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Implicit Neural Networks (INNs)
Definitions and motivations

Explicit hidden layers are replaced by a single implicit layer
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Implicit neural network

traditional neural networks:

x i+1 = Φ(Aix
i + Biu + bi )

y = Cxk + c

implicit neural networks:

x = Φ(Ax + Bu + b)

y = Cx + c

Φ((y1, . . . , yn)) = (Φ1(y1), . . . ,Φn(yn))> is a diagonal activation function.
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Motivation #1: Generalizing FF to fully-connected synaptic matrices
x i+1 = Φ(Aix

i + Biu + bi ) ⇐⇒ x = Φ(Ax + Bu + b), where A
has upper diagonal structure.

Aupper-diagonal = Acomplete =

Motivation #2: Weight-tied infinite-depth NN → fixed-point of INN

x1 x2 x3 xku y
A A A

x i+1 = Φ(Ax i + Biu + bi ) =⇒ limi→∞ x i = x∗ solution to the INN

Motivation #3: Neural ODE model (large time) → fixed-point of INN
ẋ = −x + Φ(Ax + Bu + b) =⇒ limt→∞ x(t) = x∗ solution to INN
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Implicit Neural Networks (INNs)
Training implicit network

Training INNs:
1 loss function L
2 training data (ûi , ŷi )

N
i=1

3 training optimization problem

min
A,B,C

N∑
i=1

L(ŷi ,Cxi + c)

xi = Φ(Axi + Bûi + b)

Efficient back-propagation through implicit differentiation

Stochastic gradient descent: at each step solve x = Φ(Ax + Bu + b).

Challenge #1: well-posedness of fixed-point equation

computing solution of of fixed-point equation
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Robustness of INNs
Adverserial examples

Adversarial examples: a small change in input causes a big change in
output?

Image credit: MIT CSAIL
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Robustness measures: input-to-output Lipschitz constant

C. Szegedy, W. Zaremba, I. Sutskever, J. Bruna, D. Erhan, I. Goodfellow, and R. Fergus.

Intriguing properties of neural networks. 2014

1 `2-norm Lipschitz constant: not informative in many scenarios
2 `∞-norm Lipschitz constant: large-scale input wt wide-spread perturbations

Challenge #2: computing robustness margins

Challenge #3: implementing robustness in training
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Contraction theory
Definitions

ẋ = G(x) is contractive if its flow is a contraction map
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x(t)
<latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit><latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit><latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit><latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit>

<latexit sha1_base64="ep+4VGlKV1k76QkZ9DOdG4ACxeY=">AAACCHicbVC7TsNAEDyHVwgvAyUFJxIkGiI7BVBG0FAGiTykxETnyzk55Xy27tagyEpJw6/QUIAQLZ9Ax99wSVxAwkgrjWZ2tbvjx4JrcJxvK7e0vLK6ll8vbGxube/Yu3sNHSWKsjqNRKRaPtFMcMnqwEGwVqwYCX3Bmv7wauI375nSPJK3MIqZF5K+5AGnBIzUtQ8TyQH3uB7iBw4DrEiPJxqX2F16SmFc6tpFp+xMgReJm5EiylDr2l+dXkSTkEmggmjddp0YvJQo4FSwcaGTaBYTOiR91jZUkpBpL50+MsbHRunhIFKmJOCp+nsiJaHWo9A3nSGBgZ73JuJ/XjuB4MJLuYwTYJLOFgWJwBDhSSomAMUoiJEhhCpubsV0QBShYLIrmBDc+ZcXSaNSds/KlZtKsXqZxZFHB+gInSAXnaMqukY1VEcUPaJn9IrerCfrxXq3PmatOSub2Ud/YH3+AK5XmRw=</latexit>

unit disk with radius e�ct

<latexit sha1_base64="CePEb9FifnRKW6a7JN7QyV4El50="></latexit>

`1
<latexit sha1_base64="wLGhrPh6nAoRw1TaCIs8E60MsDI="></latexit>

`2
<latexit sha1_base64="08RwU98XUA8yyc2GvpS6ThlsQWk="></latexit>

`1
<latexit sha1_base64="4WKuB8iDJNhJExJ80io1IHfhKrc="></latexit>

`5

<latexit sha1_base64="vkrOFlGv1HG4K+dljrdsARvrR1o="></latexit>

`9

1 initial conditions are forgotten

2 unique globally exponential stable equilibrium

3 input-to-state robustness

4 accurate numerical integration and fixed-point computation

A vector field G : Rn → Rn is contracting with respect to the norm ‖ · ‖ iff

µ(DxG(x)) ≤ −c , for all x



Contraction theory
Definitions

ẋ = G(x) is contractive if its flow is a contraction map

<latexit sha1_base64="N3hfoZuaqNqDBlz3SHiemm3eHYU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9R3++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqt5l1b2rVeq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAHSI2V</latexit>x0

<latexit sha1_base64="wi0Ie671B5q+pQnuDOsZDzQkN+I=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgKcyEaJJbwIvHiOYByRJmJ7PJkNkHM7PCEvIJXjwo4tUv8ubfOJtEUNGChqKqm+4uL5ZCG4w/nNza+sbmVn67sLO7t39QPDzq6ChRjLdZJCPV86jmUoS8bYSRvBcrTgNP8q43vcr87j1XWkThnUlj7gZ0HApfMGqsdJsO8bBYwmWMMSEEZYTULrEljUa9QuqIZJZFCVZoDYvvg1HEkoCHhkmqdZ/g2Lgzqoxgks8Lg0TzmLIpHfO+pSENuHZni1Pn6MwqI+RHylZo0EL9PjGjgdZp4NnOgJqJ/u1l4l9ePzF+3Z2JME4MD9lykZ9IZCKU/Y1GQnFmZGoJZUrYWxGbUEWZsekUbAhfn6L/SadSJhdlfFMtNaurOPJwAqdwDgRq0IRraEEbGIzhAZ7g2ZHOo/PivC5bc85q5hh+wHn7BFXEjcw=</latexit>y0

y(t)
<latexit sha1_base64="G60v/zmKfwsWL8x01beEcid3o+c=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUTUmK2HZXdOOygn1AO5RMmmlDk8yQZIQy9BfcuFDErT/kzr8x01ZQ0QMXDufcy733BLHgxiL04eXW1jc2t/LbhZ3dvf2D4uFRx0SJpqxNIxHpXkAME1yxtuVWsF6sGZGBYN1gep353XumDY/UnZ3FzJdkrHjIKbGZNCvb82GxhCoIIYwxzAiuXSJHGo16FdchziyHElihNSy+D0YRTSRTlgpiTB+j2Pop0ZZTweaFQWJYTOiUjFnfUUUkM366uHUOz5wygmGkXSkLF+r3iZRIY2YycJ2S2In57WXiX14/sWHdT7mKE8sUXS4KEwFtBLPH4YhrRq2YOUKo5u5WSCdEE2pdPAUXwten8H/SqVYwquDbi1LzahVHHpyAU1AGGNRAE9yAFmgDCibgATyBZ096j96L97pszXmrmWPwA97bJ9BGjhY=</latexit><latexit sha1_base64="G60v/zmKfwsWL8x01beEcid3o+c=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUTUmK2HZXdOOygn1AO5RMmmlDk8yQZIQy9BfcuFDErT/kzr8x01ZQ0QMXDufcy733BLHgxiL04eXW1jc2t/LbhZ3dvf2D4uFRx0SJpqxNIxHpXkAME1yxtuVWsF6sGZGBYN1gep353XumDY/UnZ3FzJdkrHjIKbGZNCvb82GxhCoIIYwxzAiuXSJHGo16FdchziyHElihNSy+D0YRTSRTlgpiTB+j2Pop0ZZTweaFQWJYTOiUjFnfUUUkM366uHUOz5wygmGkXSkLF+r3iZRIY2YycJ2S2In57WXiX14/sWHdT7mKE8sUXS4KEwFtBLPH4YhrRq2YOUKo5u5WSCdEE2pdPAUXwten8H/SqVYwquDbi1LzahVHHpyAU1AGGNRAE9yAFmgDCibgATyBZ096j96L97pszXmrmWPwA97bJ9BGjhY=</latexit><latexit sha1_base64="G60v/zmKfwsWL8x01beEcid3o+c=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUTUmK2HZXdOOygn1AO5RMmmlDk8yQZIQy9BfcuFDErT/kzr8x01ZQ0QMXDufcy733BLHgxiL04eXW1jc2t/LbhZ3dvf2D4uFRx0SJpqxNIxHpXkAME1yxtuVWsF6sGZGBYN1gep353XumDY/UnZ3FzJdkrHjIKbGZNCvb82GxhCoIIYwxzAiuXSJHGo16FdchziyHElihNSy+D0YRTSRTlgpiTB+j2Pop0ZZTweaFQWJYTOiUjFnfUUUkM366uHUOz5wygmGkXSkLF+r3iZRIY2YycJ2S2In57WXiX14/sWHdT7mKE8sUXS4KEwFtBLPH4YhrRq2YOUKo5u5WSCdEE2pdPAUXwten8H/SqVYwquDbi1LzahVHHpyAU1AGGNRAE9yAFmgDCibgATyBZ096j96L97pszXmrmWPwA97bJ9BGjhY=</latexit><latexit sha1_base64="G60v/zmKfwsWL8x01beEcid3o+c=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUTUmK2HZXdOOygn1AO5RMmmlDk8yQZIQy9BfcuFDErT/kzr8x01ZQ0QMXDufcy733BLHgxiL04eXW1jc2t/LbhZ3dvf2D4uFRx0SJpqxNIxHpXkAME1yxtuVWsF6sGZGBYN1gep353XumDY/UnZ3FzJdkrHjIKbGZNCvb82GxhCoIIYwxzAiuXSJHGo16FdchziyHElihNSy+D0YRTSRTlgpiTB+j2Pop0ZZTweaFQWJYTOiUjFnfUUUkM366uHUOz5wygmGkXSkLF+r3iZRIY2YycJ2S2In57WXiX14/sWHdT7mKE8sUXS4KEwFtBLPH4YhrRq2YOUKo5u5WSCdEE2pdPAUXwten8H/SqVYwquDbi1LzahVHHpyAU1AGGNRAE9yAFmgDCibgATyBZ096j96L97pszXmrmWPwA97bJ9BGjhY=</latexit>

x(t)
<latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit><latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit><latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit><latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit>

<latexit sha1_base64="ep+4VGlKV1k76QkZ9DOdG4ACxeY=">AAACCHicbVC7TsNAEDyHVwgvAyUFJxIkGiI7BVBG0FAGiTykxETnyzk55Xy27tagyEpJw6/QUIAQLZ9Ax99wSVxAwkgrjWZ2tbvjx4JrcJxvK7e0vLK6ll8vbGxube/Yu3sNHSWKsjqNRKRaPtFMcMnqwEGwVqwYCX3Bmv7wauI375nSPJK3MIqZF5K+5AGnBIzUtQ8TyQH3uB7iBw4DrEiPJxqX2F16SmFc6tpFp+xMgReJm5EiylDr2l+dXkSTkEmggmjddp0YvJQo4FSwcaGTaBYTOiR91jZUkpBpL50+MsbHRunhIFKmJOCp+nsiJaHWo9A3nSGBgZ73JuJ/XjuB4MJLuYwTYJLOFgWJwBDhSSomAMUoiJEhhCpubsV0QBShYLIrmBDc+ZcXSaNSds/KlZtKsXqZxZFHB+gInSAXnaMqukY1VEcUPaJn9IrerCfrxXq3PmatOSub2Ud/YH3+AK5XmRw=</latexit>

unit disk with radius e�ct

<latexit sha1_base64="CePEb9FifnRKW6a7JN7QyV4El50="></latexit>

`1
<latexit sha1_base64="wLGhrPh6nAoRw1TaCIs8E60MsDI="></latexit>

`2
<latexit sha1_base64="08RwU98XUA8yyc2GvpS6ThlsQWk="></latexit>

`1
<latexit sha1_base64="4WKuB8iDJNhJExJ80io1IHfhKrc="></latexit>

`5

<latexit sha1_base64="vkrOFlGv1HG4K+dljrdsARvrR1o="></latexit>

`9

1 initial conditions are forgotten

2 unique globally exponential stable equilibrium

3 input-to-state robustness

4 accurate numerical integration and fixed-point computation

A vector field G : Rn → Rn is contracting with respect to the norm ‖ · ‖ iff

µ(DxG(x)) ≤ −c , for all x



Contraction theory
Definitions

ẋ = G(x) is contractive if its flow is a contraction map

<latexit sha1_base64="N3hfoZuaqNqDBlz3SHiemm3eHYU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9R3++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqt5l1b2rVeq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAHSI2V</latexit>x0

<latexit sha1_base64="wi0Ie671B5q+pQnuDOsZDzQkN+I=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgKcyEaJJbwIvHiOYByRJmJ7PJkNkHM7PCEvIJXjwo4tUv8ubfOJtEUNGChqKqm+4uL5ZCG4w/nNza+sbmVn67sLO7t39QPDzq6ChRjLdZJCPV86jmUoS8bYSRvBcrTgNP8q43vcr87j1XWkThnUlj7gZ0HApfMGqsdJsO8bBYwmWMMSEEZYTULrEljUa9QuqIZJZFCVZoDYvvg1HEkoCHhkmqdZ/g2Lgzqoxgks8Lg0TzmLIpHfO+pSENuHZni1Pn6MwqI+RHylZo0EL9PjGjgdZp4NnOgJqJ/u1l4l9ePzF+3Z2JME4MD9lykZ9IZCKU/Y1GQnFmZGoJZUrYWxGbUEWZsekUbAhfn6L/SadSJhdlfFMtNaurOPJwAqdwDgRq0IRraEEbGIzhAZ7g2ZHOo/PivC5bc85q5hh+wHn7BFXEjcw=</latexit>y0

y(t)
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1 initial conditions are forgotten

2 unique globally exponential stable equilibrium

3 input-to-state robustness

4 accurate numerical integration and fixed-point computation

A vector field G : Rn → Rn is contracting with respect to the norm ‖ · ‖ iff

µ(DxG(x)) ≤ −c , for all x



Contraction theory
Matrix measures

The matrix measure of A ∈ Rn×n wrt to ‖ · ‖:

µ‖·‖(A) := lim
h→0+

‖In + hA‖ − 1

h
.

Directional derivative of norm ‖ · ‖ in direction of A,

µ2(A) = 1
2λmax(A + A>)

µ1(A) = max
j

(
ajj +

∑
i 6=j
|aij |
)

µ∞(A) = max
i

(
aii +

∑
j 6=i
|aij |
)

Basic properties:

subadditivity: µ(A + B) ≤ µ(A) + µ(B),

convexity: µ(θA + (1− θ)B) ≤ θµ(A) + (1− θ)µ(B), ∀θ ∈ [0, 1]

norm/spectrum: Re(λ) ≤ µ(A) ≤ ‖A‖, ∀λ ∈ spec(A)
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Contraction theory
Non-Euclidean contractions

`2 − contraction LMI

µ2(DxG(x)) ≤ −c ⇐⇒ DxG(x) + DxG(x)> � −cI

Monotone Operator Theory
E. K. Ryu and S. Boyd. Primer on monotone operator methods. Applied Computational

Mathematics, 15(1):3–43, 2016

`∞ − contraction Diagonal Dominance

µ∞(DxG(x)) ≤ −c , ⇐⇒ (DxG(x))ii +
∑
j 6=i

|(DxG(x))ij | ≤ −c , ∀i

Non-Euclidean Monotone Operator Theory
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Solvability of fixed-point equations
A contraction-based framework

Problem statement

For a fixed-point equation

x = F(x , u) (for implicit neural networks F(x , u) = Φ(Ax + Bu + b))

1 when do we have a unique solution?

2 how to efficiently compute it?

Infinite layer interpretation: convergence of the Picard iterations

xk+1 = F(xk , u)

Banach Fixed-point Theorem: ‖DxF(x , u)‖ < 1.
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2 how to efficiently compute it?
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Solvability of fixed-point equations
A contraction-based framework

Key insight

Fixed-point of ⇐⇒ Equilibrium point of

x = F(x , u) ẋ = −x + F(x , u)

Contraction theory: existence and uniqueness of equilibrium point

µ(DxF(x , u)) < 1.

µ(DxF(x , u)) < 1 is less conservative than ‖DxF(x , u)‖ < 1.

Theorem: Fixed-point via matrix measure condition

If µ(DxF(x , u)) < 1 then

1 F has a unique fixed-point x∗u .

2 xk+1 = (1− α)xk + αF(xk , u) converges to x∗u , for 0 < α ≤ α∗.
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Solvability of fixed-point equations
Example

F(x) = Mx ∈ R2 with M =

[
a b
b a

]
∈ R2×2.

a
<latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit>
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<latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit>
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osL∞F = µ∞(M) < 1 Lip∞F = ‖M‖∞ < 1



Well-posedness of INNs
Computing fixed-points

x = Φ(Ax + Bu + b)

Theorem: Fixed-points of INNs

If µ∞(A) < 1, then

1 there exists a unique fixed-point,

2 for α ∈ ]0, (1−mini (aii )−))−1], the average map is a contraction map:

Nα(x) := (1− α)x + αΦ(Ax + Bu + b)

3 minimal contraction factor is

Lip(Nα∗) = 1− 1− µ∞(A)+

1−mini (aii )−

Interpretation: The iteration xk+1 = Nα(xk) is Euler discretization of

ẋ = −x + Φ(Ax + Bu + b)



Well-posedness of INNs
Computing fixed-points

x = Φ(Ax + Bu + b)

Theorem: Fixed-points of INNs

If µ∞(A) < 1, then

1 there exists a unique fixed-point,

2 for α ∈ ]0, (1−mini (aii )−))−1], the average map is a contraction map:

Nα(x) := (1− α)x + αΦ(Ax + Bu + b)

3 minimal contraction factor is

Lip(Nα∗) = 1− 1− µ∞(A)+

1−mini (aii )−

Interpretation: The iteration xk+1 = Nα(xk) is Euler discretization of
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Robustness of fixed-point equations
Input-to-state Lipschitz bounds

Problem statement

How does the fixed-point of x = F(x , u) change with u?

Theorem: Input-to-state Lipschitz bounds

x∗u is a fixed-point of x = F(x , u) and µ(DxF) < 1, then

‖x∗u − x∗v ‖ ≤
‖DuF‖

1− µ(DxF)
‖u − v‖



Robustness of fixed-point equations
Input-to-state Lipschitz bounds

Problem statement

How does the fixed-point of x = F(x , u) change with u?

Theorem: Input-to-state Lipschitz bounds

x∗u is a fixed-point of x = F(x , u) and µ(DxF) < 1, then

‖x∗u − x∗v ‖ ≤
‖DuF‖

1− µ(DxF)
‖u − v‖



Robustness of INNs
Computing the Lipschitz bounds

x = Φ(Ax + Bu + b),

y = Cx + c

How to compute Lipschitz bounds in INNs?

u 7→︸︷︷︸
Lipu→x∗

x∗ 7→︸︷︷︸
Lipx∗→y

y

Lipu→y = Lipu→x∗Lipx∗→y

Theorem: Input-to-output Lipschitz constant

if µ∞(A) < 1 then

Lipu→y =
‖B‖∞‖C‖∞
1− µ∞(A)+

.
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Training INNs
Well-posedness condition + promoting robustness

How to train well-posed and robust INNs?

1 Loss function L
2 Training data (ûi , ŷi )

N
i=1

min
A,B,C

N∑
i=1

L(ŷi ,Cxi + c) + λ Lipu→y

xi = Φ(Axi + Bûi + b)

µ∞(A) ≤ γ,

γ < 1 is a hyperparameter

λ ≥ 0 is a regularization parameter.

Theorem: Parametrization of `∞-measure constraint

µ∞(A) ≤ γ ⇐⇒ ∃T s.t. A = T + |T |1n + γIn.
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Numerical Experiments
Robustness of INNs

MNIST handwritten digit dataset

implicit neural network order: n = 100

Loss function: cross entropy

perturbation: inversion attack

Label: 6 Label: 0 Label: 5 Label: 4 Label: 9 Label: 9 Label: 2 Label: 1
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Tradeoff between accuracy and robustness

102 103 104 105

Lipschitz constant

2

4

6

8

10

12

14

16

18

T
es

t
er

ro
r

(%
)

Test error vs Lipschitz constant on MNIST handwritten digits

λ = 10−1

λ = 10−2

λ = 10−2.5

λ = 10−3

λ = 10−4

λ = 10−5

λ = 0

‖A‖∞ ≤ 0.95

0.0 0.1 0.2 0.3 0.4 0.5
`∞ amplitude of perturbation

0.0

0.2

0.4

0.6

0.8

1.0

A
cc

u
ra

cy

Accuracy vs perturbation on MNIST handwritten digits

λ = 10−1

λ = 10−2

λ = 10−2.5

λ = 10−3

λ = 10−4

λ = 10−5

λ = 0

‖A‖∞ ≤ 0.95

MON

Pareto-optimal curve Clean performance vs. robustness



Numerical Experiments
Robustness of INNs

Tradeoff between accuracy and robustness

102 103 104 105

Lipschitz constant

2

4

6

8

10

12

14

16

18

T
es

t
er

ro
r

(%
)

Test error vs Lipschitz constant on MNIST handwritten digits

λ = 10−1

λ = 10−2

λ = 10−2.5

λ = 10−3

λ = 10−4

λ = 10−5

λ = 0

‖A‖∞ ≤ 0.95

0.0 0.1 0.2 0.3 0.4 0.5
`∞ amplitude of perturbation

0.0

0.2

0.4

0.6

0.8

1.0

A
cc

u
ra

cy

Accuracy vs perturbation on MNIST handwritten digits

λ = 10−1

λ = 10−2

λ = 10−2.5

λ = 10−3

λ = 10−4

λ = 10−5

λ = 0

‖A‖∞ ≤ 0.95

MON

Pareto-optimal curve

Clean performance vs. robustness



Numerical Experiments
Robustness of INNs

Tradeoff between accuracy and robustness

102 103 104 105

Lipschitz constant

2

4

6

8

10

12

14

16

18

T
es

t
er

ro
r

(%
)

Test error vs Lipschitz constant on MNIST handwritten digits

λ = 10−1

λ = 10−2

λ = 10−2.5

λ = 10−3

λ = 10−4

λ = 10−5

λ = 0

‖A‖∞ ≤ 0.95

0.0 0.1 0.2 0.3 0.4 0.5
`1 amplitude of perturbation

0.0

0.2

0.4

0.6

0.8

1.0

A
cc

u
ra

cy

Accuracy vs perturbation on MNIST handwritten digits

∏ = 10°1

∏ = 10°2

∏ = 10°2.5

∏ = 10°3

∏ = 10°4

∏ = 10°5

∏ = 0

kAk1 ∑ 0.95

MON

Pareto-optimal curve Clean performance vs. robustness



Numerical Experiments
Robustness of INNs

Tradeoff between accuracy and robustness

102 103 104 105

Lipschitz constant

2

4

6

8

10

12

14

16

18

T
es

t
er

ro
r

(%
)

Test error vs Lipschitz constant on MNIST handwritten digits

λ = 10−1

λ = 10−2

λ = 10−2.5

λ = 10−3

λ = 10−4

λ = 10−5

λ = 0

‖A‖∞ ≤ 0.95

0.0 0.1 0.2 0.3 0.4 0.5
`1 amplitude of perturbation

0.0

0.2

0.4

0.6

0.8

1.0

A
cc

u
ra

cy

Accuracy vs perturbation on MNIST handwritten digits

∏ = 10°1

∏ = 10°2

∏ = 10°2.5

∏ = 10°3

∏ = 10°4

∏ = 10°5

∏ = 0

kAk1 ∑ 0.95

MON

Pareto-optimal curve Clean performance vs. robustness



Conclusions

Non-Euclidean contraction theory using matrix measures

Existence, uniqueness, and computing fixed-points of INNs

Robustness margins of INNs using input-to-output Lipschitz constants

Improve robustness in training using Lipschitz bounds


