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Equation sheet ChE210A 

 

Response function definitions: 

𝐶𝑉 = (
𝜕𝐸

𝜕𝑇
)

𝑉
        𝐶𝑃 ≡ (

𝜕𝐻

𝜕𝑇
)

𝑃
        𝜅𝑇 = −

1

𝑉
(

𝜕𝑉

𝜕𝑃
)

𝑇
        𝛼𝑃 =

1

𝑉
(

𝜕𝑉

𝜕𝑇
)

𝑃
 

Gases: 

𝑆(𝐸, 𝑉, 𝑁) = 𝑘𝐵𝑁 ln [(𝐸 𝑁⁄ )
3
2(𝑉 𝑁⁄ )] +

3

2
𝑘𝐵𝑁 (

5

3
+ ln (

4𝜋𝑚

3ℎ2
)) 

𝜇(𝑇, 𝑃) = 𝜇0(𝑇) + 𝑘𝐵𝑇 ln(𝑦𝑃)            𝜇0(𝑇) ≡ −𝑘𝐵𝑇 ln (
𝑘𝐵𝑇

Λ(𝑇)3
)             Λ(𝑇) ≡ (

ℎ2

2𝜋𝑚𝑘𝐵𝑇
)

1
2

 

𝜇(𝑇, 𝑃) = 𝜇0(𝑇) + 𝑘𝐵𝑇 ln(𝑦𝑓)            ln
𝑓(𝑇, 𝑃′)

𝑃′
 = ∫ (

𝑣(𝑇, 𝑃)

𝑘𝐵𝑇
−

1

𝑃
) 𝑑𝑃

𝑃′

0

= ∫
𝑍(𝑇, 𝑃) − 1

𝑃
𝑑𝑃

𝑃′

0

 

Phase equilibrium: 

(
𝑑𝑃

𝑑𝑇
)

phase boundary
=

Δℎ

𝑇Δ𝑣
                  ln 𝑃vap(𝑇) = 𝑐1 −

𝑐2

𝑐3 + 𝑇
 

Stability criteria: 

𝜕2𝐹

𝜕𝑋2
> 0           

𝜕2𝐹

𝜕𝑦2
< 0 

Solutions: 

𝜇𝑖(𝑇, 𝑃, {𝑥}) = 𝜇𝑖
∗(𝑇, 𝑃) + 𝑘𝐵𝑇 ln(𝛾𝑖𝑥𝑖) 

𝑦𝑖𝑃 = 𝑥𝑖𝑃𝑖
vap

            𝑇𝑏
′ ≈ 𝑇𝑏 (1 +

𝑘𝐵𝑇𝑏

𝛥ℎvap
𝑥solute)             Π =

𝑘𝐵𝑇𝑥solute

𝑣
≈

𝑘𝐵𝑇𝑐solute
ℳsolute

 

−𝑆𝑑𝑇 + 𝑉𝑑𝑃 = ∑ 𝑁𝑖𝑑𝜇𝑖

𝑖

 

𝑋𝑖̅ = (
𝜕𝑋

𝜕𝑁𝑖
)

𝑇,𝑃,𝑁𝑗≠𝑖

            𝑑𝜇𝑖 = −𝑆𝑖̅𝑑𝑇 + 𝑉𝑖̅𝑑𝑃 + ∑ (
𝜕𝜇𝑖

𝜕𝑥𝑘
)

𝑇,𝑃, 𝑥𝑗≠𝑘

𝑑𝑥𝑘

𝐶−1

𝑘=1

 

−[𝑥1Δ𝑆1 + 𝑥2Δ𝑆2]𝑑𝑇 + [𝑥1Δ𝑉1 + 𝑥2Δ𝑉2]𝑑𝑃 + [𝑥1 − 𝑥2

𝑦1

𝑦2
] (

𝜕𝜇1
𝐺

𝜕𝑦1
)

𝑇,𝑃

𝑑𝑦1 = 0 

Solids: 

𝑐𝑉
E

3𝑘𝐵
= (

Θ𝐸

𝑇
)

2 𝑒
Θ𝐸
𝑇

(𝑒
Θ𝐸
𝑇 − 1)

2 ,   Θ𝐸 ≡
ℎ𝑣

𝑘𝐵
       𝑐𝑉

D(𝑇, 𝑉) = 9𝑘𝐵 (
𝑇

Θ𝐷
)

3

∫
𝑥4𝑒𝑥

(𝑒𝑥 − 1)2
𝑑𝑥

𝛩𝐷
𝑇

0

, Θ𝐷 ≡
ℎ𝑣𝑚

𝑘𝐵
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Independent particles in the canonical ensemble: 

𝑄 = 𝑞𝑁        or       𝑄 =
𝑞𝑁

𝑁!
        where        𝑞 ≡ ∑ 𝑒−𝛽𝜖(𝒳)

𝒳

 

Canonical fluctuations: 

℘(𝐸) =
Ω(𝐸, 𝑉, 𝑁)𝑒−𝛽𝐸

𝑄(𝑇, 𝑉, 𝑁)
                〈𝐸𝜈〉 = ∑ 𝐸𝜈℘(𝐸)

𝐸

=
(−1)𝜈

𝑄

𝜕𝜈𝑄

𝜕𝛽𝜈
                𝜎𝐸

2 = 𝐶𝑉𝑘𝐵𝑇2  

Classical systems in the canonical ensemble: 

℘(𝑝𝑥) = (2𝜋𝑚𝑘𝐵𝑇)−
1
2 exp (−

𝑝𝑥
2

2𝑚𝑘𝐵𝑇
)                〈𝐾〉 =

3

2
𝑁𝑘𝐵𝑇 

℘(𝑣) = 4𝜋 (
𝑚

2𝜋𝑘𝐵𝑇
)

3
2

𝑣2exp (−
𝑚𝑣2

2𝑘𝐵𝑇
)                〈𝑣〉 = ∫ 𝑣℘(𝑣)𝑑𝑣 = (

8𝑘𝐵𝑇

 𝜋𝑚
)

1
2

 

𝑃 =
𝑁𝑘𝐵𝑇

𝑉
+

1

3𝑉
⟨∑ 𝐟𝑖 ⋅ 𝐫𝑖⟩ 

Gibbs entropy formula: 

𝑆 = −𝑘𝐵 ∑ ℘𝑚 ln ℘𝑚

𝑚

 

Chemical equilibrium: 

∏ 𝑃𝑖
𝜈𝑖

𝑖

= 𝐾𝑃(𝑇)    where 𝐾𝑃(𝑇) ≡ exp [−
∑ 𝜈𝑖𝜇𝑖

0
𝑖

𝑘𝐵𝑇
]                

𝑑 ln 𝐾𝑃

𝑑(1 𝑇⁄ )
= −

Δℎ0

𝑘𝐵
   where Δℎ0 ≡ ∑ 𝜈𝑖ℎ𝑖

0

𝑖

 

∏ 𝜌𝑖
𝜈𝑖

𝑖

= 𝐾𝐶(𝑇)   where 𝐾𝐶(𝑇) ≡ exp [−
∑ 𝜈𝑖𝜇𝑖

0
𝑖

𝑘𝐵𝑇
] (𝑘𝐵𝑇)− ∑ 𝜈𝑖𝑖  

∏ 𝑥𝑖
𝜈𝑖

𝑖

= 𝐾𝑥(𝑇, 𝑃)    where 𝐾𝑥(𝑇, 𝑃) ≡ exp [−
∑ 𝜈𝑖𝜇𝑖

∗
𝑖

𝑘𝐵𝑇
] 

∏ 𝜌𝑖
𝜈𝑖

𝑖

= 𝐾𝐶(𝑇, 𝑃)   where 𝐾𝐶(𝑇, 𝑃) ≡ exp [−
∑ 𝜈𝑖𝜇𝑖

∗
𝑖

𝑘𝐵𝑇
] 𝜌solvent

∑ 𝜈𝑖𝑖  

(
𝜕 ln 𝐾𝑥

𝜕(1 𝑇⁄ )
)

𝑃

= −
Δℎ∗

𝑘𝐵
   where Δℎ∗ ≡ ∑ 𝜈𝑖ℎ𝑖

∗

𝑖

                (
𝜕 ln 𝐾𝑥

𝜕𝑃
)

𝑇
= −

Δ𝑣∗

𝑘𝐵𝑇
        where Δ𝑣∗ ≡ ∑ 𝜈𝑖𝑣𝑖

∗

𝑖

 

Classical transition state theory: 

molecules reacted

time ⋅ volume
= 𝑘𝑓𝜌𝐴𝜌𝐵𝐶       where 𝑘𝑓 ≡ (

𝑘𝐵𝑇

ℎ
) 𝑒−𝛽𝛥𝐹𝑓

‡

 

Δ𝐹𝑓
‡ ≡ −𝑘𝐵𝑇 ln [

(𝑞‡ 𝑉⁄ )

(𝑞𝐴 𝑉⁄ )(𝑞𝐵𝐶 𝑉⁄ )
] + 𝑈‡ 
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Statistical mechanical ensembles 

property microcanonical canonical grand canonical isothermal-isobaric 

constant 

conditions 
𝐸, 𝑉, 𝑁 𝑇, 𝑉, 𝑁 𝑇, 𝑉, 𝜇 𝑇, 𝑃, 𝑁 

fluctuations none 𝐸 𝐸, 𝑁 𝐸, 𝑉 

microstate 

probabilities 
℘𝑚 =

𝛿𝐸𝑚,𝐸

Ω(𝐸, 𝑉, 𝑁)
 ℘𝑚 =

𝑒−𝛽𝐸𝑚

𝑄(𝑇, 𝑉, 𝑁)
 ℘𝑚 =

𝑒−𝛽𝐸𝑚+𝛽𝜇𝑁𝑚

Ξ(𝑇, 𝑉, 𝜇)
 ℘𝑚 =

𝑒−𝛽𝐸𝑚−𝛽𝑃𝑉𝑚

Δ(𝑇, 𝑃, 𝑁)
 

partition  

function 
Ω(𝐸, 𝑉, 𝑁) = ∑ 𝛿𝐸𝑛,𝐸

𝑛

 𝑄(𝑇, 𝑉, 𝑁) = ∑ 𝑒−𝛽𝐸𝑛

𝑛

 Ξ(𝑇, 𝑉, 𝜇) = ∑ ∑ 𝑒−𝛽𝐸𝑛+𝛽𝜇𝑁

𝑛𝑁

 Δ(𝑇, 𝑃, 𝑁) = ∑ ∑ 𝑒−𝛽𝐸𝑛−𝛽𝑃𝑉

𝑛𝑉

 

relations to 

other 

partition 

functions  

--- 𝑄 = ∑ 𝑒−𝛽𝐸Ω

𝐸

 

Ξ = ∑ 𝜆𝑁𝑄

𝑁

 

= ∑ ∑ 𝜆𝑁𝑒−𝛽𝐸Ω

𝐸𝑁

 

𝜆 ≡ exp[𝛽𝜇] 

Δ = ∑ 𝑒−𝛽𝑃𝑉𝑄

𝑉

 

= ∑ ∑ 𝑒−𝛽𝐸−𝛽𝑃𝑉Ω

𝐸𝑉

 

thermo-

dynamic 

potential 

𝑆 = 𝑘𝐵 ln Ω(𝐸, 𝑉, 𝑁) 𝐴 = −𝑘𝐵𝑇 ln 𝑄(𝑇, 𝑉, 𝑁) 𝑃𝑉 = 𝑘𝐵𝑇 ln Ξ(𝑇, 𝑉, 𝜇) 𝐺 = −𝑘𝐵𝑇 ln Δ(𝑇, 𝑃, 𝑁) 

classical  

partition 

function 

Ω =
1

ℎ3𝑁𝑁!
∫ 𝛿[𝐻(𝐩𝑁 , 𝐫𝑁)

− 𝐸] 𝑑𝐩𝑁𝑑𝐫𝑁 

𝑄 =
𝑍(𝑇, 𝑉, 𝑁)

Λ(𝑇)3𝑁𝑁!
 

𝑍 ≡ ∫ 𝑒−𝛽𝑈(𝐫𝑁)𝑑𝐫𝑁 

Λ ≡ (ℎ2 2𝜋𝑚𝑘𝐵𝑇⁄ )
1
2 

Ξ = ∑
𝜆𝑁𝑍(𝑇, 𝑉, 𝑁)

Λ(𝑇)3𝑁𝑁!

∞

𝑁=0

 

𝜆 ≡ exp[𝛽𝜇] 

Δ =
1

Λ(𝑇)3𝑁𝑁!
∫ 𝑒−𝛽𝑃𝑉𝑍(𝑇, 𝑉, 𝑁)𝑑𝑉

∞

0

 

*Sums over 𝑛 correspond to sums over all microstates at a given 𝑉 and 𝑁. 

**Sums over 𝑁 are from 0 to ∞, for 𝑉 from 0 to ∞, and for 𝐸 from −∞ to ∞. 

***Classical partition functions are given for a monatomic system of indistinguishable, structureless particles. 


