOTR7JSHcCZkAKBU0UKKETa2BhIKEdTO4XfnsK2ohIPeIsBj9kIyWGgjO0pYbXL5XdipuJroOXQ5nkqvdL371BxJMQFHLJjOl6box+yjQKLmFe7CUGYsYnbARdi4qFYK7NdJSBnz5lK8/ppfUGdBhp+xTSrPp7NmWhMbMwsJ0hw7FZ9RbF/7xugsOqnwoVJwiKLz8aJpJiRBf304HQwFHOLDCuhd2a8jHTjKNNqWjj8FaPX4fWTcWz3Lgt16p5MAVyTi7IFfHIHamRB1InTcIJkGfyQl4ddN6cd+dj2brh5DNn5I+czx+VSJDv</latexit>

2
<latexit sha1_base64="XRc0SVeK8nNODgl9CvCAv3JTK6U=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAwEwSzDLhxmYB5QDKEnk5N0qTnQXdPMAz5Are6cSdu/SHBj7EzmYUmXmg41K2iq64XC660bX9Zha3tnd294n7p4PDo+KR8etZRUSIZtlkkItnzqELBQ2xrrgX2Yok08AR2ven90u/OUCoehY96HqMb0HHIfc6oNqVWbViu2FU7E9kEJ4cK5GoOy9+DUcSSAEPNBFWq79ixdlMqNWcCF6VBojCmbErH2DcY0gDVjZqNM3DTp2zlBbky3oj4kTQv1CSr/p5NaaDUPPBMZ0D1RK17y+J/Xj/Rft1NeRgnGkO2+shPBNERWd5PRlwi02JugDLJzdaETaikTJuUSiYOZ/34TejUqo7h1m2lUc+DKcIFXMI1OHAHDXiAJrSBAcIzvMCrpa036936WLUWrHzmHP7I+vwBltaQ8A==</latexit><latexit sha1_base64="XRc0SVeK8nNODgl9CvCAv3JTK6U=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAwEwSzDLhxmYB5QDKEnk5N0qTnQXdPMAz5Are6cSdu/SHBj7EzmYUmXmg41K2iq64XC660bX9Zha3tnd294n7p4PDo+KR8etZRUSIZtlkkItnzqELBQ2xrrgX2Yok08AR2ven90u/OUCoehY96HqMb0HHIfc6oNqVWbViu2FU7E9kEJ4cK5GoOy9+DUcSSAEPNBFWq79ixdlMqNWcCF6VBojCmbErH2DcY0gDVjZqNM3DTp2zlBbky3oj4kTQv1CSr/p5NaaDUPPBMZ0D1RK17y+J/Xj/Rft1NeRgnGkO2+shPBNERWd5PRlwi02JugDLJzdaETaikTJuUSiYOZ/34TejUqo7h1m2lUc+DKcIFXMI1OHAHDXiAJrSBAcIzvMCrpa036936WLUWrHzmHP7I+vwBltaQ8A==</latexit><latexit sha1_base64="XRc0SVeK8nNODgl9CvCAv3JTK6U=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAwEwSzDLhxmYB5QDKEnk5N0qTnQXdPMAz5Are6cSdu/SHBj7EzmYUmXmg41K2iq64XC660bX9Zha3tnd294n7p4PDo+KR8etZRUSIZtlkkItnzqELBQ2xrrgX2Yok08AR2ven90u/OUCoehY96HqMb0HHIfc6oNqVWbViu2FU7E9kEJ4cK5GoOy9+DUcSSAEPNBFWq79ixdlMqNWcCF6VBojCmbErH2DcY0gDVjZqNM3DTp2zlBbky3oj4kTQv1CSr/p5NaaDUPPBMZ0D1RK17y+J/Xj/Rft1NeRgnGkO2+shPBNERWd5PRlwi02JugDLJzdaETaikTJuUSiYOZ/34TejUqo7h1m2lUc+DKcIFXMI1OHAHDXiAJrSBAcIzvMCrpa036936WLUWrHzmHP7I+vwBltaQ8A==</latexit><latexit sha1_base64="XRc0SVeK8nNODgl9CvCAv3JTK6U=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAwEwSzDLhxmYB5QDKEnk5N0qTnQXdPMAz5Are6cSdu/SHBj7EzmYUmXmg41K2iq64XC660bX9Zha3tnd294n7p4PDo+KR8etZRUSIZtlkkItnzqELBQ2xrrgX2Yok08AR2ven90u/OUCoehY96HqMb0HHIfc6oNqVWbViu2FU7E9kEJ4cK5GoOy9+DUcSSAEPNBFWq79ixdlMqNWcCF6VBojCmbErH2DcY0gDVjZqNM3DTp2zlBbky3oj4kTQv1CSr/p5NaaDUPPBMZ0D1RK17y+J/Xj/Rft1NeRgnGkO2+shPBNERWd5PRlwi02JugDLJzdaETaikTJuUSiYOZ/34TejUqo7h1m2lUc+DKcIFXMI1OHAHDXiAJrSBAcIzvMCrpa036936WLUWrHzmHP7I+vwBltaQ8A==</latexit>

3
<latexit sha1_base64="bYBwQZ425SHQ+1R/ez5pTLBUSQY=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAwo4JZBty4TMA8IBlCT6cnadLzoLsmGIZ8gVvduBO3/pDgx9iZzEITLzQc6lbRVdeLpdBo219WYWNza3unuFva2z84PCofn7R1lCjGWyySkep6VHMpQt5CgZJ3Y8Vp4Ene8Sb3C78z5UqLKHzEWczdgI5C4QtG0ZSaN4Nyxa7amcg6ODlUIFdjUP7uDyOWBDxEJqnWPceO0U2pQsEkn5f6ieYxZRM64j2DIQ24vtLTUQZu+pStPCcXxhsSP1LmhUiy6u/ZlAZazwLPdAYUx3rVWxT/83oJ+jU3FWGcIA/Z8iM/kQQjsrifDIXiDOXMAGVKmK0JG1NFGZqUSiYOZ/X4dWhfVx3DzdtKvZYHU4QzOIdLcOAO6vAADWgBAw7P8AKvFlpv1rv1sWwtWPnMKfyR9fkDmGSQ8Q==</latexit><latexit sha1_base64="bYBwQZ425SHQ+1R/ez5pTLBUSQY=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAwo4JZBty4TMA8IBlCT6cnadLzoLsmGIZ8gVvduBO3/pDgx9iZzEITLzQc6lbRVdeLpdBo219WYWNza3unuFva2z84PCofn7R1lCjGWyySkep6VHMpQt5CgZJ3Y8Vp4Ene8Sb3C78z5UqLKHzEWczdgI5C4QtG0ZSaN4Nyxa7amcg6ODlUIFdjUP7uDyOWBDxEJqnWPceO0U2pQsEkn5f6ieYxZRM64j2DIQ24vtLTUQZu+pStPCcXxhsSP1LmhUiy6u/ZlAZazwLPdAYUx3rVWxT/83oJ+jU3FWGcIA/Z8iM/kQQjsrifDIXiDOXMAGVKmK0JG1NFGZqUSiYOZ/X4dWhfVx3DzdtKvZYHU4QzOIdLcOAO6vAADWgBAw7P8AKvFlpv1rv1sWwtWPnMKfyR9fkDmGSQ8Q==</latexit><latexit sha1_base64="bYBwQZ425SHQ+1R/ez5pTLBUSQY=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAwo4JZBty4TMA8IBlCT6cnadLzoLsmGIZ8gVvduBO3/pDgx9iZzEITLzQc6lbRVdeLpdBo219WYWNza3unuFva2z84PCofn7R1lCjGWyySkep6VHMpQt5CgZJ3Y8Vp4Ene8Sb3C78z5UqLKHzEWczdgI5C4QtG0ZSaN4Nyxa7amcg6ODlUIFdjUP7uDyOWBDxEJqnWPceO0U2pQsEkn5f6ieYxZRM64j2DIQ24vtLTUQZu+pStPCcXxhsSP1LmhUiy6u/ZlAZazwLPdAYUx3rVWxT/83oJ+jU3FWGcIA/Z8iM/kQQjsrifDIXiDOXMAGVKmK0JG1NFGZqUSiYOZ/X4dWhfVx3DzdtKvZYHU4QzOIdLcOAO6vAADWgBAw7P8AKvFlpv1rv1sWwtWPnMKfyR9fkDmGSQ8Q==</latexit><latexit sha1_base64="bYBwQZ425SHQ+1R/ez5pTLBUSQY=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAwo4JZBty4TMA8IBlCT6cnadLzoLsmGIZ8gVvduBO3/pDgx9iZzEITLzQc6lbRVdeLpdBo219WYWNza3unuFva2z84PCofn7R1lCjGWyySkep6VHMpQt5CgZJ3Y8Vp4Ene8Sb3C78z5UqLKHzEWczdgI5C4QtG0ZSaN4Nyxa7amcg6ODlUIFdjUP7uDyOWBDxEJqnWPceO0U2pQsEkn5f6ieYxZRM64j2DIQ24vtLTUQZu+pStPCcXxhsSP1LmhUiy6u/ZlAZazwLPdAYUx3rVWxT/83oJ+jU3FWGcIA/Z8iM/kQQjsrifDIXiDOXMAGVKmK0JG1NFGZqUSiYOZ/X4dWhfVx3DzdtKvZYHU4QzOIdLcOAO6vAADWgBAw7P8AKvFlpv1rv1sWwtWPnMKfyR9fkDmGSQ8Q==</latexit>

4
<latexit sha1_base64="Uo+b44l5nLNVxt2dHWriUtIm4m4=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAwIwGzDLhxmYB5QDKEnk5P0qTnQXdNMAz5Are6cSdu/SHBj7EzmYUmXmg41K2iq64XS6HRtr+swtb2zu5ecb90cHh0fFI+PevoKFGMt1kkI9XzqOZShLyNAiXvxYrTwJO8603vl353xpUWUfiI85i7AR2HwheMoim1asNyxa7amcgmODlUIFdzWP4ejCKWBDxEJqnWfceO0U2pQsEkX5QGieYxZVM65n2DIQ24vtGzcQZu+pStvCBXxhsRP1LmhUiy6u/ZlAZazwPPdAYUJ3rdWxb/8/oJ+nU3FWGcIA/Z6iM/kQQjsryfjITiDOXcAGVKmK0Jm1BFGZqUSiYOZ/34TejcVh3DrVqlUc+DKcIFXMI1OHAHDXiAJrSBAYdneIFXC6036936WLUWrHzmHP7I+vwBmfKQ8g==</latexit><latexit sha1_base64="s9SJNBy72bSMwz9oBwCOzoZwJRk=">AAAB7nicbZBNS8NAEIY39avGr+rVy2IRPEhJRLDHghePFewHtKFsttN26WYTdifFEvoLvOrFm1f/keCPcZvmoK0vLDzMO8POvGEihUHP+3JKW9s7u3vlfffg8Oj4pOKetk2cag4tHstYd0NmQAoFLRQooZtoYFEooRNO75d+ZwbaiFg94TyBIGJjJUaCM7Slx9tBperVvFx0E/wCqqRQc1D57g9jnkagkEtmTM/3EgwyplFwCQu3nxpIGJ+yMfQsKhaBuTazcQ5B9pyvvKCX1hvSUaztU0jz6u/ZjEXGzKPQdkYMJ2bdWxb/83opjupBJlSSIii++miUSooxXd5Ph0IDRzm3wLgWdmvKJ0wzjjYl18bhrx+/Ce2bmm+52qgXsZTJObkgV8Qnd6RBHkiTtAgnQF7IK3lz0Hl3PlaNJaeYOCN/5Hz+AB2Sj74=</latexit><latexit sha1_base64="s9SJNBy72bSMwz9oBwCOzoZwJRk=">AAAB7nicbZBNS8NAEIY39avGr+rVy2IRPEhJRLDHghePFewHtKFsttN26WYTdifFEvoLvOrFm1f/keCPcZvmoK0vLDzMO8POvGEihUHP+3JKW9s7u3vlfffg8Oj4pOKetk2cag4tHstYd0NmQAoFLRQooZtoYFEooRNO75d+ZwbaiFg94TyBIGJjJUaCM7Slx9tBperVvFx0E/wCqqRQc1D57g9jnkagkEtmTM/3EgwyplFwCQu3nxpIGJ+yMfQsKhaBuTazcQ5B9pyvvKCX1hvSUaztU0jz6u/ZjEXGzKPQdkYMJ2bdWxb/83opjupBJlSSIii++miUSooxXd5Ph0IDRzm3wLgWdmvKJ0wzjjYl18bhrx+/Ce2bmm+52qgXsZTJObkgV8Qnd6RBHkiTtAgnQF7IK3lz0Hl3PlaNJaeYOCN/5Hz+AB2Sj74=</latexit><latexit sha1_base64="s9SJNBy72bSMwz9oBwCOzoZwJRk=">AAAB7nicbZBNS8NAEIY39avGr+rVy2IRPEhJRLDHghePFewHtKFsttN26WYTdifFEvoLvOrFm1f/keCPcZvmoK0vLDzMO8POvGEihUHP+3JKW9s7u3vlfffg8Oj4pOKetk2cag4tHstYd0NmQAoFLRQooZtoYFEooRNO75d+ZwbaiFg94TyBIGJjJUaCM7Slx9tBperVvFx0E/wCqqRQc1D57g9jnkagkEtmTM/3EgwyplFwCQu3nxpIGJ+yMfQsKhaBuTazcQ5B9pyvvKCX1hvSUaztU0jz6u/ZjEXGzKPQdkYMJ2bdWxb/83opjupBJlSSIii++miUSooxXd5Ph0IDRzm3wLgWdmvKJ0wzjjYl18bhrx+/Ce2bmm+52qgXsZTJObkgV8Qnd6RBHkiTtAgnQF7IK3lz0Hl3PlaNJaeYOCN/5Hz+AB2Sj74=</latexit>

5
<latexit sha1_base64="yrk9hGjzyWI4jariWsOiTZmZlk0=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAwI4pZBty4TMA8IBlCT6cnadLzoLsmGIZ8gVvduBO3/pDgx9iZzEITLzQc6lbRVdeLpdBo219WYWNza3unuFva2z84PCofn7R1lCjGWyySkep6VHMpQt5CgZJ3Y8Vp4Ene8Sb3C78z5UqLKHzEWczdgI5C4QtG0ZSat4Nyxa7amcg6ODlUIFdjUP7uDyOWBDxEJqnWPceO0U2pQsEkn5f6ieYxZRM64j2DIQ24vtLTUQZu+pStPCcXxhsSP1LmhUiy6u/ZlAZazwLPdAYUx3rVWxT/83oJ+jU3FWGcIA/Z8iM/kQQjsrifDIXiDOXMAGVKmK0JG1NFGZqUSiYOZ/X4dWhfVx3DzZtKvZYHU4QzOIdLcOAO6vAADWgBAw7P8AKvFlpv1rv1sWwtWPnMKfyR9fkDm4CQ8w==</latexit><latexit sha1_base64="yrk9hGjzyWI4jariWsOiTZmZlk0=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAwI4pZBty4TMA8IBlCT6cnadLzoLsmGIZ8gVvduBO3/pDgx9iZzEITLzQc6lbRVdeLpdBo219WYWNza3unuFva2z84PCofn7R1lCjGWyySkep6VHMpQt5CgZJ3Y8Vp4Ene8Sb3C78z5UqLKHzEWczdgI5C4QtG0ZSat4Nyxa7amcg6ODlUIFdjUP7uDyOWBDxEJqnWPceO0U2pQsEkn5f6ieYxZRM64j2DIQ24vtLTUQZu+pStPCcXxhsSP1LmhUiy6u/ZlAZazwLPdAYUx3rVWxT/83oJ+jU3FWGcIA/Z8iM/kQQjsrifDIXiDOXMAGVKmK0JG1NFGZqUSiYOZ/X4dWhfVx3DzZtKvZYHU4QzOIdLcOAO6vAADWgBAw7P8AKvFlpv1rv1sWwtWPnMKfyR9fkDm4CQ8w==</latexit><latexit sha1_base64="yrk9hGjzyWI4jariWsOiTZmZlk0=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAwI4pZBty4TMA8IBlCT6cnadLzoLsmGIZ8gVvduBO3/pDgx9iZzEITLzQc6lbRVdeLpdBo219WYWNza3unuFva2z84PCofn7R1lCjGWyySkep6VHMpQt5CgZJ3Y8Vp4Ene8Sb3C78z5UqLKHzEWczdgI5C4QtG0ZSat4Nyxa7amcg6ODlUIFdjUP7uDyOWBDxEJqnWPceO0U2pQsEkn5f6ieYxZRM64j2DIQ24vtLTUQZu+pStPCcXxhsSP1LmhUiy6u/ZlAZazwLPdAYUx3rVWxT/83oJ+jU3FWGcIA/Z8iM/kQQjsrifDIXiDOXMAGVKmK0JG1NFGZqUSiYOZ/X4dWhfVx3DzZtKvZYHU4QzOIdLcOAO6vAADWgBAw7P8AKvFlpv1rv1sWwtWPnMKfyR9fkDm4CQ8w==</latexit><latexit sha1_base64="yrk9hGjzyWI4jariWsOiTZmZlk0=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAwI4pZBty4TMA8IBlCT6cnadLzoLsmGIZ8gVvduBO3/pDgx9iZzEITLzQc6lbRVdeLpdBo219WYWNza3unuFva2z84PCofn7R1lCjGWyySkep6VHMpQt5CgZJ3Y8Vp4Ene8Sb3C78z5UqLKHzEWczdgI5C4QtG0ZSat4Nyxa7amcg6ODlUIFdjUP7uDyOWBDxEJqnWPceO0U2pQsEkn5f6ieYxZRM64j2DIQ24vtLTUQZu+pStPCcXxhsSP1LmhUiy6u/ZlAZazwLPdAYUx3rVWxT/83oJ+jU3FWGcIA/Z8iM/kQQjsrifDIXiDOXMAGVKmK0JG1NFGZqUSiYOZ/X4dWhfVx3DzZtKvZYHU4QzOIdLcOAO6vAADWgBAw7P8AKvFlpv1rv1sWwtWPnMKfyR9fkDm4CQ8w==</latexit>
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multi-stable sync : “cycle structure” and “state space”

quantify: “cycle structure” vs “multi-stable sync”
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Algebraic graph theory on n-torus

Key question

How to localize stable operating points?

Winding number

Nodal variables in R3

1

3 2

x1

x2x3

3∑
i=1

distance in R︷ ︸︸ ︷
(xi − xi+1) = 0.

Nodal variables in T3

1

3 2

θ1

θ2θ3

3∑
i=1

distance in S︷ ︸︸ ︷
(θi − θi+1) = 2πwσ(θ),

wσ(θ) ∈ Z, winding number
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Winding partition of the n-torus
Winding vectors and Kirchhoff angle law

Winding vector

Given a graph G with a cycle basis Σ = {σ1, . . . , σm−n+1} and θ ∈ Tn.

Winding vector: wΣ(θ) = [wσ1 (θ), . . . ,wσm−n+1 (θ)]>

Theorem: Kirchhoff angle law on Tn

wσ(θ) = 0,±1, . . . ,±bnσ/2c
=⇒ wΣ(θ) is piecewise constant,

wΣ(θ) takes value in a finite set
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Winding partition of the n-torus
Winding cells

Winding cells: equivalence classes

Given a graph G with a cycle basis Σ. For every u ∈ Zm−n+1

(Winding cell u) = all θ ∈ Tn s.t. wΣ(θ) = u.

θ1

θ2

θ3

0

π

−π

−π

π

0

π

−π

0
θ1

θ2

θ3

−π

π

0

−π

π

0

−π

0

π

θ2

θ3

θ1

π

π

−ππ

−π

0

0

0

u = −1 u = 0 u = +1

2

1

3

Theorem: Winding partition of n-torus

Tn =
⋃

u∈Zm−n+1 (Winding cell u)
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Properties of the winding partition

θ1

θ2

θ3

0

π

−π

−π

π

0

π

−π

0
θ1

θ2

θ3

−π

π

0

−π

π

0

−π

0

π

θ2

θ3

θ1

π

π

−ππ

−π

0

0

0

u = −1 u = 0 u = +1

2

1

3

each winding cell is connected

each winding cell is invariant under rotation

bijection: winding cell ←→ convex polytope
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At-most uniqueness in winding cells

Multi-stability

Given topology, admittances, and injections

pi =
n∑

j=1

aij sin(θi − θj), ∀ bus i

|θi − θj | ≤ γ <
π

2
, ∀ line (i , j) θ1

θ2

θ3

0

π

−π

−π

π

0

π

−π

0
θ1

θ2

θ3

−π

π

0

−π

π

0

−π

0

π

θ2

θ3

θ1

π

π

−ππ

−π

0

0

0

1

23

u = −1 u = 0 u = +1

Theorem: At-most-uniqueness and extensions

1 each winding cell has at-most-unique equilibrium with ∆θ ≤ γ
2 equilibrium loop flow increases monotonically wrt winding number

3 existence of solutions in WindingCell(u) with ∆θ ≤ γ if

‖B>L†p + Cu‖∞ ≤ g(‖P‖∞), or (Static Test)

ηk+1 = ηk − αP(asin(ηk)− Cu), (Iteration)
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Summary

geometry of cutset projection operator

family of sufficient sync conditions

partiton of n-torus based on winding vector

localize the equilibrium points using winding cells

SJ (UCSB) Large-scale Nonlinear Networks April 6, 2021 26 / 45



Future research

close the gap between sufficient and necessary conditions

use suitable optimization algorithms to compute min amplification factor.

region of attraction of stable equilibrium points

design suitable Lyapunov functions which can ensure convergence with transient

guarantees

generalizations to other oscillator models.

extension to multi-stability of state-space coupled oscillators such as

FitzHugh–Nagumo
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Presentation outline

Synchronization and multi-stability in power grids

oscillator networks and power grids

transition from synchrony to incoherency

multiplicity of equilibria

Incremental stability framework for nonlinear networks

review of contraction theory

weakly-contracting systems

semi-contracting systems
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Contraction theory: a brief review
Definition and Historical notes

Definition: Contracting systems

ẋ = f (t, x) is contracting wrt to ‖ · ‖ with rate c > 0:

‖x(t)− y(t)‖ ≤ e−ct‖x(0)− y(0)‖.

Contracting system: flow is a contracting map.
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µ(Df(t, x)) < �c

D. C. Lewis. Metric properties of differential equations.
American Journal of Mathematics, 71(2):294–312, 1949

B. P. Demidovich. Dissipativity of a nonlinear system of differential equations.
Uspekhi Matematicheskikh Nauk, 16(3(99)):216, 1961

W. Lohmiller and J.-J. E. Slotine. On contraction analysis for non-linear systems.
Automatica, 34(6):683–696, 1998

SJ (UCSB) Large-scale Nonlinear Networks April 6, 2021 29 / 45



Contraction theory: a brief review
Properties of contracting systems

Highly ordered asymptotic and transient behaviors:

1 initial conditions are forgotten

2 time-invariant f : unique globally stable equilibrium

3 periodic f : unique globally stable periodic solution

4 robustness properties: input-to-state stability

5 finite input-state gain in the presence of (Lipschitz continuous) unmodeled
dynamics.
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Contraction theory: a brief review
Contraction theory vs Lyapunov stability theory

Combines in unified coherent framework results from:

1 stability notions and Lyapunov functions

2 Banach contraction and Brouwer fixed point theorems,

3 monotone systems theory, and

4 geometry of Banach, Riemannian and Finsler spaces

Contraction theory includes results about (1) the existence of equilibria (not just
their stability), (2) entrainment to periodic solutions, and (3) the dichotomy for
weakly contracting systems
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Matrix measures and contracting systems

Definition: matrix measure

The matrix measure of A ∈ Rn×n wrt to ‖ · ‖:

µ‖·‖(A) := lim
h→0+

‖In + hA‖ − 1

h
.

Directional derivative of norm ‖ · ‖ in direction of A,

One-sided Lipschitz constant:

E. Hairer, S. P. Nørsett, and G. Wanner. Solving Ordinary Differential Equations I. Nonstiff
Problems.
Springer, 1993

Theorem: contraction via matrix measures

ẋ = f (t, x) with f continuously differentiable in x is contracting wrt to ‖ · ‖ with
rate c > 0 iff

µ(Df (t, x)) ≤ −c , for every t, x
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Computing matrix measures

For ‖ · ‖2,P with P � 0:

µ2,P(Df (t, x)) ≤ −c ⇐⇒ PDf (t, x) + Df (t, x)>P � −cP

For ‖ · ‖1,[η] with η ∈ Rn
>0 and Df (t, x) Metzler:

µ1,[η](Df (t, x)) ≤ −c ⇐⇒ η>Df (t, x) ≤ −cη>
µ∞,[η]−1 (Df (t, x)) ≤ −c ⇐⇒ Df (t, x)η ≤ −cη

If f is polynomial in t and x ,

1 can be checked using SOS programming

2 search for the weights (P � 0 and η ∈ Rn
>0) using SOS programming

E. M. Aylward, P. A. Parrilo, and J.-J. E. Slotine. Stability and robustness analysis of
nonlinear systems via contraction metrics and SOS programming.
Automatica, 44(8):2163–2170, 2008.
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Contraction theory for networks

Challenge: many real-world networks are not contracting.

Network flow system ẋ = f (x) preserving commodity x :

constant = 1>n x(t)

=⇒ 0 = 1>n ẋ(t) = 1>n f (x(t))

=⇒ 0n = 1>n Df (x(t))

If additionally f has Metzler Jacobian, then µ1(Df (x)) = 0.
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Weakly-contracting systems

Definition: Weakly-contracting systems

ẋ = f (t, x) with f continuously differentiable in x is weakly-contracting wrt ‖ · ‖:

µ‖·‖(Df (t, x)) ≤ 0

Theorem: Dichotomy for weakly-contracting systems

For a weakly-contracting system ẋ = f (x), either

1 f has no equilibrium and every trajectory is unbounded, or
2 f has at least one equilibrium x∗ and every trajectory is bounded, and:

(i) each equilibrium x∗∗ is stable with weak Lyapunov function x 7→ ‖x − x∗∗‖,

(ii) if the norm ‖ · ‖ is a (p,R)-norm, p ∈ {1,∞} and f is piecewise real analytic,
then every trajectory converges to the set of equilibria,

(iii) x∗ is locally asy stable =⇒ x∗ is globally asy stable.
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Examples of weakly-contracting networks

1 Lotka-Volterra population dynamics (Lotka, 1920; Volterra, 1928),
(weakly-contracting wrt `1-norm)

2 Kuramoto oscillators (Kuramoto, 1975) and coupled swing equations (Bergen
and Hill, 1981), (weakly-contracting wrt `1-norm and `∞-norm)

3 Daganzo’s cell transmission model for traffic networks (Daganzo, 1994),
(weakly-contracting wrt `1-norm)

4 compartmental systems in biology, medicine, and ecology (Sandberg, 1978;
Maeda et al., 1978). (weakly-contracting wrt `1-norm)

5 saddle-point dynamics for optimization of weakly-convex functions (Arrow
et al., 1958). (weakly-contracting wrt `2-norm)
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Example: Distributed primal-dual algorithm over networks

Optimization problem

min
x∈Rk

f (x) = min
x∈Rk

n∑
i=1

fi (x)

Distributed implementation

n agents communicate over a undirected weighted graph G ,

agent i have access to function fi and can exchange xi with its neighbors.

min
x∈Rk

n∑
i=1

fi (xi )

x1 = x2 = . . . = xn

In matrix form by assuming x = (x>1 , . . . , x
>
n )> ∈ Rnk :

min
x∈Rk

n∑
i=1

fi (xi )

(L⊗ Ik)x = 0nN
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Example: Distributed primal-dual algorithm

If each fi is continuously differentiable in xi :

Distributed primal-dual algorithm (component form):

ẋi = −∇fi (xi )−
n∑

j=1

aij(νi − νj),

ν̇i =
n∑

j=1

aij(xi − xj)

Distributed primal-dual algorithm (vector form):

ẋ = −∇f (x)− (L⊗ Ik)ν,

ν̇ = (L⊗ Ik)x
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Example: Distributed primal-dual algorithm

Assume

1 f has a minimum x∗ ∈ Rk ,

2 for each i ∈ {1, . . . , n}, fi is twice differentiable, ∇2fi (x) � 0 for all x , and
∇2fi (x

∗) � 0, and

3 the undirected weighted graph G is connected with Laplacian L.

Theorem: Distributed primal-dual dynamics

The distributed primal-dual algorithm

1 is weakly-contracting wrt `2-norm,

2 its trajectory (x(t), ν(t)) converges exponentially to (1n ⊗ x∗,1n ⊗ ν∗),
where ν∗ =

∑n
i=1 νi (0),

3 its exponential convergence rate is −αess

([−∇2f (x∗) −L⊗ Ik
L⊗ Ik 0

])
where

αess(A) := max{<(λ) | λ ∈ spec(A) \ {0}}.
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Semi-contracting systems: matrix semi-measures

Idea: flows converges to each other only in certain directions.

Definition: Semi-norms

|||·||| is a semi-norm if

1 |||cv ||| = |c ||||v |||, for every v ∈ Rn and c ∈ R;

2 |||v + w ||| ≤ |||v |||+ |||w |||, for every v ,w ∈ Rn.

Define the subspace Ker |||·||| = {v ∈ Rn | |||v ||| = 0}.
Example: for k < n, R ∈ Rk×n, and norm ‖ · ‖, we get |||x |||R = ‖Rx‖.

Definition: Matrix semi-measures

The matrix semi-measure of A ∈ Rn×n wrt |||·|||:

µ|||·|||(A) = lim
h→0+

|||In + hA||| − 1

h
.

Directional derivative of |||·||| in direction of A.
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Semi-contracting systems

Definition: Semi-contracting systems

ẋ = f (t, x) with f continuously differentiable in x is semi-contracting wrt the
semi-norm |||·||| with rate c > 0:

µ|||·|||(Df (t, x)) ≤ −c

Theorem: Semi-contracting systems

Consider ẋ = f (t, x) with f continuously differentiable in x and assume

f is semi-contracting wrt the semi-norm |||·||| with rate c > 0, and

(Infinitesimal invariance): Df (t, x) Ker |||·||| ⊆ Ker |||·|||, for every t, x

Then,

1 for every two trajectories x(t), y(t),

|||x(t)− y(t)||| ≤ e−ct |||x(0)− y(0)|||, for every t ≥ 0.

2 For time-invariant f , trajectories converge to an affine subspace x∗ + Ker |||·|||.
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Examples of semi-contracting networks

1 Kuramoto oscillators (Kuramoto, 1975) and coupled swing equations (Bergen
and Hill, 1981), (semi-contracting wrt `1-norm)

2 Chua’s diffusively-coupled circuits (Wu and Chua, 1995), (semi-contracting
wrt `2-norm)

3 morphogenesis in developmental biology (Turing, 1952), (semi-contracting
wrt `1-norm)

4 Goodwin model for oscillating auto-regulated gene (Goodwin, 1965).
(semi-contracting wrt `1-norm)
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Example: Diffusively-coupled oscillators

n agents connected through a weighted undirected graph G with Laplacian L,

internal dynamics of each agent is identical and given by f : R≥0 × Rk → Rk

ẋi = f (t, xi )−
∑n

j=1 aij(xi − xj), i ∈ {1, . . . , n}

Theorem: diffusively-coupled oscillators are semi-contracting

Suppose that

µp,Q(Df (t, x)) ≤ λ2(L)− c , for every t, x

then

1 for every two trajectories x(t) and y(t),

‖x(t)− y(t)‖2,p,(R⊗Q) ≤ e−ct‖x(0)− y(0)‖2,p,(R⊗Q).

2 the system achieves synchronization: limt→∞ x(t) = 1n ⊗ xave(t)
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Summary

Review contraction theory and matrix measures

Two extensions of classical contraction:

weak contraction
semi-contraction

Properties of weakly-contracting and semi-contracting systems
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Future research

Contraction-based compositional analysis of interconnected systems

scalable stability certificates using non-Euclidean contraction.

Optimization algorithms using contraction theory

extension to gradient descent algorithms and time-varying algorithms.

connection with discrete-time algorithms for optimization.

Learning stable system from trajectory data

use contraction condition as side-information in the optimization problem.
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